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I.   On  Liquid  Diffiision, 
By  J.  J.  Coleman,  F.I.C,  F.C.S.,  F.R.S.E* 

[Plate  I.] 

OUR  knowledge  upon  this  subject  is  chiefly  derived  from 
Graham's  classical  researches.  His  first  paper  was 
communicated  to  the  Royal  Society  in  1849,  and  further 
papers  in  1850  and  1851. 

About  the  year  1855,  Fickf,  commenting  upon  these  in- 
vestigations, remarked  that  it  was  a  matter  of  regret  that  in 
such  an  exceedingly  valuable  and  extensive  investigation  the 
development  of  a  fundamental  law  for  diffusion  in  a  single 
element  of  space  was  neglected,  which  (he  added)  it  was  quite 
natural  to  suppose  would  be  identical  with  the  law  according 
to  w^hich  diffusion  of  heat  takes  place  in  a  conducting  body, 
and  upon  which  Fourier  founded  his  theory  of  heat,  and  Ohm 
his  theory  of  diffusion  of  electricity  in  conductors.  Fick 
endeavoured  to  supply  this  omission  so  far  as  common  salt  is 
concerned,  and  Voit  calculated  the  coefficient  of  diffusion  of 
sugar.  Professor  Mach,  of  Prague,  has  also  worked  with 
these  substances.  Other  experimenters  have  calculated  the 
coefficients  of  diffusion  of  salts,  or,  rather,  of  a  limited  number 
of  them,  with  not  very  concordant  results,  as  may  be  seen  by 
consulting  the  tables  of  Schumeister  attached  to  the  article 
"  Heat,"  by  Sir  W.  Thomson,  in  the  ninth  edition  of  the 
Encydopcedia  Britannica,  and  comparing  them  with  the  results 
of   Beilstein,    who    employed    Jolly's    method,   described  in 

*  Ooniniuiiicated  by  the  Author. 
t  I'hil.  Mag.  [4]  x.  1855. 

Phil.  May.  S.  5.  Vol.  23.  No.  140.  Jan.  1887.  B 
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Watts's  '  Dictionary  of  Chemistry/  vol.  iii.  p.  710.  Graham, 
however,  in  his  latest  paper  upon  the  subject,  communicated 
to  the  Royal  Society  in  1861,  described  a  method  of  experi- 
ment which,  to  use  his  own  words,  affords  a  means  of  obtaining 
the  absolute  rate  or  velocity  of  diffusion.  This  he  called  "  Jar 
diffusion,"  the  saline  solution  being  delivered  by  a  pipette  to 
the  bottom  of  a  column  of  pure  water  127  millim.  high,  stand- 
ing in  a  cylindrical  jar  87  millim.  diameter,  and  the  amount 
diffused  being  ascertained  by  drawing  off  the  liquid  from  the 
top  in  equal  fractions  by  a  very  fine  syphon,  the  orifice  of  the 
short  leg  of  which  was  kept  close  under  the  surface  of  the 
liquid  being  drawn  off. 

Graham  applied  this  method  to  a  variety  of  organic  com- 
pounds, but  only  to  hydrochloric  acid,  sulphate  of  magnesia, 
and  sulphates  and  chlorides  of  potassium  and  sodium  amongst 
inorganic  substances.  He  did  not  attempt  the  calculation  of 
the  coefficients  of  diffusibility  in  absolute  measurements,  but 
remarked  that  the  method  is  extremely  simple,  and  gives  results 
of  more  precision  than  could  have  been  possibly  anticipated. 

I  have  recently  made  a  considerable  number  of  experiments 
with  this  method ;  but  in  place  of  using  jars  of  87  millim.  in 
diameter  I  have  employed  glass  cylinders  of  36  millim.  dia- 
meter, such  as  are  used  for  "  Nesslerizing,"  and  which  are 
very  uniform  in  bore.  The  annexed  Table  shows  the  actual 
amount  of  salt  found  in  each  section  of  the  liquid  after  dif- 
fusion, expressed  in  millimetres  ;  the  quantity  of  salt  in  the 
upper  section  being  also  calculated  in  percentages  of  that 
particular  section  which  at  the  commencement  of  the  dif- 
fusion was  the  point  of  junction  of  the  saline  solution  and  the 
pure  water. 

The  concentrated  saline  solution  was  introduced  below  the 
pure  water  by  a  method  slightly  different  to  that  of  Graham  ; 
namely,  a  fine -bore  syphon  with  contracted  orifices  was  first 
filled  with  water,  the  finger  being  placed  so  as  to  cover  the 
short  end  ;  the  long  end  was  thrust  to  the  bottom  of  the  water 
in  the  diffusion-jar,  and  the  short  end  was  uncovered  in  a 
vessel  containing  the  saline  solution  at  a  higher  level,  and  the 
syphoning  continued  until  the  height  of  the  liquid  admitted 
under  the  water  in  the  diffusion-jar  amounted  to  50  millim. 

Many  of  the  results  agree  with  those  of  Graham,  whilst 
others  are  additions  thereto,  such  as  the  diffusions  of  mercurous 
nitrate,  mercuric  chloride,  lithium  sulphate,  cadmium  sul- 
phate, silver  sulphate,  manganese  sulphate,  nickel  sulphate, 
and  lead  nitrate. 

Moreover  they  are  twenty-five  diffusions  conducted  for 
equal  lengths  of  time,  and  under  similar  circumstances  as  to 
temperature  and  methods  of  experimenting. 
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Although  from  many  points  of  view,  and  especially  that  of 
the  chemist,  most  valuable  and  important  deductions  can  be 
made  from  this  class  of  experiments,  some  of  which  will  be 
referred  to  in  a  later  part  of  this  paper,  it  must  be  admitted 
that,  from  the  physicist's  point  of  view,  all  these  experiments 
are  vitiated  from  the  fact  that  the  diffusions  should  commence 
with  the  solid  salt  or  the  anhydrous  acid  or  alkali,  and  end  in 
an  atmosphere  of  pure  water.  With  Graham's  earlier  expe- 
riments a  saline  or  acid  solution,  the  strength  of  which  was 
gradually  diminishing,  was  diffused  into  a  iveaker  saline  or 
acid  solution  which  was  constantly  increasing  ;  and  even  with 
his  latest  method  of  "  Jar  diflFusion  "  it  is  practically  impossible 
to  work  with  syphons  in  long  columns  of  water  such  as  are 
necessary  to  get  a  pure  water  atmosphere  above,  the  salt  being 
diffused.  I  have  therefore  turned  my  attention  to  improved 
methods  of  working,  and  have  devised  apparatus,  illustrated  by 
Plate  I.  fig.  1*.  This  apparatus  allows  of  a  very  concentrated 
solution  of  the  substance  imder  examination  being  admitted 
at  any  desired  rate  of  speed  underneath  a  column  of  pure 
water  of  any  desired  length,  and,  further,  of  the  liquids  being- 
drawn  off  in  regulated  quantities  at  the  end  of  the  time  of 
diffusion.  No  doubt,  with  solid  crystalline  salts,  theory  in- 
dicates that  diffusion  should  commence  from  the  salt ;  but 
practice  determines  the  fact  that,  with  solid  salts,  air-bubbles 
are  a  difficulty;  and,  moreover,  there  are  a  very  large  number 
of  salts  that  are  not  crystalline  at  all,  and  some  that  do  not 
exist  in  the  solid  state,  such  as  MgCl2. 

Returning  to  the  description  of  fig.  1,  B  B  represents  a 
Mohr's  burette  500  millim.  long  and  15  millim.  diameter 
provided  with  a  glass  stopcock. 

The  stopcock  being  closed,  this  burette  is  nearly  filled  with 
pure  water,  and  is  then  connected  by  india-rubber  tubing 
with  an  apparatus  by  means  of  which  the  air  above  the  water 
can  be  slightly  rarefied,  such  as  an  air-pump  or  an  aspirator, 
or,  by  what  I  find  most  convenient,  an  open  glass  tube  C  C 
standing  in  a  jar  of  water.  On  opening  the  stopcock  of  the 
burette,  about  half  its  water  escapes,  say,  to  the  level  (a) 
(rarefying  the  air  above),  upon  which  a  column  of  water 
rushes  up  the  tube  C  C,  say  to  x.  The  stopcock  being  now 
closed,  the  tube  C  C  is  raised  and  clipped  in  such  a  position 
that  the  column  of  water  in  the  tube  C  C  is  much  longer  than 
the  water-column  in  the  burette,  by  which  means  the  air  above 
the  water  in  the  burette  is  sufficiently  rarefied  to  admit  of 
the  concentrated  saline  or  other   solution  being  sucked   up 

*  A  description  «i  tliis  apparatus  and  tlie  principal  results  detailed  in 
this  paper  were  communicated  to  the  Philosophical  Society  of  Glasgow, 
IGth  April,  1880. 
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underneath  the  water  by  cautiously  opening  the  stopcock.  A 
column,  say,  100  millim.  deep  can  be  drawn  into  the  burette 
under  a  depth  of  water  of  200  millim.,  which  latter  can  be 
further  added  to  by  filling  up  the  burette  cautiously  by  a  long- 
legged  pipette  discharged  on  a  cork  float.  This,  however,  is 
seldom  necessary  except  with  very  diffusive  substances,  such 
as  hydrochloric  acid,  which  barely  reach  a  height  of  200 
millim.  in  21  days.  To  prevent  leakages,  an  indiarubber 
cap  is  slipped  over  the  point;:)  of  the  burette.  At  the  end  of 
the  diffusion -time  the  liquid  is  very  slowly  run  off  until  the 
level  where  the  water  originally  joined  the  saline  solution  is 
reached,  after  which  equally-measured  sections  are  carefully 
removed  and  reserved  for  further  examination,  each  section 
being,  say,  25  millim.  deep.  The  results  are  conveniently 
calculated  in  percentages  upon  the  salt  or  other  substance 
contained  in  the  bottommost  layer,  where  diffusion  commenced. 
It  was  thought  at  first  that  some  errors  might  arise  from 
adherence  of  the  saline  solutions  to  the  inside  of  the  burette, 
down  which  the  upper  layers  had  to  pass  before  estimation. 
This  proved,  however,  not  to  be  the  case  to  any  serious  or 
appreciable  extent.  Most  diffusions  are  carried  on  until  at 
any  rate  1  per  cent,  of  the  salt  rises  50  millim.  ;  and  it  was 
found  that  sulphuric  acid  of  1*2  specific  gravity',  admitted  in 
the  burette  under  water  coloured  blue  with  litmus  and  then 
withdrawn  carefully,  had  so  little  effect  on  the  water  25  mil- 
lim. above  that  it  came  out  of  the  stopcock  barely  reddened, 
and  the  water  lying  50  millim.  above  the  acid  came  out  quite 
blue.  Corroborative  experiments  were  made  with  saturated 
cupric  sulphate  and  ammonia  as  an  indicator. 

Hydrochloric  acid  being  the  most  diffusive  substance  ex- 
amined by  Graham,  comparative  experiments  were  made  with 
this  compound  at  temperatures  of  12°'5  Centigrade,  the 
results  of  which  are  shown  in  the  curves,  fig.  2. 

Fig.  3  shows  in  the  form  of  curves  the  results  of  some 
comparative  experiments  made  for  a  period  of  twenty  days  at 
a  temperature  of  12°*5  C,  with  the  following  substances  : — 
1.  Sulphuric  acid  containing  20  per  cent,  anhydride. 


2. 

Hydrochloric  acid        „       20          „ 

3. 

Nitric  acid                     „       20          „ 

4. 

Potassic  hydrate           „       20          „ 

5. 

Sodic  hydrate               „       20          „ 

6. 

Ammonia  solution  of  '880  specific  gravity. 

7. 

Maguesic  sulphate       .        saturated. 

8. 

Sodic  chloride    .     .     .       ditto. 

The    ammonia    solution   was   floated  on   the  water,  the  rest 
admitted  under  the  water,  and,  with  the  exception  of  the 
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magnesic  sulphate,  the  sections  of  liquid  run  off  were  esti- 
mated by  ordinary  volumetric  alkalimeter  processes. 

A  summary  of  the  results  may  be  conveniently  added  : — 

Comparative  diffusion  during  twenty  days ;  temperature 
12°-5  Cent. 
One  per  cent,  of  the  hydrochloric  acid  rose  250  millim. 
„  „  nitric  acid  „     225      „ 

„  „  potassic  hydrate       „     225      „ 

„  „  ammmonia  „     200      „ 

,,  „  sulphuric  acid  „     175      „ 

„  „  sodic  hydrate  ,,     187       „ 

„  „  sodic  chloride  „     162      „ 

„  „  magnesic  sulphate  „       87      „ 

These  results  are  put  forward  merely  as  preliminary  expe- 
riments with  a  method  which  is  rapid  in  execution  and  sus- 
ceptible of  great  accuracy,  and  which  it  is  hoped  will  afford 
or  lead  to  the  means  of  calculating  the  correct  coefficient  of 
diffusion  of  a  large  number  of  substances,  Sir  W.  Thomson 
having  kindly  promised  his  assistance  in  any  mathematical 
calculations  necessary. 

From  the  chemist's  point  of  view,  several  interesting  con- 
siderations arise  from  a  review  of  experiments  already  made, 
particularly  when  taken  in  connection  with  Newland^s  and 
Mendelejeff's  periodic  law,  which  was  not  put  forward  until 
some  time  after  the  date  of  Graham's  last  paper. 

The  periodic  law  classifies  the  elements  into  vertical  groups 
of  the  type  R2O,  RO,  &c.,  and  into  series  usually  known  as 
horizontal  series.  Most  of  our  recent  textbooks  quote  the 
3rd  series  as  typical ;  thus  : — 

Na.      Mg.        Al. 

Atomic  weight  .  23       24       27-3 

Atomic  volume  .  24       14       10 

It  will  be  observed  here  that  whilst  there  is  a  comparatively 

small  difference  between  the  atomic  weights  commencing  and 

ending  the  horizontal  series,  the  atomic  volume  commences 

very  high  at  the  extreme  left,  gradually  diminishes  to  less 

than  one  half  in  the  middle,  and  ends  very  high  again  at  the 

extreme  right  of  the  series.     Diffusibility  of  the  com})Ounds 

of  these  elements  varies  in  the  same  way  ;  thus  : — 

Na.        Mg.  Al.  Si.        P.  S.  CI. 

Na,SO.i.  MgSO.,.  Al.aSO^.  Sip,,-  I'A-     S,0,.     C1„0,. 
Molec.  vol.  ...55         44  ?  45       55       82        ? 

Diffusibility...  15  4         2-8         ?  9-79  18-48  25 

Coleman.  Graham.         Coleman, 


Si. 

P. 

S. 

CI. 

28 

31 

32 

35-5 

11 

14-5 

16 

27 
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The  diffusion  of  chloric  acid  against  sulphuric  acid  I  had  to 
make  specially*  ;  the  other  figures  are  from  the  tables  and 
data  before  given,  and  the  atomic  volumes  are  quoted  from 
Ira  Remsen's  recent  book,  the  '  Principles  of  Theoretical 
Chemistry.' 

Here  then  is  evidence  that,  given  a  number  of  elements  the 
atomic  weights  of  which  do  not  differ  widely,  the  difiPusibility 
will  vary  in  some  sort  of  proportion  to  the  atomic  or  mole- 
cular volume,  which  latter,  indeed,  may  be  to  some  extent 
regulated  by  the  energy  of  the  molecules. 

Mendelejeff's  fourth  horizontal  series  commences  with  K 
and  Ca,  the  molecular  volumes  and  diffusibilities  of  the  chlo- 
rides being  thus  : — 

Molecular  volume    ...     74  44 

Diffusibility 41  27 

Here  again  diffusibility  corresponds  with  the  larger  molecular 
volume. 

The  fifth  series  commences  with  copper  and  zinc,  the  mole- 
cular volume  of  the  sulphates  being  exactly  equal  and  the 
diffusibility  nearly  equal. 

The  sixth  series  commences  with  rubidium  and  strontium, 
the  metal  rubidium  possessing,  with  the  exception  of  caesium, 
the  largest  atomic  volume  of  any  metal  yet  discovered. 

Graham  has  already  shown  that  chloride  of  strontium  is 
much  less  diffusible  than  chloride  of  potassium.  If,  there- 
fore, chloride  of  rubidium  be  as  diffusible  as  chloride  of  potas- 
sium, then  the  diffusibility  of  chloride  of  rubidium  will  be 
greater  than  that  of  chloride  of  strontium.  This  has  been 
proved  to  be  the  case  by  the  following  diffusions  I  have 
recently  made.  Chloride  of  rubidium,  chloride  of  potassium, 
and  chloride  of  sodium  were  diffused  for  10  days  at  12'"^  C.  in 
the  apparatus  figured  on  Plate  I. 

*  By  new  method  of  diffusion  : — 

58  per  cent,  yulphuric  acid  rose  25  millim.  iu  7  days. 
29  V  )>  J'  ^0        }>        ?> 

i^  ?f  1)  n  ^O  ?»  » 


70  per  cent,  chloric  acid  rose 

25 

^^                   V                      >!                      J) 

50 

J-"                  )5                     )>                     ?> 

75 

temperature  12°  Cent. 
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TT  •  1     j-fl«      J  Rubidium  Potassic  Sodic 

Height  diflFused,  chloride,  chloride,  chloride, 


in  millimetres. 

22 

44 


110 


per  cent.  per  cent.  per  cent. 

68  64  60 

39  39  31 

19  19  10 

7  7  3 

3-5  3-5 


It  will  be  seen  that  rubidium  chloride  is  quite  as  diffusive 
as  potassic  chloride,  a  salt  which  has  hitherto  been  the  most 
diffusive  salt  examined.  This  I  anticipated  from  the  Inrge 
atomic  volume  of  the  metal,  which  is  very  much  greater  than 
even  that  of  potassium  ;  but,  on  the  other  hand,  its  atomic 
weight  is  greater. 

If  a  large  molecular  volume  indicates  a  tendency  to  rapidity 
of  diffusion,  it  may  be  suspected  that  a  large  atomic  or  mole- 
cular weight  has  a  tendency  to  retard  it ;  this,  however,  is 
not  so  easy  to  prove,  from  the  extreme  difficulty  of  getting 
groups  of  soluble  compounds,  the  molecular  volumes  of  which 
are  identical,  but  the  molecular  weights  of  which  differ. 
Moreover,  it  appears  necessary  to  look  for  such  groups  in  the 
family  groups  of  Mendelejeff^s  vertical  series,  or  the  isomor- 
phous  groups  of  the  older  chemists.  The  sulphates  of  zinc 
and  magnesia  are  strictly  isomorphous,  and  possess  an  identical 
molecular  volume,  viz.  44  when  anhydrous,  their  molecular 
weights  being  as  120  to  161. 

Graham  not  only  in  this  case,  but  in  several  other  cases  of 
isomorphous  bodies,  strove  hard  to  prove  that  the  rate  of  dif- 
fusion was  identical,  returning  again  and  again  to  the  subject, 
on  the  last  occasion  making  seventy-two  experiments  with 
magnesic  and  zincic  sulphates  ;  which  he  sums  up  by  stating 
that  the  approach  to  equality  becomes  close  in  the  4-per-cent. 
and  larger  portions  of  salt,  but  differed  as  much  as  8"  75  per 
cent,  in  favour  of  the  sulphate  of  magnesia  in  the  1-per-cent. 
solutions. 

I  have  recently  diffused  these  substances  for  the  long  period 
of  50  days,  and  at  a  temperature  of  15°  C,  in  the  apparatus 
described  in  an  earlier  part  of  this  paper  as  an  improvement 
upon  Graham's.     The  results  are  that — 

9  per  cent,  of  the  magnesic  sulphate  rose  100  millim. 
7         „         „         zincic  „         „       100      „ 

It  therefore  appeal's  that  these  substances  are  not  equi- 
diffusive,  and  that  the  one  possessing  the  least  molecular 
weight  is  the  most  diffusive.     These  experiments  are  very 
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decisive  also  on  the  matter  of  solubility  not  influencing  dif- 
fusibility,  since  the  sulphate  of  zinc  is  well  known  to  be  much 
more  soluble  in  water  than  the  sulphate  of  magnesia. 

Two  substances  from  Mendelejeffs  6th  group,  viz.  chromic 
acid  and  tungstic  acid,  were  selected  for  diffusion ;  the 
molecular  volumes  of  which  are  identical,  and  the  molecular 
weights  of  which  are  as  100*5  to  232.  They  were  diffused  as 
normal  salts  of  soda  for  thirty  days,  at  a  temperature  of 
12°'5  C,  with  this  result  (in  which  it  will  be  again  observed 
the  one  possessing  the  least  atomic  weight  is  most  diffusive) : — 

25  per  cent,  of  chromate  of  soda  rose  75  millim. 
17  „  tungstate  „  75      „ 

Molybdate  of  soda  was  diffused  also  at  the  same  time,  but 
as  the  atomic  volume  of  molybdic  acid  is  not  identical  but 
larger  than  that  of  either  of  the  other  two,  there  was  a 
greater  diffusibility,  viz.  : — 

28  per  cent,  molybdate  of  soda  rose  75  millim. 

In  the  case  of  Mendelejeff^s  7th  group  we  have  chlorides, 
bromides,  and  iodides  of  the  following  molecular  weights  and 
volumes  : — 


Mol.  wt. 

Mol.  vol 

Sodic  chloride  .     .     . 

58-5 

26-0 

„     bromide  .     .     . 

103-0 

33-0 

„     iodide      .     .     . 

150-0 

43-5 

Potassic  chloride    .     . 

.       74-6 

37-0 

„       bromide    .     .     . 

119-1 

44-0 

„       iodide  .     .     . 

.     166-1 

54-0 

In  all  these  cases  it  will  be  noticed  that  there  is  an  increase 
of  molecular  volume  simultaneous  with  an  increase  of 
molecular  weight,  so  that  it  is  possible  retardation  of  diffusi- 
bility, owing  to  an  increased  molecular  weight,  may  be 
counterbalanced  by  an  increased  energy,  indicated  by  the 
larger  molecular  volume  ;  and  may  account  for  the  singular 
fact  discovered  by  Graham  that  these  substances  are  practi- 
cally equally  diffusive,  though  further  experiment  may  show 
some  little  variations.  Similar  remarks  may  be  made  in 
regard  to  the  chlorides  and  nitrates  of  calcium,  strontium,  and 
barium,  whicn  Graham  also  showed  to  be  practically  equally 
diffusive.      ^             ^  Mol.  wt.  Mol.  vol. 

Calcic  chloride     ....     Ill  44 

Baric  chloride 208  54 

Calcic  oxide 56  18 

Strontic  oxide 103-6  22 

Baric  oxide 1530  2^ 


Mol.  vol. 
48 
44 

? 

44 


Mr.  J.  J.  Coleman  on  Liquid  Diffusion.  9 

In  regard  to  Mendelejeff' s  8th  group,  I  have  diffused  ferrous 
sulphate,  cobaltous  sulphate,  nickelous  sulphate,  and  cupric 
sulphate,  the  molecular  weights  and  volumes  of  which  are  as 

follows  : — 

Mol.  wt. 
Ferrous  sulphate  ....     152 
Cobaltous  sulphate    .     .     .     155 
Nickelous  sulphate    .     .     .     155 
Cupric  sulphate  .     .     .     .     159*4 

The  diffusions  were  carried  on  fifty  days  at  10°  C. 

11  per  cent,  of  the  iron    rose  100  millim. 
10         „         „         cobalt 
10         „         „         nickel 
10         „         „         copper 

The  diffusion  rate  of  these  substances,  which  closely  approxi- 
mates those  of  Mendelejeff's  2nd  group,  the  Dyads,  also 
corroborates  the  other  experience  as  to  the  influence  of  the 
molecular  weights  and  volumes. 

The  difference  in  diffusibility,  however,  between  the  first, 
or  Monad  group  of  Mendelejeff,  and  his  second,  or  Dyad 
group,  is  very  striking,  and  can  be  approximately  represented 
by  the  following  figures  : — 

Grroup  I.  Formula  RjO  [Monads]. 


3J 

33 

)) 

33 

53 

33 

Sulphates. 

Nitrates. 

Chlorides 

Lithium     .     .     . 

12 

? 

V 

Sodium      .     .     . 

15 

28 

34 

Potassium .     .     . 

24 

33 

41 

Silver         .     .     . 

17 

35 

insol. 

Average     .     .17 

32 

38 

Group  II.  Formula  RO 

[Dyads]. 

Magnesium 
Cadmium  . 

Sulphates. 
4 
5 

Nitrates. 
21 
•? 

Chlorides 
23 
14 

Zinc 

3-5 

23 

23 

Mercury     . 
Calcium     . 

6 
insol. 

13 
23 

10 

27 

Strontium . 

ditto 

23 

27 

Barium 

ditto 

23 

27 

Average 


21 


21 


Mendelejeff  classes  cuprous  salts  with  Monads;  and  it  is 
singular  that  very  early  in  his  experiments  Graham  pointed 
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out   that  cuprous  chloride  has  only  half  the  difFusibility  of 
cupric  chloride. 

I  am  still  prosecuting  the  investigation,  and  other  interesting 
relationships  ma}-  be  detected,  but  the  data  as  to  the  specific 
gravity  and  molecular  volumes  of  compounds  of  many  of  the 
rarer  elements  are  entirely  wanting,  and  even  in  the  case  of 
those  of  well-known  elements  are  incomplete. 


II.    On  the  Self-induction  of  Wires. — Part  V. 
By  Olivee  Heaviside*. 

THE  mathematical  difficulties  in  the  way  of  the  discovery 
of  exact  solutions  of  problems  concerning  the  propaga- 
tion of  electromagnetic  disturbances  into  wires  of  other  than 
circular  section — or,  even  if  of  circular  section,  when  the 
return  current  is  not  equidistantly  distributed  as  regards  the 
wire,  or  is  not  so  distant  that  its  influence  on  the  distribution 
of  the  wire  current  throughout  its  section  may  be  disregarded 
— are  very  considerable.  As  soon  as  we  depart  from  the 
simple  type  of  magnetic  field  which  occurs  in  the  case  of  a 
straight  wire  of  circular  section,  we  require  at  least  two  geo- 
metrical variables  in  place  of  the  one,  distance  from  the  axis 
of  the  wire,  which  served  before  ;  and  we  may  have  to  supple- 
ment the  magnetic  force  "  of  the  current,'^  as  usually  under- 
stood, by  a  polar  force,  or  a  force  which  is  the  space-variation 
of  a  single-valued  scalar,  the  magnetic  potential,  in  order  to 
make  up  the  real  magnetic  force. 

There  are,  however,  some  simplified  cases  which  can  be 
fully  solved,  viz.  when  the  external  magnetic  field,  that  in  the 
dielectric,  is  abolished,  by  enclosing  the  wire  in  a  sheath  of 
infinite  conductivity.  It  is  true  that  we  must  practically 
separate  the  wire  from  the  sheath  by  some  thickness  of 
dielectric,  in  order  to  be  able  to  set  up  current  in  the  circuit 
by  means  of  impressed  force,  so  that  we  cannot  entirely  abolish 
the  external  magnetic  field;  but  we  may  approximate  in 
a  great  measure  to  the  state  of  things  we  want  for  pur- 
poses of  investigation.  The  wire,  of  course,  need  not  be  a 
wire  in  the  ordinary  sense,  but  a  large  bar  or  prism.  The 
electrostatic  induction  will  be  ignored,  requiring  the  wire 
to  be  not  of  great  length;  thus  making  the  problem  an  electro- 
magnetic one. 

Consider,  then,  a  straight  wire  or  rod  or  prism  of  any  sym- 
metrical form  of  section,  so  that  when  a  uniformly  distributed 
current  passes  through  it  its  axis  is  the  axis  of  the  magnetic 

*  Comniunicated  by  the  Author. 
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field,  where  the  intensity  of  force  is  zero.  Let  a  steady  cur- 
rent exist  in  the  wire,  longitudinal  of  course,  and  let  the 
return  conductor  be  a  close-fitting  infinitely  conducting  sheath. 
This  stops  the  magnetic  field  at  the  boundary  of  the  wire. 
The  sudden  discontinuity  of  the  boundary  magnetic  force  is 
then  the  measure  and  reiDresentative  of  the  return  current. 

The  magnetic  energy  per  unit  length  is  ^LC^,  where  C  is 
the  current  in  the  wire  and  L  the  inductance  per  unit  length. 
As  regards  the  diminution  of  the  L  of  a  circuit  in  general, 
by  spreading  out  the  current,  as  in  a  strip,  instead  of  concen- 
trating it  in  a  wire,  that  is  a  matter  of  elementary  reasoning 
founded  on  the  general  structure  of  L.  If  we  draw  apart 
currents,  keeping  the  currents  constant,  thus  doing  work 
against  their  mutual  attraction,  we  diminish  their  energy  at 
the  same  time  by  the  amount  of  work  done  against  the 
attraction.  Thus  the  quantity  ^LC^  of  a  circuit  is  the  amount 
of  work  that  must  be  done  to  take  a  current  to  pieces,  so  to 
speak ;  that  is,  supposing  it  divided  into  infinitely  fine  fila- 
mentary closed  currents,  to  separate  them  against  their  attrac- 
tions to  an  infinite  distance  from  one  another.  We  do  not 
need,  therefore,  any  examination  of  special  formulas  to  see 
that  the  inductance  of  a  flat  strip  is  far  less  than  that  of  a 
round  wire  of  the  same  sectional  area ;  their  difference  being- 
proportional  to  the  difference  of  the  amounts  of  the  magnetic 
energy  per  unit  current  in  the  two  cases.  The  inductance  of  a 
circuit  can,  similarly,  be  indefinitely  increased  by  fining  the 
wire;  that  of  a  mere  line  being  infinitely  great.  But  we  can 
no  more  have  a  finite  current  in  an  infinitely  thin  wire  than 
we  can  have  a  finite  charge  of  electricity  at  a  point,  in  which 
case  the  electrostatic  energy  would  be  also  infinitely  great,  for 
a  similar  reason  ;  although  by  a  useful  and  almost  necessary 
convention  we  may  regard  fine-wire  circuits  as  linear,  whilst 
their  inductances  are  finite. 

Now,  as  regards  our  enclosed  rod  with  no  external  magnetic 
field,  we  can  in  several  cases  estimate  L  exactly,  as  the  work 
is  already  done,  in  a  different  field  of  Physics.  The  nature  of 
the  problem  is  most  simply  stated  in  terms  of  vectors.  Thus, 
let  h  be  the  vector  magnetic  force  when  the  boundary  of  the 
section  perpendicular  to  the  length  is  circular,  and  H  what  it 
becomes  with  another  form  of  boundary;  then 

H=li  +  F,  and  F=-Vn.       .     .      .      (la) 

That  is,  the  field  of  magnetic  force  differs  from  the  simple 
circular  type  by  a  polar  force  F  whose  potential  is  fl.  TJiis 
must  be  so  because  the  curl  of  H  and  of  h  are  identical,  re- 
quiring the  curl  of  F  to  be  zero.     To  find  F  we  have  the  datum 
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that  the  magnetic  force  must  be  tangential  to  the  boundary, 
and  therefore  have  no  normal  component ;  or,  if  N  be  the  unit 
vector  normal  drawn  outward, 

-FN  =  liN (2a) 

is  the  boundary  condition.  This  gives  F,  when  it  is  remem- 
bered that  F  must  have  no  convergence  within  the  wire. 

In  another  form,  since  we  have  h  circular  about  the  axis, 
and  of  intensity  27nTQ,  at  distance  r  from  it,  the  current- 
density  being  Fq  ;  or 

h  =  27rroykr, (3a) 

if  r  is  the  vector  distance  from  the  axis  in  a  plane  perpendi- 
cular to  it,  and  k  a  unit  vector  parallel  to  the  current ;  we 
have 

hN  =  (27rr,)(NVkr)  =  (27rr„)(rVNk) 

=-^^- (^<') 

if  s  be  length  measured  along  the  bounding  curve,  in  the 
direction  of  the  magnetic  force.  The  boundary  condition  (2  a) 
therefore  becomes,  in  terms  of  the  magnetic  potential, 

-^="^0  V' (^"^ 

which,  with  V^fl  =  0,  finds  the  magnetic  potential.  Here 
pi  is  length  measured  along  the  normal  to  the  boundary 
outward. 

Or  we   may  use  the  vector-potential  A.     It  is  parallel  to 
the  current,  and  consists  of  two  parts ;  thus, 

K  =  M-[^ll^Vy)\, {Qa) 

where  the  second  part  on  the  right  side  is,  except  as  regards 
a  constant,  what  it  would  be  if  the  boundary  were  circular,  its 
curl  being  yLih.     To  find  A'',  let  its  tensor  be  A';  then 

VW  =  0,  and  M  =  tnrT^r\  ....     {7a) 

the  latter  being  the  boundary  condition,  expressing  that  A  is 
zero  at  the  boundary.  Comparing  with  (5a),  we  see  that 
(7a)  is  the  simpler. 

The  magnetic  energy  per  unit  length  of  rod,  say  T,  is 

T=:S/^H787r  =  :S/i(h  +  F)V87r,       .     .     .      (8a) 

the  summation  extending  over  the  section.  But  SFH  =  0, 
because  F  is  polar  and  H  is  closed  ;  so  that 

T  =  2/^h787r-SytiF787r 
=  2/Cih787r  +  ^/zhF/8/i (9a) 
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Or,  in  Cartesian  coordinates,  let  Hi  and  Hj  be  the  x  and  y 
components  of  the  magnetic  force  H,  z  being  parallel  to  the 
current ;  then 

Hi=-27ryr,-g,     H,  =  27r^T,-^     .      (10a) 
express  (la),  and  (8a)  is  represented  hy 


T=^S(H,^  +  H2^), 


•r„^^(.^.,^)-^.(.f-,f), 


;iia) 


Stt" 

=  fr„^S(^'^+y^)-^.^.^^^ 

the  latter  form  expressing  {9ci). 

It  will  be  observed  that  the  mathematical  conditions  are 
identical  with  those  existing  in  St.  Venant^s  torsion  problems. 
Thus,  if  a  and  h  are  the  ?/  and  .v  tangential  strain  components 
in  the  plane  .v,  y  in  a  twisted  prism,  and  7  the  longitudinal 
displacement  along  c,  parallel  to  the  length  of  the  prism,  we 
have 

^=-"^+S'  "="+!'  •  •  •  (^^«> 

where  t  is  the  twist  (Thomson  and  Tait,  Part  II.  §  706, 
equation  (9)).  The  corresponding  forces  are  ?i  times  as  great, 
if  n  is  the  rigidity  i^oc.  cit.  equation  (10));  so  that  the  energy 
per  unit  length  is 

^?i2(a^  +  6'^)  over  section (13a) 

Also,  to  find  7  we  have 

VV  =  0.|^=i4^,        (14a) 

{loc.  cit.  equations  (12)  and  (18)).  Comparing  (14  a)  with 
(5a),  (12a)  with  (10a),  and  (13a)  with  the  first  of  (11a),  we 
see  that  there  is  a  perfect  correspondence,  except,  of  course, 
as  regards  the  constants  concerned.  The  lines  of  tangential 
stress  in  the  torsion  problem  and  the  lines  of  magnetic  force 
in  our  problem  are  identical,  and  the  energy  is  similarly 
reckoned.  We  may  therefore  make  use  of  all  St.  Venant's 
results. 

It  will  be  sufficient  here  to  point  out  that  the  ratio  of  the 
inductance  of  wires  of  different  sections  is  the  same  as  the 
ratio  of  their  torsional  rigidities.  Thus,  as  L=  |/u,  in  the  case 
of  a  round  wire,  that  of  a  wire  of  elliptical  section,  semiaxes 
a  and  b,  is  'L  =  [ji,ahl(a?-{-b^)  ;  when  the  section  is  a  square,  it 
is  '4417/^;  when  it  is  an  equilateral  triangle,  •3G27/i,  &c. 
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That  of  a  rectangle  will  be  given  later  in  the  course  of  the 
following  subsidence  solution. 

Consider  the  subsidence  from  the  initial  state  of  steady  flow 
to  zero,  when  the  impressed  force  that  supported  the  current 
is  removed,  in  a  prism  of  rectangular  section.  Let  2a  and 
26  be  its  sides,  parallel  to  x  and  y  respectively,  the  origin 
being  taken  at  the  centre.  Let  Hj  and  Hg  be  the  x  and  y 
components  of  the  magnetic  force  at  the  time  t.  Let  E  be 
the  intensity  of  the  magnetic-force  vector  E,  which  is  parallel 
to  z',  then  the  two  equations  of  induction  ((6),  (7).  Part  I.), 
or 

curl  H  =  47rr,     —curl  E  =  /xH, 


are  reduced  to 


cm         ^      cm        ^ 
-^=^^1'    ^=^^^'    ....      (15a) 


flXlo  dxll  .7-1-1  I  -T-\ 

-r- T^  =47rZ;E  =  47rr: 

clx         ay 


(16a) 


if  r  is  the  current  density,  k  the  conductivity,  fi  the  induc- 
tivity.  [I  speak  of  the  intensity  of  a  "  force  "  and  of  the 
''  density  "  of  a  flux,  believing  a  distinction  desirable.]  The 
equation  of  V  is  therefore 

(J?  +  J)i'=*'^''*'  •  •  •  •  (i^«) 

of  which  an  elementary  solution  is 

T  =  COB  mx  0,0^  ny  eP^, (18a) 

if 

47r/A^j9=  — (»i^-|-?z^) (19a) 

At  the  boundary  we  have,  during  the  subsidence,  E  =  0,  or 
r  =  0;  therefore 

cos  mx  cos  ny  =  0  at  the  boundary, 
or 

cos7?ia  =  0,     cosn6  =  0, (20a) 

or  ma  =  -g7r,  |7r,  -|7r,  &c.,  7i6  =  ditto.  The  general  solution  is 
therefore  the  double  summation  over  m  and  n, 

r  =  ^S  A  cos  mx  cos  ny  e'^', 

if  we  find  A  to  make  the  right  member  represent  the  initial 
state.     This  has  to  be  r  =  ro,  a  constant. 

Now 

1  =  2(2//7ta)  sin  ma  cos  7nx,     from  x=—a  to  +  a, 

1  =  2(2//i6)  sin  nb  cos  ny,        from  y=  —b  to  -\-b. 
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Hence  the  required  solution  is 

_      4:^^  sin  ma  _^    ^  sin  ni^  -i^, 

r  =  -r  FoS  cos  mx  6  47r/xi: .  2, cos  ny  e  ^^h-^, 

ab  yn  n  "^ 

or 

-n      4  „  ^„  sin  ma  sin  nb  „,  /o1^^ 

ab  mn 

From  this  derive  the  magnetic  force  by  (15a).     Thus 

-rr  l^TT  -^  ^^   ?,\\\  ma     .  ,  .  6^^ 

Hi  = J-  i  0^^ sm  nb  cos  mx  sin  ?2_y — ^ 


(22a) 


rr  IGtt  „  _^^  sin  nb    .  .  e?* 

Ho=      — ^  Fn^^ sm  ??ia  sm  m.«  COS  ?iz/ — 9— — ^ 

'^  ab  n  '^  ?/i^  +  n^ 

The  total  current,  say  C,  in  the  prism  is  given  by 
47rC  =  2r  H,./^^_^-2rHi.?..^^^,, 

%)  —b  J  —a 

_647r      ^^    eP* 
ao  7H^?i^' 

by  line  integration  round  the  boundary.     Or 

«=i^«»2S,^, (23a) 

if  Co  =  4rt5rQ,  the  initial  current  in  the  prism. 

Since  the  current  is  longitudinal,  and  there  is  no  potential 
difference,  the  vector  potential  is  given  by  E=— A;  or,  A 
being  the  tensor  of  A,  A  is  got  by  dividing  the  general  term 
in  the  F  solution  (21a)  by  — ^;^•  ;  giving 

.      167r/x  ^^  sin?7ia  sin  n6  ,  ,^,-. 

A=  — J —  Zz, — s- — 9-  cos  mx  cos  ny  e?'.      .      (24a) 

ab  inn{in^  +  n^)  "^  ^       ^ 

Since  the  magnetic  energy  is  to  be  got  by  sunmiing  up  the 
product  |AF  over  the  section,  we  find,  by  integrating  the 
square  of  F,  that  the  amount  per  unit  length  is 

By  the  square  of  the  force  method  the  same  result  is 
reached,  of  course.  We  may  also  verify  that  Q  +  T=0, 
during  the  subsidence,  Q  being  the  dissipativity  per  unit 
length  of  prism. 

The   steady-flow    resistance   per   unit   length  is  the  L  in 
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T=^LC/,  which  (25a)  becomes  when  t  =  0  ;  this  gives 

L=47rAtSS ^ . ^.       (26a) 

(ma)2(nft)2|  |(nJ)2  +  ?(ma)2  j 

The  lines  of  magnetic  current  are  also  the  lines  of  equal 
electric-current  density.  That  is,  a  line  drawn  in  the  plane  x,  y 
through  the  points  where  V  has  the  same  value  is  a  line  of 
magnetic  current.     For,  if  s  be  any  line  in  the  plane  .»,  ?/, 

^=  component  of  yttH  perpendicular  to  5, 

so  that  H  is  parallel  to  5,  when  dE/ds  =  0.  The  transfer  of 
energy  is,  as  usual,  perpendicular  to  the  lines  of  magnetic 
force  and  electric  force. 

The  above  expression  (26a)  for  L  may  be  summed  up 
either  with  respect  to  ma  or  to  nb,  but  not  to  both,  by  any 
way  I  know.     Thus,  writing  it 

{may      {nhfa     .no  ,  »/      \2 
^      ^        ^     ^  y[nbY  +  -{maY 
o       ^       a^ 

we  may  effect  the  second  summation,  with  respect  to  nh,  re- 
garding ma  as  constant  in  every  term.     Use  the  identity 

where  i  has  the  values  1,  3,  5,  &c.  Take  x=0,  vrTJ2l=nb, 
h={b/a){ma),  1  =  1,  and  apply  to  (27a),  giving 

■*  -  -\  I  1  -(/ma)        _ — ('Ha)v     -» 

L  =  4^^tJ^Jf.^(l-f.^/:      ~%°-)|  (28a) 

^     {may\1b  {may\       b    ma     ^ma)  ,    -\ma)'  S 

where  the  quantity  in  the  \\  h  the  value  of  the  second  %  in 
(27a).  The  first  part  of  (28a)  is  again  easily  summed  up, 
and  the  result  is 

^       .       a  (  1       I  a^      1     e^«'      —  1  )  ..„  . 

L=4,^^---j-S(;^,^^__J,      .     (29a) 

in    which    summation,  we  may  repeat,  ma    has   the  values 

zitt-  -ZT^  -tt,  &c.  The  quantities  a  and  b  may  be  exchanged  ; 
Z       id     id 

that  is,  a\b  changed  to  6/a,  without  altering  the  value  of  L. 
This  follows  by  effecting  the  ma  summation  in  (26a)  instead 
of  the  nb,  as  was  done. 
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When  the  rod  is  made  a  flat  sheet,  or  a/6  is  very  small,  we 
have  L  =  57r/a(a/i). 

Compare  (29a)  with  Thomson  and  Tait's  equation  (46) 
§  707,  Part  II.  Turn  the  nalP  outside  the  [  ]  to  nal/,  and 
multiply  the  "t  by  2.  These  corrections  have  been  pointed 
out  by^  Ayrton  and  Perry.  When  made,  the  result  is  in 
agreement  with  the  above  (29a),  allowing,  of  course,  for 
changed  multiplier,  [I  also  observe  that  the  —  t  in  their 
equation  (44)  should  be  +  r,  and  the  +  t  in  (45),  (the 
second  r)  should  be  —  r.]  Such  little  errors  will  find  their 
way  into  mathematical  treatises  ;  there  is  nothing  astonishing 
in  that  ;  but  a  certain  collateral  circmnstance  renders  the 
errors  in  their  equation  (46)  worthy  of  being  long  remem- 
bered. For  the  distinguished  authors  pointedly  called  atten- 
tion to  the  astonishing  theorems  in  pure  mathematics  to  be 
got  by  the  exchange  of  a  and  h,  such  as  rarely  fall  to  the  lot 
of  pure  mathematicians.     They  were  miraculous. 

I  now  pass  to  a  different  problem,  viz.  the  solution  in  the 
case  of  a  periodic  impressed  force  situated  at  one  end  of  a 
homogeneous  line,  when  subjected  to  any  terminal  conditions 
of  the  kind  arising  from  the  attachment  of  apparatus.  The 
conditions  that  obtain  in  practice  are  very  various,  but 
valuable  information  may  be  arrived  at  from  the  study  of  the 
comparatively  simple  problem  of  a  periodic  impressed  force, 
of  which  the  full  solution  may  always  be  found.  In  Part  II. 
I  gave  the  fully  developed  solution  when  the  line  has  the  three 
electrical  constants  R,  L,  and  S  (resistance,  inductance,  and 
electrostatic  capacity),  of  which  the  first  two  may  be  functions 
of  the  frequency,  but  without  any  allowance  for  the  effect  of 
terminal  apparatus.  If  we  take  L  =  0  we  get  the  submarine- 
cable  formula  of  Sir  W.  Thomson^s  theory  ;  but  although  the 
effect  of  L  on  the  amplitude  of  the  current  at  the  distant 
end  becomes  insignificant  when  the  line  is  an  Atlantic  cable, 
its  omission  would  in  general  give  quite  misleading  results. 

There  are  some  a  priori  reasons  against  formulating  the 
effect  of  the  terminal  apparatus.  They  complicate  the  for- 
mulae considerably  in  the  first  ])lace  ;  next,  they  are  various 
in  arrangement,  so  that  it  might  seem  impracticable  to  for- 
mulate generally  ;  and,  again,  in  the  case  of  a  very  long  sub- 
marine cable,  we  may  divide  the  expression  of  the  current- 
amplitude  into  factors,  one  for  the  line  and  two  more  for  the 
terminal  apparatus,  of  which  the  first,  for  the  line,  is  always 
the  same,  whilst  the  apparatus-factors  vary,  and  are  less  im- 
portant than  the  line-factor.  But  in  other  cases  the  terminal 
apparatus  may  be  of  far  greater  ijnportance  than  the  line,  in 
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their  infliience  ou  the  current-amplitude,  whilst  the  resolution 
into  independent  factors  is  no  longer  possible. 

The  only  serious  attempt  to  formulate  the  effect  of  the 
terminal  apparatus  with  which  I  am  acquainted  is  that  of  the 
late  Mr.  C.  Hockin  (Journal  S.  T.  E.  and  E.,  vol.  v.  p.  432). 
His  apparatus  arrangement  resembled  that  usually  occurring 
then  in  connection  with  long  submarine  cables,  including,  of 
course,  many  derived  simpler  arrangements;  ard  from  his 
results  much  interesting  information  is  obtainable.  But  the 
results  rre  only  applicable  to  long  submarine  cables,  on  ac- 
count of  the  omission  of  the  influence  of  the  self-induction  of 
the  line.  The  work  must,  therefore,  be  done  again  in  a  more 
general  manner.  It  is,  besides,  independently  of  this,  not 
easy  to  adapu  his  formulge,  in  so  far  as  they  show^  the  in- 
fluence of  terminal  apparatus,  to  cases  that  cannot  be  derived 
from  his.  For  instance,  the  effect  of  electromagnetic  in- 
due aon  in  the  terminal  arrangements  was  omitted.  I  have 
therefore  thought  it  worth  while  to  take  a  far  more  general 
case  as  regards  the  line,  and  at  the  same  time  have  endeavoured 
to  put  it  in  such  a  form  that  it  can  be  readily  reduced  to 
simpler  cases,  whilst  at  the  same  time  the  results  apply  to  any 
terminal  arrangements  we  choose  to  use. 

The  general  statement  of  the  problem  is  this.  A  homo- 
geneous line,  of  length  /,  whose  steady-flow^  resistance  is  E, 
inductance  L,  electrostatic  capacity  S,  and  conductance  of 
insulator  K,  all  per  unit  length  of  line,  is  acted  upon  by  an 
impressed  force  Yo  sin  nt  at  one  end,  or  in  the  wive  attached 
to  it ;  w^hilst  any  terminal  arrangements  exist.  Find  the 
effect  produced ;  in  particular,  the  amplitude  of  the  current 
at  the  end  remote  from  the  impressed  :^orce.  If  the  line  con- 
sist of  two  parallel  wires,  R  must  be  the  sum  of  their  resist- 
ances per  unit  length. 

Let  C  be  the  current  in  the  line  and  V  the  potential  dif- 
ference at  distance  z  from  the  end  where  the  impressed  force 
is  situated.     Then 

are  our  fundamental  line  equations.  Here  K'  =  R-fL  (d/dt) 
to  a  first  approximation,  and  =  R' -I- L' ((/, VZ^  in  the  periodic 
case,  where  R'  and  L'  are  what  R  and  L  become  at  the  given 
frequency.     Let  the  terminal  conditions  be 

V  =  ZiC    ate  =  Zend,l  ,^j^ 

--V^smnt  +  Y  =  Z,G  atz  =  Oend,J  '  '  '  ^^''^ 
so  that  V  =  ZoC  w^ould  be  the  2'  =  0  terminal  condition  if  there 
were  no  impressed  force. 
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The   solution  is  a  special   case  of  the  second  of   (162^), 
Part  IV.j  which  we  may  quote.     In  it  take 

S^'  =  K  +  S^^,    W  =  W  +  h'p,     .     .     .     (U) 

p  meaning  didt  so  far.     Also  put  ^2  =  0,  ^2  =  ^0  sin  nt,  and 

_m2  =  F2=(K+S^)(R'  +  L';^),  ...      (46) 

and  put  the  equation  referred   to  in  the   exponential  form. 
Thus, 

.,_  (F/S"  +  Z06^(^--)  +  (F/S^^-Z06-^(^-->  •      ,    /,n 

6P^(F/S''  +  Zi)(F/S"-Zo)-e-^ni^7S''-Zi)(F/S"  +  Zo)  ^oSmnf.   {^^b) 

This  is  the  differential  equation  of  C  in  the  line.     Now  in  F, 
S",  Zq,  and  Zj,  let  d^/dt!^=  —it?.     It  is  then  reducible  to 

F  +  Q' j^                  ( A'P'  +  B'Q'/i^^)  +  (A'Q'  -  B'P')| 
C  = -^  Vq  sin  nt  = A'2-4-Tt/2,,2 —      ^^0  sin  nt,  (6  h) 

a'+b4 

giving  the  amplitude  and  phase-difference  anywhere  ;    and 
the  amplitude  is 


Co=Vo(A'2  +  B'V)-nP'-  +  Q'2n^)';        .     .     .     (76) 

A'  and  B'  are  functions  of  z,  whilst  P'  and  Q'  are  constants. 
Put 

F  =P    +Q/,       )  where  i-(- IP' 

The  values  of  P  and  Q  are 

P=(i)M(li"'^  +  L'V)^(K2  +  S2n2)^+(KE'-L'Sn^)P-]    foj^ 
Q=-.  \ _     .    .    .     .    y^jA-^i^) 

possessing  the  following  properties,  to  be  used  later, 
P2  +  Q2  =  (K2  +  S2n^)HR'2  +  L'2n2)i,  -) 
p2_Q2=KR'-L'Sn2,  y     .     (106) 

2PQ  =  (R'S  +  KL>.  J 

The  expressions  of  R^',  Ri',  Lq',  L/  can  only  be  stated  when 
the  terminal  conditions  are  fully  given.     Their  structure  will 
be  considered  later.     P  and  Q  depend  only  upon  the  line. 
Let 

A  =  R' -  Sn^  (Eo'  Li'  +  Ri'  Lo')  +  K  (R^'  R/  -  L,'  L/n^) ;      ^ 
B  =  L'n  +  Sn  (Ro'  R/  -  L^'  L/  u')  +  Kn  (R^'  L,'  +  Ri'  Lo') 

a=P(lv  +  R/)-QM(W+Li'); 


1.(116) 


6=Q(R^'+r/)  +  Pu(l;+l/).  J 

C2 
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The  effect  of  making  the  substitutions  (8  b)  in  (5  h)  is  to  ex- 
press C  in  terms  of  the  P,  Q  of  (9  b)  and  the  A,  B^  a,  b  of 
ili-b);  thus:— 

+  \     (..+    ..-..)    +(..-     ..-..)    Je-P(^-) 

+  i\     (..-    ..    +    ..    )sinQ{l-z)-\-(..+     ..     +     ..    )cosQ(l-z)\e^(-'-'^ 

+  M-(--+     ••-••)     +(•-      ..-..)     }e-Pa-)] 

X  Yg  sin  nt 

■r-    [{(A  +  «)ePWQZ-(A-a)e-P'cosQ^-(B  +  6)eP'sinQZ-(B-6)e-^'sinQ7} 

+  i\(B  +  b)    ....    -(B-b)     ....      +(A  +  a)    ....    +(A-«)    ....     \].(Ub) 

The  dots  indicate  repetition  of  what  is  immediately  above 
them.  Here  we  see  the  expressions  for  the  four  quantities 
A',  B',  F,  Q'  of  {6b),  which  we  require.  (12b)  therefore 
fully  serves  to  find  the  phase-difference,  if  required.  I  shall 
only  develop  the  amplitude  expression  (7b).  It  becomes, 
by  (126), 


id- 


[e2Pa-r)    {(P24-Q2)+(K2+S2n2)(E,'2+L/2,,2)+2Qn(R/S+KL/)+2P(KR/-L;S«2)J 

4-e-2P(i-r)|       ....      +        _       _       J 

+  2  cos  2Q(Z  -  ;^)   j  (P2  +  Q2 )  _  (K2  +  S2  n^)(R^<2  +  L/2;,2)  J 

~4sin2Q(Z-;^)  {Pn(R/  +  KL/)  +  Q(L/SH2-KR/)}-]^ 
^   [e2K{(A  +  a)2  +  (B  +  6)2[+e-2P^-{(A-«)-  +  (B-6)2} 

-2co8  2QZ.(A2  +  B3-a2-62)  +  4sin2QZ.(A5-«B)}]^, (13/>) 

in  terms  of  A,  B,  a,  b  of  (116). 

This  referring  to  any  point  between  2  =  0  and  /,  a  very  im- 
portant simplification  occurs  when  we  take  z  =  l.  It  reduces 
the  numerator  to  2(P'"  +  Q'")^  It  only  remains  to  simplify  the 
denominator  as  far  as  possible,  to  show  as  explicitly  as  we  can 
the  effect  of  the  terminal  apparatus,  which  is  at  present  buried 
away  in  the  functions  of  A,  B,  a,  b  occurring  in  (136). 

First  of  all,  we  may  show  that  the  product  of  the  coefficients 
of  e2P^  and  e~^^^  equals  half  the  square  of  the  amplitude  of  the 
circular  part  in  the  denominator.  This  is  an  identity,  in- 
dependent of  what  A,  B,  a,  b  are.  (13  6)  therefore  takes 
the  form 

Oo=2Vo(P2  +  Q2)^--[Ge2P^  +  He-2i''-2(GH)^cos2(QZ  +  ^)]^.     .      (146) 
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The  following  are  the  expansions  of  the  quantities  occurring 
in  the  denominator  of  (13/*)  : — 

Let 
P=R'2  +  L'V,  V  =  Ro'2  +  Lo'V,  V=Ri'2  +  L^f2„2_    ^     (15^) 

Then 

+ 2(E/l; + e;l/  ynX-KL'  -  ii'S), 
Art +m= (r; + ii/)(E'p + l'hQ) + (l; + L/)n(L'«p  -  r'Q) 

+  (R;I,2  +  R/V)(KP  +  SHQ)-f  (L;i,2  +  L/V)n(KQ-SnP), 

AZ*- aB=(E/  +  R/)(R'Q-L'7iP)  +  (L;  +  L/)n(RT  +  L'/iQ) 

+  (E;I^2  _^  E/I„2XKQ  -  SwP)  -  (L;I^2  +  L/ I/)n(KP  -1-  SnQ).  ^ 

These  may  be  used  direct  in  the  denominator  of  {l^h\  which 
is  the  same  as  that  of  (13^).  But  G  and  H  may  be  each 
resolved  into  the  product  of  two  factors,  each  containing  the 
apparatus-constants  of  one  end  only.  Noting  therefore  that 
the  6  in  (14  Z*)  is  given  by 


{lU) 


tan  2^  = 


whose  numerator  and  denominator  are  given  in  (16^),  it  will 
clearly  be  of  advantage  to  develop  these  factors.  First 
observe  that  the  expansion  of  H  is  to  be  got  from  that  of  Gr, 
using  (16^),  by  merely  turning  P  to  — P  and  Q  to  —  Q.  We 
have  therefore  merely  to  split  up  one  of  them,  say  G.  If  we 
put  Rj'=0_,  L/  =  0  in  G  it  becomes 

P+(PHQ''^)V  +  2P(Ro'R'  +  VLV)  +2Q(L'7/E,'-Il'nLo').     {lU) 

If,  on  the  other  hand,  we  put  Eq'  =  0,  Lp'  =  0  in  G  it  becomes 
the  same  function  of  Ri'  L/  as  (18i)  is  of  E^',  L^'.  It  is  then 
suggested  that  G  is  really  the  product  of  (18?>)  into  the 
similar  function  of  Rj',  L/;  when  the  result  is  divided  by  P. 
This  may  be  verified  by  carrying  out  the  o])eration  described. 
But  I  sliould  mention  that  it  is  not  immediately  evident,  and 
requires  some  laborious  transformations  to  establish  it,  making 
use  of  the  three  equations  (10^).  When  done,  the  final 
result  is  that  (14  i)  becomes 

^«-^^oLr-  +  l'vJ 

^  [GoGi6''''  +  H,]Iie-'^''-2(GoGiHoH,)*co82(QZ+^)]^    (194) 
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wherein  Gq  and  H(j  contain  only  constants  belonging  to  the 
apparatus  at  z  =  0,  and  Gi  and  Hi  those  belonging  to  z^=l, 
besides  the  line-constants.  Only  one  of  the  four  need  be 
written  ;  thus 

^o  =  l  +  p{(P'  +  Q')V  +  2P(R'Ro'  +  L'Lo'n2)  +  2Qn(Eo'L'-R'Lo')}.  (206) 

From  this  get  Hq  by  changing  the  signs  of  P  and  Q. 
Then,  to  obtain  Gj  and  Hj,  the  corresponding  functions  for  the 
z=-l  end,  change  Rq'  to  R/  and  L^'  to  L/.  These  functions 
have  the  value  unity  when  the  line  is  short-circuited  at  the 
ends,  (Zo  =  0,  Zi  =  0).  They  may  therefore  be  referred  to  as 
the  terminal  functions.  Their  form  is  invariable.  "We  only 
require  to  find  the  R'  and  L',  or  the  effective  resistance  and 
inductance  of  the  terminal  arrangements,  and  insert  in  (20Z^ ) 
and  its  companions. 

Thus,  let  the  two  conductors  at  the  z  =  l  end  be  joined 
through  a  coil.  Then  Ri'  is  its  resistance,  Lj'  its  inductance, 
the  steady-flow  values,  and  the  accents  may  be  dropped,  ex- 
cept under  very  unusual  circumstances,  and  \  is  its  impe- 
dance at  the  given  frequency,  when  on  short  circuit.  But  if 
the  coil  contain  a  core,  especially  if  it  be  of  iron,  neither  R^ 
nor  Lj  can  have  the  steady-flow  values,  on  account  of  the 
induction  of  currents  in  the  core.  Their  approximate  values 
at  a  given  frequency  may  be  experimentally  determined  by 
means  of  the  Wheatstone  bridge.  Of  course  Rj  and  L^  are 
really  somewhat  changed  in  a  similar  manner  by  allowing  any 
induction  between  the  coil  and  external  conductors,  the  brass 
parts  of  a  galvanometer,  for  instance;  L  going  doAvn  and  R 
going  up,  though  this  does  not  materially  affect  I. 

If,  instead  of  a  coil,  it  be  a  condenser  of  capacity  Si  that 
is  inserted  at  £;  =  / ;  then,  since 

C  =  SiV  =  Si^A^ 
we  have 

Zi=(Sii.)-=-;V(Sin^). 
Therefore  take 

R/  =  0,     and     Li'=-(Sin'^)-i. 

The  condenser  behaves,  so  far  as  the  current  is  concerned,  as 
a  coil  of  no  resistance  and  negative  inductance,  the  latter 
decreasing  as  the  frequency  is  raised,  and  as  the  capacity  is 
increased  ;  tending  to  become  equivalent  to  a  short  circuit, 
though  this  would  require  a  great  speed  in  general,  as  the 
g'Hasi-negative  inductance  is  large.  [Thus  ?i=100,  S=10~^^ 
(one  microfarad),  makes  Li'=  —10^^.  To  get  the  inductance 
of  a  coil  to  be  10^-^  it  must  contain  a  very  large  number 
of  turns  of  fine  wire.]     Thus,   whilst  the    condenser  stops 


Self-induction  of  Wires.  28 

slowly  periodic  or  steady  currents,  it  tends  to  readily  pass 
rapidly  periodic  currents,  a  property  which  is  very  useful  in 
telephony,  as  in  Van  Rysselberghe's  system. 

On  the  other  hand,  the  coil  passes  the  slowly  periodic,  and 
tends  to  stop  the  rapidly  periodic,  a  property  wiiich  is  also 
very  useful  in  telephony.  A  very  extensive  application  of 
this  principle  occurs  in  the  system  of  teleplionic  interco  nmu- 
nication  invented  and  carried  out  by  Mr.  A.  W.  Herviside, 
known  as  the  Bridge  System,  from  the  telephones  at  the  vari- 
ous offices  being  connected  up  as  bridges  across  from  ore  to 
the  other  of  the  two  conductors  which  form  the  line.  Whilst 
all  stations  are  in  direct  communication  with  one  ar  other, 
one  important  desideratum,  there  is  no  overhearing,  which  is 
another.  For  all  stations  except  the  two  wh'ch  are  in  corre- 
spondence at  a  certain  time  have  electromagnets  of  high 
inductance  inserted  in  their  bridges,  which  electromagnets  will 
not  pass  the  rapid  telephonic  currents  in  appreciable  strength, 
so  that  it  is  nearly  as  if  the  non- working  bridges  were  non- 
existent, and,  in  consequence,  a  far  greater  length  of  bur'ed 
wire  can  be  worked  through  than  on  the  Sequence  system, 
wherein  the  various  stations  have  their  apparatus  in  sequence 
with  the  line,  whilst  at  the  same  time  a  balance  is  preserved 
against  inductive  interferences.  When  the  two  stations  have 
finished  correspondence,  they  insert  their  own  electromagnets 
in  their  bridges.  As  these  electromagnets  are  used  as  call 
instruments,  responding  to  slowly  periodic  currents,  we  have 
the  direct  intercommunication.  Of  course  there  are  various 
other  details,  but  the  above  sufficiently  describes  the  principle. 

As  regards  the  property  of  the  self-induction  of  a  coil  in 
stopping  or  greatly  decreasing  the  amplitude  of  rapidly 
periodic  currents,  or  acting  as  an  insulation  at  the  first 
moment  of  starting  a  current,  its  influence  was  entirely  over- 
looked by  most  writers  on  telegraphic  technics  before  1878, 
when  I  wrote  on  the  subject  (Journ.  S.  T.  E.  &  E.  vol.  vii.). 
A  knowledge  of  the  important  quantity  (R-  +  L^n")2,  which 
is  now  the  common  property  of  all  electrical  schoolboys 
(especially  by  reason  of  the  great  impetus  given  to  the  spread 
of  a  scientific  knowledge  of  electromagnetism  by  the  com- 
mercial importance  of  the  dynamo),  was,  before  then,  confined 
to  a  few  theorists. 

If  the  coil  11,  L,  and  the  condenser  Si  be  in  parallel,  we  have 

or 

V_li+{L-Si(K-'-i-L-V)} 


C        (l-LSy)-^-f  (RSin)2 
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which  show  the  expressions  of  Ri'  and  L/,  the  second  being 
the  coefficient  of  p,  the  first  the  rest. 

Similarly  in  other  simple  cases.  And,  in  general,  from  the 
detailed  nature  of  the  combination  inserted  at  the  end  of  the 
hne,  write  out  the  connections  between  the  current  and  poten- 
tial diflFerence  in  each  branch,  and  eliminate  the  intermediates 
so  as  to  arrive  at  V=ZiC,  the  differential  equation  of  the 
combination,  M-herein  Z  is  a  function  of  p  or  d/dt.  Put 
j)^=—n-,  and  it  takes  the  form  Zi  =  R/  +  Li'/7,  wherein  Ri' 
and  Li'  are  functions  of  the  electrical  constants  and  of  n"^,  and 
are  the  required  effective  R/  and  L,'  of  the  combination,  to 
be  used  in  {'20b),  or  rather  in  its  z  =  l  equivalent  Gi. 

As  regards  the  z  =  0  end,  it  is  to  be  remarked  that,  owing 
to  the  current  being  reckoned  positive  the  same  way  at  both 
ends,  Avhen  we  write  V=ZoC  as  the  terminal  equation,  it  is 
—  Zq  that  corresponds  to  Zj.  Thus  —  Zq  =  Ro'  +  Lo'/>,  where, 
in  the  simplest  case,  Rq'  and  L^'  are  the  resistance  and  induct- 
ance of  a  coil. 

So  far  sufficiently  describing  how  to  develope  the  effective 
resistance  and  inductance  expressions  to  be  used  in  the  ter- 
minal functions  G  and  H,  we  may  now  notice  some  other 
peculiarities  in  connection  with  the  solution  (196).  First 
short-circuit  the  line  at  both  ends,  making  the  terminal  func- 
tions unity  and  ^  =  0.  The  solution  then  diffei's  from  that 
given  in  Part  II.,  equation  (82),  in  the  presence  of  the  quan- 
tity K,  the  former  Sn  now  becoming  (K^-f  S^r)^,  whilst  P  and 
Q  differ  from  the  former  P  and  Qof  (78),  Part  II.,  by  reason 
of  K,  which,  when  it  is  made  zero,  makes  them  identical.  If 
we  compare  the  old  with  the  new  P  and  Q,  we  find  that 

L'  becomes     L'-KR'/S«^ 

R' becomes     R'-hKL'/S, 

in  passing  from  the  old  to  the  new.     Then  the  function 

R'^  +  UV-  ,  (ll'-tKL'/Sy+(L'-KJi'ISn^)^n^_'R'^  +  L'-'n^ 

iShi'        becomes  K^+S^/^^  -       S^.t^      ; 

or  is  unaltered  by  the  leakage.  It  follows  that  the  equation 
(85)  Part  II.  is  still  true,  with  leakage,  if  in  it  we  make  the 
changes  (21  h)  just  mentioned,  or  put 

instead  of  using  the  v'  and  h  expressions  of  Part  II. 

At  the  particular  speed  given  by  7i^  =  ls.Ji'JL'^,  we  shall 
have 
P  =  Q=  (i)'(R'2-f  L'2n2)J(K2-f  SV)^=  (i)^(R'S-f  KL')«,(236) 


} (216) 
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making 

If  we  should  regard  the  leakage  as  merely  affecting  the 
amplitude  of  the  current  at  the  distant  end  of  a  line,  we  should 
be  overlooking  an  important  thing,  yiz.  its  remarkable  effect 
in  accelerating  changes  in  the  current,  and  thereby  lessening 
the  distortion  that  a  group  of  signals  suffers  in  its  transmission 
along  the  line.  If  there  is  only  a  sufficient  strength  of 
current  received  for  signalling  purposes,  the  signals  can  be  far 
more  distinct  and  rapid  than  with  perfect  insulation,  as  I  have 
pointed  out  and  illustrated  in  previous  papers.  Thus  the 
theoretical  desideratum  for  an  Atlantic  cable  is  not  high,  but 
low  insulation,  the  lowest  possible  consistent  with  having 
enough  current  to  work  with.  Any  practical  difficulties  in 
the  way  form  a  separate  question. 

Regarding  this  quickening  effect,  or  partial  abolition  of  elec- 
trostatic retardation,  I  have  ('Electrician,'  Dec.  18,  1885,  and 
Jan.  1,  1886)  pushed  it  to  its  extreme  in  the  electromagnetic 
scheme  of  Maxwell.  In  a  medium  whose  conductivity  varies 
in  any  manner  from  point  to  point,  possessed  of  dielectric 
capacity  which  varies  in  the  same  manner,  so  that  their  ratio, 
or  the  electrostatic  time-constant,  is  everywhere  the  same,  but 
destitute  of  magnetic  inertia  (At  =  0,  no  magnetic  energy),  I 
have  shown  that  electrostatic  retardation  is  entirely  done  away 
with,  except  as  regards  imaginable  preexisting  electrification, 
which  subsides  everywhere  according  to  the  common  time- 
constant,  without  true  electric  current,  by  the  discharge  of 
every  elementary  condenser  through  its  own  resistance.  This 
being  over,  if  any  impressed  force  act,  varying  in  any  manner 
in  distribution  and  with  the  time,  the  corresponding  current 
will  everywhere  be  the  steady-flow  distribution  appropriate  to 
the  impressed  force  at  any  moment,  in  spite  of  the  electric 
displacement  and  energy;  and,  on  removal  of  the  impressed 
force,  there  Avill  be  instantaneous  disappearance  of  the  current 
and  the  displacement.  This  seems  impossible,  but  the  same 
theory  applies  to  combinations  of  shunted  condensers,  arranged 
in  a  suitable  manner,  as  described  in  the  paper  referred  to. 

Of  course  this  extreme  state  of  things  is  quite  imaginary, 
as  we  cannot  really  overlook  the  electromagnetic  induction  in 
such  a  case.  If  we  regard  it  as  the  limiting  form  of  a  real 
problem,  in  which  inertia  occurs,  to  be  afterwards  made  zero, 
we  find  that  the  instantaneous  subsidence  of  the  electrostatic 
problem  becomes  an  oscillatory  subsidence  of  infinite  frequency 
but  finite  time-constant,  about  the  mean  value  zero  ;  which 
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is  mathematically  equivalent  to  instantaneous  non-oscillatory 
subsidence. 

The  following  will  serve  to  show  the  relative  importance  of 
R,  S,  K,  and  L  in  determining  the  amplitude  of  periodic 
currents  at  the  distant  end  of  a  long  submarine  cable^  of  fairly 
high  insulation  :  resistance  : — 

4  ohms  per  kilom.  makes  R  =  40*, 

i  microf.       „  „        ^^4(po' 

100  megohms  „  „       K  =  10~^^. 

Here,  it  should  be  remembered,  K  is  the  conductance  of 
the  insulator  per  centim.  The  least  possible  value  of  L  would 
be  such  that  LS  =  i-~^,  where  r  =  30^°;  this  would  make 
L  =  4/9  only.  Eat  it  is  really  much  greater,  requiring  to  be 
multiplied  by  the  dielectric  constant  of  the  insulator  in  the 
first  place,  making  L  =  2  say.  It  is  still  further  increased  by 
the  wire,  and  considerably  by  the  sheath  and  by  the  extension 
of  the  magnetic  field  beyond  the  sheath,  to  an  extent  which 
is  very  difficult  to  estimate,  espec-ally  as  it  is  a  variable  quan- 
tity; but  it  would  seem  never  to  become  a  very  large  number, 
as  "of  course  an  iron  wire  for  the  conductor  is  out  of  the 
question.  But  leaving  it  unstated,  we  have,  bv  (9^),  taking 
R'  =  R,  L'  =  L, 

Now  ;;/27r  is  the  frequency,  necessarily  very  low  on  an 
Atlantic  cable.  We  see  then  that  the  first  Ua^  is  quite 
neo'ligible  in  its  effect  upon  P,  even  when  we  allow  L  to 
increase  greatly  from  the  above  L  =  2.  The  high  insulation 
also  makes  the  (RK  — LSn^)  part  negligible,  making  approxi- 
mately 

P  =  Q  =  (in)^.10-8, 

P  being  a  little  greater  than  Q,  at  least  when  L  is  small.  Now 
this  is  equivalent  to  taking  L  =  0,  K  =  0,  when 

P  =  Q=(iRSn)i, {25b) 

reducing  (19/>)  to 

Co=2Vo(Sn/R)^-^lG^oGie^^^  +  HoHi6-^^^^-2(GoGiH,H:)^cos  2P/}*.  (26/,) 


y.   {2Sb) 
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which  is,  except  as  regards  the  terminal  functions  I  introduce, 
quite  an  old  formula.  It  is  what  we  get  by  regarding  the 
line  as  having  only  resistance  and  electrostatic  capacity.  But, 
still  regarding  the  line  as  an  Atlantic  or  similar  cable,  worked 
nearly  up  to  its  limit  of  speed,  Tl  is  large,  say  10  at  most,  so 
that  we  may  take  this  approximation  to  (265), 

Co=2Vo(Sn/R)^6-^'xGo"'xGi-*,     .     .     .      (275) 

where  the  first  of  the  three  factors  is  the  line-factor,  the 
second  that  due  to  the  apparatus  at  the  ^^  =  0  end,  and  the 
third  to  that  at  the  z  =  l  end  of  the  line  ;  thus,  by  (20  b)  and 
(255),  with  L'  =  0  and  R'  =  R  in  the  former, 

Go  =  l  +  ^{2PR(Eo'-L»  +  2P2(E/HLo'V)}, 

Ga  =  l  +  j-^{2PR(R:'-L»  +  2P2(R/2  +  L/2,,2)}. 

This  reduction  to  (27  5)  is  of  course  not  possible  when  the 
line  is  very  far  from  being  worked  up  to  its  possible  limit ;  in 
fact,  all  three  terms  in  the  {  }  of  (26  5),  or,  more  generally,  of 
(19  5),  require  to  be  used  in  general.  For  this  reason  a  full 
examination  of  the  effect  of  terminal  apparatus  is  very  labo- 
rious. Most  interesting  results  maybe  got  out  of  (19  5), 
especially  as  regards  the  relative  importance  of  the  line  and 
terminal  apparatus  at  different  speeds,  complete  reversals 
taking  place  as  the  speed  is  varied  whilst  the  line  and  appa- 
ratus are  kept  the  same.  The  general  effect  is  that,  as  the 
speed  is  raised,  the  influence  of  the  apparatus  increases  much 
faster  than  that  of  the  line.  For  instance,  to  work  a  land- 
line  of,  say,  400  miles  up  to  its  limit,  we  must  reduce  the 
inertia  of  the  instruments  greatly  to  make  it  even  possible. 
In  fact  electromagnets  seem  unsuitable  for  the  purpose,  unless 
quite  small,  and  chemical  recording  has  probably  a  great 
future  before  it.  But  it  would  be  too  lengthy  a  digression  to 
go  into  the  necessarily  troublesome  details. 

The  following  relates  to  some  properties  of  the  terminal 
function  G,  which  have  application  when  (27  5)  is  valid.  Con- 
sider the  Gi  of  (28  5).  Let  it  be  simply  a  coil  that  is  in  ques- 
tion. Then  R^  is  its  resistance  and  L^  its  inductance,  droppino- 
the  accent.  Keep  the  resistance  constant,  whilst  varying  the 
inductance  so  as  to  make  Gi  a  minimum,  and  therefore  the 
current  amplitude  a  maximum.     The  required  value  of  Lj  is 

Li-R/2P/i, (295) 

depending  only  upon  the  line-constants  and  the  speed,  inde- 
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pendently  of  the  resistance  of  the  coil.  Taking  P/=10,  this 
makes  L]  =  E,//20»,  where  B.I  is  the  resistance  of  the  line. 
The  relation  (29  h)  makes 

,       2FR,      2P^R.^ 

^1=2+—]^+        j|2      •       •       •       •         (^^^) 

If  the  coil  had  no  inductance,  hnt  the  same  resistance,  Gi  would 
have  the  same  expression,  but  with  1  instead  of  ^  in  {30  h). 
The  effect  of  the  inductance  has  therefore  increased  the  ampli- 
tude of  the  current,  and  it  is  conceivable  that  Gj  could  be 
made  less  than  unity,  though  not  practicable. 

Now  the  G]/Ri  of  (30^)  is  a  minimum,  with  Rj  variable, 
when  R  =  2FRi,  and  this  will  make  Gx  =  2,  or  the  terminal 
factor  to  be  Gi"2  =  -7.  Now  if  we  vary  the  number  of  turns 
of  wire  in  the  coil,  keeping  it  of  the  same  size  and  shape,  the 
magnetic  force  will  vary  as  (Ri/G)*,  so  it  at  first  sight  a})pears 
that  Ri  =  R/2P  and  Li  =  R/2Pn  make  the  magnetic  force  a 
maximum  for  a  fixed  size  and  shape  of  coil.  There  is,  how- 
ever, a  fallacy  here,  because  varying  the  size  of  the  wire  as 
stated  varies  Li  nearly  in  the  same  ratio  as  Rj,  whilst  (30  Z>) 
assumes  Lj  to  be  a  constant,  given  by  (29  h).  It  is  perhaps 
conceivable  to  keep  L^  constant  during  the  variation  of  R,, 
by  means  of  iron,  and  so  get  (R,/G)=  to  be  a  maximum;  but 
then,  on  account  of  the  iron,  this  quantity  will  not  represent 
the  magnetic  force. 

If,  on  the  other  hand,  we  vary  Ri  in  the  original  Gi  of 
(28^),  keeping  L,/Ri  constant  (size  and  shape  of  coil  fixed, 
size  of  wire  variable),  Gj/Ri  is  made  a  minimum  by 

Ri2  +  LiV  =  RV2P2, (316) 

giving  a  definite  resistance  to  the  coil  of  stated  size  and  shape 
to  make  the  magnetic  force  a  maximum.     Now  Gi  becomes 

Gi  =  2+^^(Ri-Lin),  ....     (32i) 

where  Lj/Ri  has  been  constant.  If  this  constant  have  the 
value  71-^,  we  have  Gi  =  2  again,  and  Ri,  Lj  have  the  same 
values  as  before.     There  is  thus  some  magic  about  Gi  =  2. 

Again,  if  the  terminal  arrangement  consist  of  a  coil  Rj, 
Li  and  a  condenser  of  capacity  ISi  and  conductance  Kj  joined 
in  sequence,  we  shall  have 

V/C  =  (Ri  +  Lip)  +  (Ki  +  Si;>)-S 
=  Ri'  +  L//7,     say, 
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if  R/,  L/  are  the  effective  resistance  and  inductance,  to  be 
used  in  Gi,  making 

Variation  of  Li  alone  makes  Gi  a  minimum  when 

^^^=V  +  SiV  +  2P''     •     •     •     ^^^^^ 

and  if  we  take  K,  =0  (condenser  non-leaky,  and  not  shunted), 
we  have  the  value  of  Gi  given  by  (30  h)  again,  independent  of 
the  condenser.  Similarly  we  can  come  round  to  the  same 
Gi  =  2  again.  These  relations  are  singular  enough,  but  it  is 
difficult  to  give  them  more  than  a  very  limited  practical  appli- 
cation to  the  question  of  making  the  magnetic  force  of  the 
coil  a  maximum,  although  the  (30  h)  relation  is  not  subject 
to  any  indefiniteness. 

[In  Part  III.  Equation  (103),  ^  represents  or  reduces  to  a 
negative  resistance.  In  Part  IV.,  for  greater  convenience,  <^ 
is  always  a  positive  resistance. 

Errata,  p.  350.  Equation  (135),  put  the  —  sign  before  the 
t.     Equation  (137), /or  E  read  M.] 


III.    The  peculiar  Sunrise- Shadoivs  of  Adam's  Peak  in  Ceylon. 
By  the  Hon.  Ralph  Abercromby,  F.R.Met.  Soc* 

TT^HERE  are  certain  peculiarities  about  the  shadows  of 
I  Adam's  Peak  which  have  long  attracted  the  attention  of 
travellers:  a  good  deal  has  been  written  about  them,  and  several 
theories  have  been  proposed  to  explain  the  observed  pheno- 
mena. In  the  course  of  a  meteorological  tour  round  the 
world,  the  author  stop{)ed  in  Ceylon  for  the  express  purpose 
of  visiting  the  Peak,  and  was  fortunate  enough  to  see  the 
shadow  under  circumstances  which  could  leave  no  doubt  as  to 
the  true  explanation,  and  which  also  entirely  disprov'ed  certain  ' 
theories  which  have  been  propounded  on  the  subject. 

Tlie  following  account  is  taken  from  a  paper  by  the  Rev. 
R.  Abbay,  many  years  resident  in  the  island,  entitled  "  Re- 
markable Atinos[)heric  Phenomena  in  Ceylon,"   which    was 

*  Coinmiinicatod  by  tho  Physical  Socioty :  read  November  13,  1836. 
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read  before  Llie  Thysical  Society  of  London,  May  27,  1876, 
and  published  in  the  Philosophical  Magazine  for  July  1876. 
Writing  from  descriptions,  for  he  himself  had  never  witnessed 
the  appearance,  Mr.  Abbay  says: — At  sunrise  apparently  an 
enormous  elongated  shadow  of  the  modntain  is  projected  to  the 
westward,  not  on^.y  over  the  land  but  over  the  sea,  to  a  dis- 
tance of  70  or  80  miles.  As  the  sun  rises  higher,  the  shadow 
rapidly  approaches  the  mountain,  and  appears  at  the  same 
time  to  rise  before  the  spectator  in  the  form  of  a  gigantic 
pyramid.  Distant  objects — a  hill  or  a  river  (or  even  Colombo 
itself,  at  a  distance  of  45  miles) — may  be  distinctly  seen 
through  it ;  so  that  the  shadow  is  not  really  a  shadow  on  the 
land,  but  a  veil  of  darkness  suspended  between  the  observer 
and  the  low  country.  All  this  time  it  is  rapidly  rising  and 
approaching,  and  each  instant  becoming  more  distinct,  until 
suddenly  it  seems  to  fall  back  on  the  spectator,  like  a  ladder 
that  has  been  reared  beyond  the  vertical ;  and  the  next  instant 
the  appearance  is  gone.  For  this  the  following  explanation 
is  proposed  : — The  average  temperature  at  night  in  the  low 
country  during  the  dry  season  is  between  70°  and  80°  F.,  whilst 
that  on  the  summit  of  the  Peak  is  from  30°  to  40°.  Conse- 
quently the  lower  strata  of  air  are  much  less  dense  than  the 
upper  ;  and  an  almost  horizontal  ray  of  light  passing  over 
the  summit  must  of  necessity  be  refracted  upwards  and  suffer 
total  internal  reflection  as  in  the  case  of  an  ordinary  mirage. 

It  will  be  remarked  that  Mr.  Abbay  does  not  allow  for  the 
difference  of  elevation,  and  the  sequel  will  show  that  this 
theory  cannot  be  maintained. 

Adam's  Peak  is  a  mountain  that  rises  in  an  abrupt  cone, 
more  than  1000  feet  above  the  irregular  chain  to  which  it 
belongs;  the  summit  reaches  to  7352  feet  above  the  sea. 
On  the  south  side  the  mountain  ftills  suddenly  down  to 
Ratnapura,  very  little  above  the  sea-level  ;  while  on  the 
north  it  slopes  irregularly  to  the  high  valley  of  the  Maskeliya 
district.  The  peak  also  lies  near  an  elbow  in  the  main  chain 
of  mountains,  as  shown  in  the  diagram  of  the  topography  of 
the  Peak  (fig.  1),  while  a  gorge  runs  up  from  the  north-east 
just  to  the  west  of  the  mountain.  When,  then,  the  north- 
east monsoon  blows  morning  mist  up  the  valley,  light  wreaths 
of  condensed  vapour  will  pass  to  the  west  of  the  Peak  and 
catch  the  shadow  at  sunrise  only,  if  other  things  are  suitable. 
The  importance  of  this  will  appear  later  on. 

The  onlv  difficulty  in  getting  to  Adam's  Peak  is  the  want 
of  a  rest-house  within  reasonable  distance  of  the  summit. 
Fortunately  the  kindness  and  hospitality  of  T.  N.  Christie, 
Esq.,  of  St.  Andrew's  Plantation,  Maskeliya,  enabled  the 
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author,  in  company  with  Mr.  G.  Christie  and  Professor  Bower, 
of  the  University  of  Glasgow,  to  make  the  ascent  with  great 

Fig.  1. — Diagram  of  the  Topography  of  Adam's  Peak. 


comfort  and  with  a  few  necessary  instruments.  Our  party 
reached  the  summit  on  the  night  of  the  21st  February,  1886 
amid  rain,  mist,  and  wind.  Towards  morning  the  latter 
subsided,  but  at  5.30  a.m.  the  sky  was  covered  with  a  con- 
fused mass  of  nearly  every  variety  of  cloud.  Below  and 
around  us  cumulus  and  mist ;  at  a  higher  level,  pure  stratus  ; 
above  that,  wild  cirro-stratus  and  fleecy  cirro-cumulus. 

Soon  the  foreglow  began  to  brighten  the  under  surface  of 
the  stratus-cloud  with  orange  ;  lightning  flickered  to  the  right 
of  the  rising  sun  over  a  dense  mass  of  cloud  ;  op})osite,  a 
light  pink-purple  illumined  an  irregular  layer  of  condensed 
vapour  ;  while  above  a  pale  moon  with  a  large  ill-defiued  corona 
round  her,  struggled  to  break  through  a  softish  mass  of  fleecy 
cloud.  Below  Jay  the  island  of  Ceylon,  the  hills  and  valleys 
presenting  the  appearance  of  a  raised  relief-map  ;  patches  of 
white  mist  filled  the  hollows  ;  true  cloud  drove  at  intervals 
across  the  country,  and  sometimes  masses  of  mist  coming  up 
from  the  valley  enveloped  us  with  condensed  vapour. 

At  6  A.M.  the  thermometer  marked  52°  F.  ;  we  had  been 
told  that  the  phenomenon  of  the  shadow  depended  on  the 
temperature  at  the  sununit  falling  to  30°  or  40°  F.  ;  and 
when,  shortly  after,  the  sun  rose  behind  a  cloud  we  had 
almost  lost  all  hope  of  seeing  anything  ;  but  suddenly  at 
6.30  A.M.  the  sun  peeped  through  a  chink  in  the  clouds,  and 
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we  saw  the  pointed  shadow  of  the  Peak  lying  on  the  misty 
land.  Driving  condensed  vapour  was  floating  about,  and  a 
fragment  of  rainbow-tinted  mist  appeared  near  the  top  of  the 
shadow.  Soon  this  fragment  grew  into  a  complete  prismatic 
circle  of  about  8^  diameter  by  estimation,  with  the  red 
outside,  formed  round  the  sunnnit  of  the  Peak  as  a  centre. 
The  author  instantly  saw  that  with  this  bow  there  ought  to 
be  spectral  figures,  so  he  waved  his  arms  about  and  immedi- 
ately found  shadowy  arms  moving  in  the  centre  of  the  rain- 
bow.    Two  dark  rays  shot  upwards  and  outwards  on  either  side 

Fiof.  2. — Diaprram  of  rainbow  round  the  shadow. 


of  the  centre,  as  shown  in  the  diagram  fig.  2,  and  appeared 
to  be  nearly  in  a  prolongation  of  the  lines  of  the  slope  of  the 
Peak  below.  The  centre  of  the  bow  appeared  to  be  just 
below  the  point  of  the  shadow,  not  on  it ;  because  we  were 
standing  on  a  platform  below  a  pointed  shrine,  and  the  sub- 
jective bow  centred  from  our  own  eyes.  If  we  did  not  stand 
fairly  out  in  the  sun,  only  a  portion  of  the  bow  could  be 
seen.  Three  times,  within  a  quarter  of  an  hour,  this  appearance 
was  repeated  as  mist  drove  up  in  proper  quantities,  and  fitful 
ghmpses  of  the  sun  gave  sufticient  light  to  throw  a  shadow 
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and  form  a  bow.  In  every  case  the  shadow  and  bow  were 
seen  in  front  of  land  and  never  against  the  sky.  The  last 
time,  when  the  sun  was  pretty  high,  we  saw  the  characteristic 
peculiarity  of  the  shadow.  As  a  thin  wreath  of  condensed 
vapour  came  up  from  the  valley  at  a  proper  height,  a  bow 
formed  roimd  the  shadow,  while  both  seemed  to  stand  up  in 
front  of  us,  and  then  the  shadow  fell  down  on  to  the  land, 
and  the  bow  vanished  as  the  mist  passed  on. 

Here,  then,  was  an  unequivocal  explanation  of  the  whole 
phenomenon.  The  apparent  upstanding  of  the  shadow  was 
simply  the  effect  of  passing  mist  which  caught  the  darkness 
of  the  Peak  at  a  higher  level  than  the  earth,  for  when  the 
condensed  vapour  moved  on,  the  characteristic  bow  disappeared 
and  the  shadow  fell  to  its  natural  plane  on  the  ground. 
When  the  mist  was  low,  as  on  the  two  first  occasions,  the 
shadow  fell  on  the  top  as  it  were,  and  there  was  no  appearance 
of  lifting,  only  the  formation  of  a  bow. 

The  well-known  theory  of  the  bow  is  that  light  diffracted 
in  its  passage  between  small  water-globules  forms  a  series  of 
bows  according  to  the  size  of  the  globules,  their  closeness, 
and  the  intensity  of  the  illumination.  Had  the  mist  been  so 
fine  and  thin  as  -merely  to  catch  and  raise  the  shadow,  but 
not  to  form  a  bow,  there  might  have  been  some  doubt  as  to 
the  origin  of  the  appearance.  Our  fortune  was  in  the  un- 
settled weather,  which  made  the  mist  so  coarse  and  close  that 
the  unequivocal  bow  left  no  doubt  as  the  true  nature  of  the 
cause. 

About  an  hour  later  the  sun  again  shone  out,  but  much 
higher  and  stronger  than  before,  and  then  we  saw  a  brighter 
and  sharper  shadow  of  the  Peak,  this  time  encircled  by  a 
double  bow.  Our  own  spectral  arms  were  again  visible,  but 
the  shadow  was  now  so  much  nearer  the  base  of  the  Peak, 
and  we  had  to  look  so  much  down  on  it,  that  there  was  no 
illusion  of  standing  up,  and  there  were  no  dark  diverging 
rays.  The  inner  bow  was  the  one  we  had  seen  before;  the 
outer  and  fainter  one  was  due  to  stronger  light. 

The  bows  were  all  so  feeble  and  the  time  so  short,  that  the 
author  did  not  succeed  in  obtaining  any  sextant  measure- 
ments of  the  diameters  of  the  bows  ;  but  his  thermometric 
observations  conclusively  disprove  any  idea  of  mirage.  At 
G  A.M.  the  thermometer  on  the  Peak  marked  52°  F.,  while  at 
Colombo  the  temperature  stood  at  74°*85.  The  difference  of 
22°'8.5  is  just  about  the  normal  difference  in  temperature  due 
to  a  height  of  7352  feet. 

The  Colombo  figures  were  procured  through  the  courtesy 
of  the  Surveyor-General   for  Ceylon.      Tliey  are  got  as  fol- 
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lows  : — Colombo  observations  only  give  tbe  minimum  tbat 
morning  as  73°-6  F.,  and  the  7  A.M.  reading  as  75°-5.  The 
mean  curve  of  diurnal  temperature  for  the  month  of  February, 
as  determined  by  the  Office,  gives  a  difference  of  0°*65 
between  the  (>  a.m.  and  7  a.m.  observations ;  and  by  subtract- 
ing that  correction  from  75°"5  we  get  74r°*85  as  the  6  A.M. 
reading. 

The  questions  have  been  frequently  asked — Why  this  lifted 
shadow  should  be  peculiar  to  Adam's  Peak  ?  ;  why  a  similar 
appearance  is  not  observed  from  any  other  mountain-top?  ;  and 
why  the  shadow  is  rarely  seen  at  sunset  ?  There  are  not  many 
mountains  which  are  habitually  visited  that  are  either  over 
7000  feet,  or  that  rise  in  an  isolated,  well-defined  pyramid. 
Still  fewer  can  there  be  where  a  steady  wind,  for  months 
together,  blows  up  a  valley  so  as  to  project  the  rising  morning 
mist  at  a  suitable  height  and  distance  on  the  western  side  to 
catch  the  shadow  of  the  peak  at  sunrise.  The  shadow  is  not 
seen  during  the  south-west  monsoon,  for  then  the  mountain  is 
covered  with  cloud  and  deserted.  Nowhere  either  do  we  find 
at  sunset  those  light  mists  lying  near  the  ground  which  are  so 
characteristic  of  sunrise,  and  whose  presence  is  necessary  to 
lift  the  shadow. 

The  conibinntion  of  a  high  isolated  pyramid,  a  prevailing 
wind,  and  a  valley  to  direct  suitable  mist  at  a  proper  height 
on  the  western  side  of  the  mountain,  is  probably  only  rarely 
met  with  ;  and  at  present  nothing  yet  has  been  described  that 
exactly  resembles  this  sunrise  shadow  of  Adam's  Peak  in  the 
green  island  of  Ceylon. 

But  there  is  another  totally  different  shadow  M-hich  is  some- 
times seen  from  Adam's  Peak,  just  before  and  at  the  moment 
of  sunrise,  that  has  been  mixed  up  in  some  accounts  with  the 
shadow  we  have  just  described.  The  shadow  of  the  base  of 
the  Peak  stretches  along  the  land  to  the  horizon,  and  then  the 
shadow  of  the  summit  appears  to  rise  up  and  stand  against 
the  distant  sky.  The  first  part  seems  to  be  the  natural 
shadow  lying  on  the  ground  ;  and  the  sky  part  to  be  simply 
the  ordinary  earth  shadow  of  twilight  projected  so  clearly 
against  the  sky  as  to  show  mountainous  irregularities  of  the 
earth's  surface.  As  the  sun  rises,  the  shadow  of  the  summit 
against  the  sky  gradually  sinks  to  the  horizon,  and  then  the 
ordinary  shadow  grows  steadily  shorter  as  the  sun  gets  higher 
in  the  usual  manner.  This  can  only  be  seen  at  sunrise  from 
Adams's  Peak,  because  the  ground  to  the  east  is  too  high  and 
mountainous  to  allow  the  shadow  of  the  summit  to  fall  on  the 
sky  before  the  sun  is  too  far  down. 

The  author  found  a  similar  efi'ect,  only  at  sunset,  on  Pike's 
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Peak,  Colorado,  14,147  feet  above  the  sea,  and  nearly  double 
the  height  of  Adam^s  Peak.  There,  towards  sunset,  the 
shadow  of  the  mountain  creeps  along  the  level  prairie  to 
the  horizon,  and  there  begins  to  rise  up  in  the  sky  till  the  sun 
has  just  gone  down,  and  the  anticrepiiscular  shadow  rises  too 
high  to  catch  the  outline  of  the  Peak.  The  author  only 
witnessed  a  portion  of  this  sequence,  for  just  about  the  time 
that  the  shadow  stretched  to  the  horizon,  clouds  obscured  the 
sun,  and  the  rise  of  the  shadow  could  not  be  observed  ;  but 
from  all  the  descriptions  he  heard,  there  can  be  no  doubt 
that  the  character  of  the  shadow  is  identical  with  that  of 
Adam's  Peak,  only  that,  as  the  order  of  sequence  is  reversed, 
it  is  more  easy  to  follow  the  origin  of  the  shadows. 

Since  the  above  was  written,  the  author's  attention  has 
been  called  to  the  sketch  of  the  shadow  exhibited  by  the  well- 
knowji  traveller  Miss  C.  F.  Gordon  Gumming,  in  the  Colonial 
Exhibition.  This  picture  represents  the  shadow  lying  down, 
but  not  raised,  on  an  irregular  surface  of  white  mist  and 
mountain  tops.  The  most  interesting  thing  is  a  prismatic 
fringe  of  colour  along  the  straight  outside  edges  of  the  shadow  ; 
but  there  is  no  trace  of  a  bow  round  its  point. 

When  we  coiTsider  how  much  the  appearance  of  the  shadow 
depends  on  the  height,  size,  and  aggregation  of  the  mist,  we 
need  not  be  surprised  at  the  numerous  phases  of  reflection  and 
refraction  that  have  been  described  by  travellers  ;  but  the 
general  principles  which  have  been  laid  down  in  this  paper 
appear  to  govern  all. 


IV.    On  the  Critical  Mean  Curvature  of  Liquid  Surfaces  of 
Revolution.     By  A.  W.  RiicKER," if. .4.,  F.R.S* 

LET  a  weightless  mass  of  liquid,  or  a  liquid  film,  be  attached 
to  two  equal  circular  rings,  the  planes  of  which  are  per- 
pendicular to  the  line  joining  their  centres.  It  will  form  a 
surface  of  revolution  ;  and  if  it  is  in  stable  equilibrium,  the 
longest  or  the  shortest  diameter  will  be  half  way  between  the 
rings.  It  is  convenient  to  call  this  the  principal  diameter. 
At  all  points  on  the  surface  the  sum  of  the  reciprocals  of  the 
two  principal  radii  of  curvature  is  constant.  Half  this  quan- 
tity may  be  called  the  mean  curvature.  Maxwell  has,  in  his 
article  on  Capillary  Action  {Lnc.  Brit.,  9th  edition),  given  a 
simple  proof  of  the  fact  that  if  the  film  is  a  cyiindc^r,  a  slight 
bulge  will  cause  an  increase  or  decrease  in  the  mean  curvature 
according  as  the  distance  between  the  rings  is  less  or  greater 
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than  half  the  circumference  of  either.  If  the  distance  between 
the  rings  is  exactly  half  the  circumference,  an  infinitely  small 
change  in  the  volume  will  modify  the  form  of  the  surface,  but 
will  not  alter  the  mean  curvature.  Thus  the  mean  curvature 
of  a  cylinder,  the  length  of  which  has  this  particular  ratio 
{irji)  to  its  diameter,  is  evidently  a  maximum  or  minimum 
with  respect  to  that  of  other  surfaces  of  constant  mean  curva- 
ture, which  pass  through  the  same  rings  at  the  same  distance 
apart,  and  which  differ  but  little  from  the  cylindrical  form. 
Hence  the  cylinder  may  be  said  to  have  a  critical  mean  cur- 
vature when  the  distance  between  the  rings  is  half  their 
circumference.  If  the  distance  between  the  rings  is  altered,  a 
similar  property  will  be  possessed  by  some  other  surface.  It 
is  proposed  in  the  present  paper  to  determine  the  general 
relation  between  the  magnitude  and  distance  of  the  rings  and 
the  form  of  the  surfaces  of  critical  curvature. 

The  expression  for  the  change  in  the  mean  curvature  of  a 
film  or  liquid  mass,  under  the  conditions  above  laid  down,  has 
been  investigated  in  a  paper  "  On  the  Relation  between  the 
Thickness  and  the  Surface-tension  of  Liquid  Films,"  lately 
communicated  by  Prof.  Reinold  and  myself  to  the  Royal 
Society.  It  was,  however,  applied  only  to  the  cases  which 
were  practically  realized  in  the  experiments  therein  described. 
It  will  be  convenient,  before  discussing  it  more  fully,  to 
indicate  the  manner  in  which  the  equation  is  obtained. 

Beer  has  shown  that  if  the  axis  of  x  be  the  axis  of  revolu- 
tion, the  equation  to  a  liquid  surface  of  revolution  is  given  by 
the  expressions 

A'  =  aE-l-;SF,     if  =  u^co^'<^  +  ISHm^4>;     .     .     (1) 

where  F  and  E  are  elliptic  integrals  of  the  first  and  second 
kinds  respectively,  of  which  the  amplitude  is  <^,  and  the 
modulus  K  =  \/o^^  —  ^'la.. 

As  usual,  

/^  =  \/l  —  K^sin^<p, (2) 

whence  ij  —  alS.  ;  and  if  k—  sin  ^,  /3=a  cos  Q. 

Since  a.> ^,a.  and  jS are  the  maximum  and  minimum  values 
of?/  res})ectively  :  and  the  above  equations  implicitly  assume 
that  the  origin  lies  on  a  maximum  ordinate;  for  when  </)  =  0, 
x  =  Q  and  ?/  =  «•  If  we  wish  to  transform  to  a  minimum 
ordinate,  ^  is  >  7r/2,  and 

.r-«(E-Ei)+/S(F-Fi),    ....     (Ir/) 

where  Ei  and  Fj  are  the  complete  integrals. 

It  may  be  well,  for  the  sake  of  clearness,  to  state  that  the 
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surftxce  is  an  undiiloid  or  nodoid  according  as  /S  is  positive  or 
negative,  i.  e.  according  as  7r/2>^>  — 7r/2  or  37r/2  >^>7r/2. 

If  d  be  supposed  to  vary  continuously,  and  if  one  at  least 
of  the  quantities  a  and  ^  is  tinite,  the  form  of  the  surface  may 
be  made  to  pass  througli  a  continuous  cycle  of  changes. 

Thus,  between  ^  =  0  and  d  =  7r/2  the  surface  is  an  unduloid, 
the  limits  being  the  cylinder  when  ^  =  0,  and  the  sphere  when 
d  =  ir/'2.  As  6  passes  through  the  next  quadrant  the  surface 
is  a  nodoid,  the  limits  being  the  sphere,  and  a  circle  the  plane 
of  which  is  perpendicular  to  the  axis  of  revolution,  which 
is,  as  Plateau  points  out,  a  purely  mathematical  limit.  In  the 
third  quadrant  the  surface  is  again  a  nodoid,  the  limits  of 
which  are  the  circle  and  catenoid.  Finally,  when  6  lies  be- 
tween 37r/2  and  27r  the  surface  is  an  unduloid,  the  limits  of 
which  are  the  catenoid  and  the  cylinder. 

If  ,now  2X  and  2 Y  are  the  distance  between  and  diameter 
of  the  rings  respectively,  and  if  (^i  is  the  value  of  ^  when  j/  =  Y, 
we  have 

X = «E  +  ySF,     Y- = a-  cos^  </)i  +  /3"^  sin^  </.i. 

Hence  if  «,  /3,  and  ^-^  vary,  but  so  that  X  and  Y  are  unaltered, 
we  have,  by  differentiation, 

+  {«A,  +  £}%  =  0, (3) 

and 

2«cos2</>iS«  + 2/3  sin2(^,S;S-(«--/3^)  sin  2(^x8(^,-0.  .     (4) 
But 

J(/0       ^"  S  ^      «'-^sin(^,cos^\  ,r-. 

a»=/j4" a; /•    •  •   ^^^ 

Substituting  these  values  in  (3)  and  (4)  and  eliminating  S0i 
between  them  we  get 

(«2E-^'-^F  +  «'Aicot(/)i)S«+«-(F-E  +  Aitan</>,)Sy3=0,) 

\  (^) 
or  x\S«  +  BS/3  =  0.  J 

Now  the  mean  curvature  of  a  surface  of  revolution  of  mini- 
mum area  has  been  proved  by  Lindelof  to  be  the   same  as 
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that  of  a  circle  of  radius  («  +  /9).     Hence 

A-B     J^ 

[cc+^y-'"      A   '{oc+^y 

Hence  the  mean  curvature  has  in  general  a  critical  value 
when  A-B  =  0. 

First  confining  ourselves  to  the  case  in  which  the  prin- 
cipal ordinate  is  a  maximum,  and  ^^  and  6  are  less  than 
7r/2,  it  is  evident  that,  since  F  is  always  >E,  B  is  always 
positive 

Also,  by  (5), 


1^ 
K  die 


whence,  since  dF/clK  is  positive  and  sin  <^i  cos  ^i  is  positive, 
«^E  — /3-F  is  positive,  and  therefore  A  is  positive  also.  Further, 
B  can  only  vanish  if  0i  =  O  ;  and  none  of  the  terms  in  A  or  B 
become  infinite  unless  </>i  =  0  or  7r/2,  cases  which  it  will  be 
seen  hereafter  it  is  unnecessary  to  consider. 
Thus, 

(A-B)/a2  =  2E-F(l+ cos^^)  +  2AiCot2^i  =  0     .     (7) 

is  a  relation  which  must  be  satisfied  by  ^j  and  d  when  the 
mean  curvature  has  a  critical  value  for  changes  in  the  form 
of  the  surface  which  take  place,  subject  to  the  conditions  that 
the  radii  of  the  rincrs  and  the  distance  between  them  are 
constant. 

Corresponding  values  of  <^i  and  6  must  be  found  by  trial ; 
but  it  will  now  be  shown  that  if  such  a  pair  of  values  is  known, 
when  7r/2>^>0,  the  values  of  ^i  which  are  proper  to  it— 6, 
TT  +  O,  and  27r  — ^  can  be  readily  deduced  without  further  trials. 

In  the  first  place  it  is  evident  that,  since  the  squares  of  the 
sine  and  cosine  of  6  alone  enter  into  (7),  the  curve  obtained 
by  plotting  the  values  of  6  as  abscissie  and  those  of  ^i  as 
ordinates  is  symmetrical  with  respect  to  the  ordinate  $  =  7r/2, 
and  that  the  same  value  of  <^i  corresponds  both  to  6  and  tt—O. 

If,  then,  we  conceive  a  film  attached  to  two  rings,  the 
volume  and  length  of  which  vary  continuously  in  such  a  way 
that  (7)  is  always  satisfied,  as  the  cylinder  changes  to  the 
sphere  and  thus  to  a  nodoid  forms  which  correspond  to  the 
same  value  of  sin"  6  will  have  the  same  value  of  (f>i  also,  and 
the  lengths  will  be  given  by  the  expression 

X=a(E+ cos^F)  ; (8) 
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where  6  is  <7r/2  for  the  unduloid  and  >7r/2,  but  <7r  for 
the  nodoid.  ^ 

All  these  forms  will  have  a  maximum  diameter  half  way 
between  the  rings.  If  w^e  now  proceed  to  discuss  cases 
where  the  principal  ordinate  is  a  minimum,  we  must  all 
through  the  previous  investigation  consider  the  lower  limit  of 
the  integrals  to  be  ir/'I  instead  of  0,  and  (pi  to  be  >  7r/2.  With 
this  convention  no  change  is  produced  in  any  of  the  equations  ; 
as  in  equations  (5)  the  quantities  which  are  brought  outside 
the  sign  of  integration  vanish,  both  when  ^i  =  0  and  when 
</>i  =  7r/2. 

Thus,  writing  as  usual  Ej  and  F^  for  the  complete  integrals, 
and  taking  (f)'  instead  of  (f)i  as  the  upper  limit  of  E  and  F, 
where  <f)'  is  >7r/2,  we  have 

2(E-E0-(F-Fi)(l+  cos^6')  +  2A(<^')cot2<^'=0.  (9) 
Let  yjr  be  an  angle  such  that 

F(f)-Fi  =  F(./r); 
then,  by  the  addition  theorem, 

E(</)')  -  El  =  E  (i|r)  -  gin- ^  sin  (/)' sin  >^. 
Also 

tan  (f)'  tan  >/r  =  —  sec  0, 

sin  0'=  cos  -vlr/A  (-»/r) , 

A{(j)')^{f)=cose, 
and 

.  ^  . ,       l-cos•^6>tan^^/r 

cot  20'=    —: ^- r-^. 

^  2  cos  a  tan  y- 

Hence,  substituting  in  (9), 

2E(t)-F(^)  (1  +  cos^  6)  -2  sin^  6  -^^^^ 

cos  9        1  —  cos^  6  tan"''  yjr   _ 
A  [ylr]  2  cos  6  tan  '\|r      ~    * 

or 

2E(^/r)-F(>|r)(l+  COs2^)  +  2A(A/r)cot2v|r  =  0,      .      (10) 

which  is  the  same  as  (7). 

We  thus  conclude  that,  for  every  angle  yjr  or  (fii  which 
satisfies  (7),  there  is  a  corresponding  angle  (f)'  which  satisfies 
(9)  for  the  same  value  of  «"",  and  that  these  angles  are  con- 
nected by  the  relation 

tan  </)' tan  01  =  —  sec  ^ (11) 

If,  then,  we  determine  from  (7)  the  values  of  0i  which  cor- 
respond to  certain  values  of  6  between  0  and  7r/2,  we  can  by 
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(11)  find  the  values  of  ^' corresponding  to  values  between 
oTTJi  and  iir ',  ^vlle^ce,  since  (7)  and  (*J)  depend  on  the 
squares  of  the  sine  and  cosine  of  6,  the  vahies  of  </>  and  (/>' 
between  irj'I  and  37r/2  are  also  known. 

Before  making  any  numerical  calculations  it  is  convenient 
to  discuss  (7)  more  fully. 

Differentiating,  we  get 

.  , .  r    r^i sin^  (/) , ,    1  +  cos^  e  r^-  sin^  </>,,,,. 


•-  0 


_  sin-  </>!  cot  2(^1  \^Q^  12^  _  1  +  cos^  6 

sin^^cos2rf)i       .,  9  1 1    )  5. ,       n 

— -r ^  —  4  Ai  cosec^  2^1  J.  6</)^  =  0  ; 

which,  if  wo  use  equations  (5)  and  simplify,  becomes 
tan^{E-Fcos2^-Aitan(^i}S^  +  4AiCosec2  2</)iS<^i  =  0.   (12) 

Hence  S^i  =  0  if  6  =  n7r,  and  if  ^i  =  n7r/2.     Also,  considering 
the  case  in  which 

E-Fcos2  6'-Ai  tan  01  =  0,     ....     (13) 

we  notice  that,  if  we  subtract  (13)  from  (7),  we  get 

E-F  +  Aicot</>1  =  0; (14) 

and  these  equations  are  satisfied  if  6  =  7r/2  and  0^  =  56°  28'. 
For,  if  6  =  17/2,  (13)  is  true  identically,  and  (14)  reduces  to 


lege  tan  [^  +  'r^=  cosec  <^i, 


which  holds  good  when  ^i  =  56"  28'. 

Hence,  when  6=1712,  S(j)i/Sd  is  of  the  form  go  x  0,  which 
is  readily  shown  to  be  equal  to  zero. 

To  find  the  corresponding  value  o{8(ji^/B6,  we  have  from  (11), 

sec*"^  01  tan  (}>'  -~  +  sec^  ^'  tan  ^^-^=  —  sin  6  sec^  6; 

and   by  substituting  from    (11)   for  tan  0'  and  sec^<^',  this 
becomes 


cost^  f/^-  +  ^i  -d6 2 


Putting  6 =17 12, 

^=-  tan  (f>,=  -  tan  56°  28'. 

It  must  be  remembered  that  6  corresponds  to  0i  and  that  if 
6'  corresponds  to  <^',  6'  =  2i7-6,  so  that  d4>'ld6'=  -d(j)'/d6. 
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The  question  as  to  whether  the  critical  value  is  a  maximum 
or  minimum  has  not  yet  been  discussed.     Since  A  — B  =  0, 

this  depends  on  the  sign  of  -^^ — ;  or,  if  we  write  a  =  A/a^, 

b  =  B/a^,  upon  that  of  y-  (a  — b),  where  a  and  b  are  explicitly 

functions  of  6  and  <^^  only.     Now,  putting  a— b  =  ;j^, 

du^        ^~du      \dd)du^\dfj   dec' 

where  ( ;i§ )  aud  ( -—  |  are  the  coefficients  of  80i  and  Scf)^, 

in  (12),  with  the  signs  changed. 

But  since  A  =  B,  d^/du=—l,  from   (6).      Hence,  since 

cos^=/3/a,                .     .^6>      a+/3 
sin  6/   ,-  = ^— • 

da.  cf 

In  like  manner,  from  (4), 

c?^i  _  2(a  cos^  01 —/3  sin^  (^y) 
so  that  ^«^  ~       («'-^"0sm2</)i      ' 

^=/^^.^±^  I  c)/<^%\«cos^0i-/3sin^<^i 
c/a  Vf/6'/a'sin^"*"  V#i/  («' -yS')  sin  2</)i  ' 
Now  as  we  pass  from  one  surface  which  satisfies  the  condition 
A— B  =  0  to  another,  the  value  of  X  changes  ;  and  it  can  easily 
be  shown  that  if  c?X/f/^  be  calculated  subject  to  this  condition, 
it  is  of  the  same  sign  as  dyjda..  Hence  if  X  increases  with  ^, 
dxjdu  is  positive  and  the  critical  value  is  a  minimum  ;  if  X 
diminishes  as  6  increases,  it  is  a  maximum.  If  X  is  a  maxi- 
mum or  minimum  the  curvature  has  a  stationary  value,  but 
it  is  not  itself  a  maximum  or  minimum. 

I  have  calculated  b}^  trial  the  values  of  ^^  which  satisfy  (7) 
for  a  few  angles  between  0°  and  90°,  They  are  given,  together 
with  the  corresponding  values  of  E,  F,  and  Aj,  in  Table  I. 

Table  I. 


e. 

01- 

E. 

F. 

A,. 

o 

0 

4500 

0-785 

0-785 

1-000 

10 

45-L'3 

0-787 

0-792 

0992 

30 

4094 

0-799 

0841 

0-931 

45 

49-28 

0-812 

0-913 

0-844 

GO 

52-25 

0-824 

1-018 

0-729 

80 

55-84 

0-833 

1-1G9 

0-580 

00 

5C>-47 

0-834 

l-2a) 

0-552 
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The  values  in  the  last  four  columns  are  repeated  in  the 
reverse  order  as  6  increases  from  90°  to  180°. 

In  the  next  Table  are  ^iven  the  values  of  ^"  =  7r  — ^',  and 
of  Ej  — E(</)")  and  Fj  — F(<^'')-  In  representing  the  results 
graphically  it  is  best  to  take  <^'— 7r/2  or  <^2  ^s  corresponding 
to  <pi,  and  therefore  these  values  are  also  given. 

Table  II. 


e. 

<p". 

<P.- 

E,-E(f'). 

Fi-F(f'). 

360 

4500 

45-00 

0-785 

0-785 

350 

45-20 

44-80 

0-772 

0-792 

330 

47-20 

42-80 

0  664 

0-841 

315 

50-60 

39-40 

0-519 

0-913 

300 

67-15 

32-85 

0-326 

1-018 

280 

75-65 

14-35 

0-055 

M69 

270 

*J000 

0-00 

0-000 

1-200 

The  values  of  A(^')  are  omitted  because  they  are  readily 
obtained  by  the  formula  A(0')  A(<^j)=  cos  ^. 

The  curve  obtained  Ijy  means  of  these  Tables,  which  shows 
the  relation  between  ^,  or  02  'i^^*^^  ^>  is  given  in  fig.  I. 

Rectangular  coordinates  are  perhaps  the  most  convenient ; 
but  it  6  and  cj)  be  regarded  as  angle  and  radius  vector,  the 
curve  assumes  the  symmetrical  form  shown  in  fig.  11. 

This  result  completes  the  solution  of  the  problem  ;  but  the 
nature  of  the  conclusions  at  which  we  have  arrived  is  more 
evident  if  we  proceed  to  deduce  the  ratios  of  the  lengths  and 
principal  diameters  of  the  films  to  the  radii  of  the  rings. 

This  is  done  by  means  of  the  following  relations,  where 
symbols  with  unit}^  subscript  refer  to  bulging  films,  and  those 
with  2  subscript  to  films  the  principal  ordinate  of  which  is  a 
minimum. 

«i/Y=l/Ai, 

Xi/ai  =  E  +  Fcos^; 
whence  Xi/Y  is  found. 

/3jY  =  ac^cos6/Y=  cos^/A2  =  Ai, 
X2/A  =  (E'-Ei)sec^+  (F-F,)  ; 

whence  Xj/Y  is  obtained. 

It  is  evident  from  these  equations  that  «i/S2=Y'  ;  i.  e.  the 
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radius  of  the  rings  is  a  mean  proportional  between  the  prin- 
cipal ordinates  of  two  surfaces  in  which  the  modulus  of  the 
elliptic  integrals  is  the  same,  and  the  principal  ordinates  of 
which  are  a  maximum  and  a  minimum  respectively. 


Table  III. 


e. 

«i/Y. 

X/'«i. 

X/Y. 

0. 

/3,/Y. 

X//3,. 

X/Y. 

o 

u 

1000 

1-571 

1-571 

180 

1000 

0-000 

0-000 

10 

1008 

1  -567 

1579 

190 

0-992 

0008 

0-008 

30 

1-074 

1-527 

1-640 

210 

0-931 

0-073 

0-068 

45 

1184 

1-458 

1-726 

225 

0844 

0-179 

0151 

60 

1-372 

1-333 

1-829 

240 

0-729 

0-366 

0-2(i7 

80 

1-725 

1-036 

1-787 

260 

0-580 

0-852 

0  494 

90 

1-810 

0-834 

1-509 

270 

0-552 

1-200 

0-663 

100  ■ 

1-725 

0-630 

1-086 

280 

0-580 

1-486 

0-862 

120 

1-372 

0-316 

0-433 

300 

0-729 

1-671 

1-218 

135 

1-184 

0-166 

0-196 

315 

0-844 

1-647 

1-391 

150 

1074 

0-071 

0-076 

330 

0-931 

1-607 

1-495 

170 

1-008 

0-008 

0-008 

350 

0-992 

1-576 

1-563 

180 

1000 

0000 

0-000 

360 

1-000 

1-571 

1-571 

The  "march"  of  the  functions  is  shown  by  means  of  the 
curves  in  figs.  III.,  IV.,  and  V.  Thus,  if /_>  be  the  length  of  the 
principal  ordinate  (whether  it  be  a  maximum  or  a  minimum), 
fig.  III.  shows  the  relation  between  p/Y  and  6,  fig.  IV.  that 
between  X/p  and  6,  and  fig.  V.  that  between  X/Y  and  6. 


iSO         210        240         »70         300  330  0  30 

Fig.  I.  {x=9,  r/=.p,y 


By  plottuig  the  values  of  X/Y  we  find  that  the  maximum 
occurs  when  ^=70°.     The  corresponding  value  of  </>i  is  54:°-15, 
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and  this  gives 

«/Y=l-545,     X/«  =  l-2044,     X/Y=1-8G0. 

Tf,  then,  we  suppose  the  rings  to  approach  to  or  recede  from 
each  other,  and  the  volume  and  diameter  of  the  fihn  to  be  at 
the  same  time  idtered  so  that  it  ahvays  satisfies  the  conditions 
of  critical  mean  curvature,  it  will  undergo  the  following 
changes  of  form. 

Starting  with  the  rings  in  contact,  and  supposing  that  as 
they  separate  the  film  has  a  slight  bulge,  it  will  first  be  a 
nodoid,  and  the  length  and  principal  diameter  will  increase 
together.  When  the  length  is  a  little  more  than  one  and  a 
half  (1"509)  diameters  of  the  rings  the  film  is  spherical,  and 
the  principal  diameter  is  then  a  maximum  (a/Y=l*810).  As 
the  diameter  begins  to  decrease  the  film  becomes  an  unduloid, 
but  the  length  increases  until  it  is  1'8()0  x  diameter  of  rings. 
Thereafter  length  and  diameter  decrease  together  until,  when 
the  latter  is  a  third  proportional  to  the  diameters  of  the  sphere 
and  of  the  rings,  it  reaches  its  minimum  value  (/3/Y  =  0"552). 
The  film  is  then  a  catenoid.  As  the  length  diminishes  it 
becomes  a  nodoid,  exerting  a  negative  or  outward  pressure, 
and  this  continues  until  the  cycle  is  completed  by  the  rings 
meeting  again. 

The  whole  of  the  above  investigation  has  taken  place  subject 
to  the  condition  that  0i<7r/2,  and  without  reference  to  the 
stability  of  the  films,  which  is,  however,  secured  by  the 
condition  as  to  </>!  except  in  the  neighbourhood  of  ^=180°. 

The  curves,  when  drawn  on  a  larger  scale,  lend  themselves 
to  the  solution  of  a  number  of  problems  with  an  accuracy 
quite  sufficient  for  practical  purposes. 

Thus,  if  we  wish  to  determine  the  conditions  of  the  film 
which  has  a  critical  curvature  when  the  principal  diameter  or 
the  length  is  a  given  multiple  of  the  diameter  of  the  rings,  we 
have  only  to  draw  a  circle  with  the  origin  in  figs.  III.  or  Y.  as 
the  centre,  and  with  the  radius  equal  to  the  given  ratio.  The 
points  of  intersection  give  the  value  of  ^ ;  <^^  is  found  from 
fig.  II. ;  and  thus  the  other  quantities  can  be  determined  either 
by  calculation  or  by  means  of  the  other  figures. 

It  is  evident,  since  the  maximum  radius  of  the  curve  in 
fig.  V.  is  such  that  X/Y  =  1*860,  that  the  curvature  cannot 
have  a  critical  value  for  films  such  that  the  ratio  of  the  length 
to  the  diameter  of  the  rings  exceeds  this  number,  while  for  all 
less  ratios  there  must  be  two  critical  points,  a  maximum  and 
a  minimum  respectively. 

If,  then,  we  suppose  a  film  attached  to  two  rings  to  be 
initially  a  nodoid  with  a  diameter  exceeding  that  of  the  sphere, 
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and  to  contract  gradually,  its  behaviour,  as  regards  change  of 
curvature,  within  the  limits  of  the  problem,  would  be  as 
follows. 

If  the  length  were  >1'860  x  diameter  of  rings,  the  film, 
after  becoming  a  sphere,  would  always  be  an  unduloid  until  it 
reached  the  limit  at  which  the  conditions  no  longer  apply. 
The  mean  curvature  would  increase  as  the  principal  diameter 
diminished. 

If  l"yOO>X/Y>0*66o,  the  film  remains  an  unduloid 
throughout  all  stages  after  it  has  become  a  sphere  ;  but  the 
mean  curvature  first  increases,  then  diminishes,  and  finally 
increases  again.  The  cylinder  is  the  form  of  minimum  mean 
curvature  if  X/Y=  1*571.  The  sphere  is  the  form  of  maxi- 
mum curvature  if  X/Y  =  l"509. 

If  X/Y  =  0*6G3  the  last  series  of  statements  holds  good, 
with  the  addition  that  the  minimum  mean  curvature  is  zero. 
Hence  the  surface  passes  through  the  form  of  the  limiting 
catenoid,  which  is  such  that  no  catenoid  can  be  formed  be- 
tween the  rings  if  the  distance  between  them  is  increased.  If 
the  distance  between  the  rings  is  diminished,  two  catenoids 
pass  through  them. 

If  X/\^<0'663,  the  maximum  mean  curvature  which  is 
attained  while  the  film  is  still  a  nodoid  diminishes  as  the 
figure  ])asses  through  the  forms  of  the  sphere,  cylinder,  and 
catenoid,  and  then  becomes  negative,  i.  e.  the  pressure  exerted 
by  the  film  is  directed  outwards.  The  mininmm  is  reached 
when  the  form  of  the  film  lies  between  the  two  catenoids 
which  can  be  drawn  through  the  rings. 

The  calculations  enable  us  also  to  solve  another  problem. 
If  the  interiors  of  two  similar  films  be  connected  which  are 
formed  between  equal  and  equidistant  rings,  and  which  are 
stable  when  separated  from  each  other,  the  system  will  only 
be  in  stable  equilibrium  if  a  contraction  in  the  principal 
ordinate,  producing  a  decrease  in  volume,  is  attended  by  a 
decrease  in  the  curvature. 

Hence  no  pair  of  similar  films  so  arranged  can  be  in  stable 
equilibrium  if  the  length  is  >  I'SGO  x  diameter  of  rings. 

Two  cylinders  cannot  be  in  stable  equilibrium  if  the  length 

77" 

is  >  -  X  diameter,  nor  two  spheres  if  the  length  is  >  1'509  x 
diameter  of  rings,  i.  e.  >  0-834  x  diameter  of  sphere. 
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V.    On  Silk  V.  Wire  Siispenniojis  in  Galvanometers,  and  on  the 
Rigiditij  of  Silk  Fibre.   By  Thomas  Gray,  B.Sc,  F.R.S.E.  * 

IN  the  last  Number  of  the  Philosophical  Magazine  there  is 
a  short  article  by  R.  H.  M.  Bosanqnet  drawing  attention 
to  some  eccentricities  of  a  galvanometer  used  by  him.  A 
determination  of  the  rigidity  of  the  suspending  "  fibre  "  of  the 
galvanometer-needle  would  have  been  interesting,  as  it  would 
have  thrown  considerable  light  on  the  probability  or  improba- 
bility of  the  explanation  offered.  It  must  have  caused  no  little 
surprise  to  manv  of  the  readers  of  the  Philosophical  Magazine 
to  hnd  that  Mr.  Bosanquet  based  his  condemnation  of  silk- 
fibre  suspensions  on  the  trouble  he  experienced  with  an  instru- 
ment the  suspending  fibre  in  which  was  "left  just  stout 
enough  to  carry  the  weight,''^  and  which  was  of  such  a  nature 
that  it  could  possibly  twist  or  untwist  with  stretching  or 
with  hvo-rometric  changes  in  the  atmosphere.  Surely  Mr. 
Bosanquet  is  scarcely  in  earnest  when  he  writes  about  sus- 
pending the  needles  of  a  sensitive  galvanometer  with  a  tivisted 
silk  thread,  or  when  he  proposes  to  go  back  something  like 
halfa  century  in  the  history  of  this  subjectf,  and  adopt  galva- 
nometers with  needles  seven  inches  long  made  of  stout  knit- 
tin  o-  needles  and  suspended  by  a  wire  five  feet  long. 

A  oalvanometer-needle  should  never  be  so  heavy  that  it 
cannot  be  suspended  by  a  single  fibre  of  silk  (that  is,  half  an 
ordinary  cocoon  fibre) ,  because  such  a  fibre  will  bear  easily, 
leaving  a  good  margin  of  safety,  two  grammes  ;  and  it  is  an 
easy  matter  to  so  arrange  such  a  mass  that  the  period  of  vibra- 
tion will  be  not  only  so  much  as  thirty  seconds  but  even  several 
minutes.  With  an  astatic  arrangement,  especially  if  it  be 
only  "  nearly  astatic,"  there  will  be  changes  of  zero  cer- 
tainly, but  I  can  hardly  see  any  thing  comparable  to  a 
"  o-host "  in  what  could  occur. 

About  a  year  ago  I  made,  in  the  Physical  Laboratory  of 
Glaso-ow  Universit}^,  a  number  of  experiments  on  silk  fibres, 
which  included  among  other  things  some  determinations  of 
their  rio-idity.  Mr.  Bosanquet's  paper  has  suggested  to  me 
that  possibly  a  few  of  the  results  may  be  worth  publication. 
Some  of  the  results  of  these  experiments  are  in  type  in 
vol.  iii.  of  the  Peprint  of  Sir  W.  Thomson's  Mathematical 
and  Physical  Papers  now  in  the  press. 

Two  methods  were  used  for  the  determination  of  the  rigidity. 

*  Communicated  by  the  Author, 

t  Some  interesting  experiments  ''  On  the  Suspension  of  the  Magnetic 
Needle  by  Spiders"  Fibre  "  are  described  by  the  Eev.  A.  Bennet,  F.R.S., 
in  the  K.  S.  Trans,  vol.  Ixxxii.  1792. 
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The  first  method  was  ahuost  identical  with  that  introduced  in 
this  laboratory  thirty-five  years  ago  by  Sir  W.  Thomson,  and 
now  commonly  adopted  for  the  determination  of  the  rigidity 
of  metallic  wires.  It  consisted  in  suspending  from  a  fixed 
support,  by  means  of  a  measured  length  of  the  fibre,  a  thin 
circular  rim  of  non-magnetic  material  and  of  easily  calculated 
moment  of  inertia,  and  observing  the  period  of  the  torsional 
vibrations.  From  this  the  torsional  rigidity  of  the  fibre  can 
be  readily  calculated  by  a  well-known  formula.  The  second 
method  consisted  in  suspending  a  small  mirror,  to  which  was 
rigidly  fixed  a  small  magnetic  needle  of  known  magnetic 
moment  by  means  of  a  measured  length  of  the  fibre,  and 
observing  the  dellection  of  the  mirror  produced  by  twisting 
the  top  of  the  fibre  through  a  measured  angle.  This  gives  a 
ready  means  of  calculating  the  rigidity  of  the  fibre  in  terms 
of  the  magnetic  moment  of  the  suspended  needle,  and  the 
strength  of  the  magnetic  field  in  which  it  is  suspended. 

The  fibres  were  of  Japanese  floss-silk,  which  had  been 
thoroughly  washed  in  hot  water  to  remove  the  gum  which  is 
always  found  in  considerable  quantity  on  cocoon  fibres.  The 
fibres  were  in  all  cases  single  fibres  ;  and  it  will  be  seen,  both 
fi'om  the  direct  "measurements  by  the  microscope  and  from  the 
rigidity,  that  they  vary  considerably  in  thickness.  Even  a 
rough  estimate  of  the  rigidity  per  square  centimetre  section 
of  the  substance  is  im])ossible,  as  the  fibre  is  not  even  approxi- 
mately circular  in  section,  and  its  diameter  not  nearly  regular 
along  its  length.  The  results  of  the  experiments  are  given  in 
the  following  Table,  the  headings  of  the  different  columns 
being  sufficiently  explanatory  of  the  numbers. 

Vibrator  Method. 
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Magnetic  Method. 

=5  a 

3 

£    ■ 
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e3    a 

Deflection  per  turn 
of  torsion-head  on 

a  scale  of  milli- 
metres.   Magnetic 
field  =-1.53. 
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scale  from  the 
mirror,  in  centi- 
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9-20 
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80 

80 
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•00143 
•00U90 
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The  following  curve  illustrates  an  experiment,  and  shows 
how  nearly  proportional  the  first  deflection  is  to  the  torsion  even 
after  the  elastic  limit  of  the  fibre  lias  been  far  exceeded.      In 


the  first  part  of  the  cui-ve  the  ordinates  are  the  scale-readings, 
the  abscissaB  the  angle  turned  throuo-h  bv  the  torsion-head, 

*  This  is  the  ratio  of  the  product  of  the  pull  applied  to  the  fibre,  and  the 

length  of  the  fibre,  to  the  elongation  produced  bv  the  pull,  or,  if  E  be  the 

,   ,       T-i     weio'ht  applied  x  leuyth  of  fibre 

modulus,  K=  ^ ^^ : s — 

elongation. 
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which  we  may,  without  appreciable  error,  assume  to  be 
the  torsion  of  the  fibre,  as  the  angle  turned  through  by  the 
mirror  is  so  small  as  to  be  negligible ;  in  the  last  part  the 
ordinates  have  the  same  meaning,  but  the  abscissse  indicate 
time.  This  second  part  of  the  curve  shows  the  rate  at  which 
the  fibre  takes  a  set  under  the  torsional  stress  ;  the  part  of  this 
curve  below  the  zero-line  shows  the  working  out  of  the  set 
after  the  fibre  was  untwisted.  The  length  of  the  fibre  in  this 
experiment  was  8*5  centim,  and  the  average  thickness  about 
0-0015  centim. 

When  a  galvanometer  is  made  sufficiently  sensitive  for  the 
fibre  to  play  an  important  part  in  directing  the  needle,  the  set 
of  the  fibre  due  to  continued  deflection  always  produces  an 
apparent  change  of  zero  which,  in  exact  measurements,  it  is 
somewhat  difficult  to  properly  allow  for.  Except,  however, 
in  very  special  cases,  as,  for  instance,  in  taking  deflections 
with  a  Thomson^s  "dead-beat''^  galvanometer  in  a  weak 
magnetic  field,  the  error  is  small,  and  it  is  not  in  any  way 
capricious.  It  is  important  to  bear  in  mind,  however,  that 
for  very  sensitive  galvanometers  to  be  used  as  deflectional 
instruments  the  suspension  should  be  of  considerable  length, 
such,  for  example,  as  is  provided  in  the  Thomson's  astatic 
galvanometer. 

From  the  data  given  above  we  vnay  very  easily  form  an 
estimate  as  to  when  the  rigidity  of  a  silk  fibre  comes  to  be  an 
important  factor,  affecting  the  sensibility  of  a  galvanometer. 
If  C  be  the  current  flowing  through  the  galvanometer,  K  a 
constant  depending  on  the  coils,  I  and  I'  the  field  at  the  upper 
and  lower  needles  respectively,  m  and  m'  the  magnetic  mo- 
ments of  these  needles,  r  the  torsional  rigidity  of  the  fibre, 
and  6  the  deflection,  we  have 

I.   m  +  m  (m  +  m)  cos o J 

When  the  needle  system  is  perfectly  astatic,  m^^m'j  and  this 
reduces  to  rT_F  n-o      "^ 

C  =  Kmitan^+— ^]; 
v     2  2m  cos  (7  J 

and  for  small  deflections  this  may,  without  great  error,  be 
written  Cl—V       r  ^ 

From  this  equation  we  see  that  the  fibre  becomes  important 
when  —  is  not  small  compared  with  I— F,     Now  in  a  very 

sensitive  instrument  it  is  not  unusual  for  I— F  to  be  reduced 
Phil.  May.  S.  5.  Vol.  23.  No.  UO.  Jan.  1887.  E 
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to  about  "001,  and  m  in  such  an  instrument  as  we  are  consi- 
dering will  not  differ  much  from  unity.  Hence  t  must  be 
much  less  than  '001;  and  we  find,  from  the  tables  given  above, 
that,  for  a  fibre  of  about  the  usual  length,  say  5  centira.,  t  will 
be  about  '0003;  or  about  one  fourth  of  the  total  force  is,  in  this 
case,  due  to  the  fibre.  This,  then,  may  be  taken  as  about  the 
limit  of  sensibility  beyond  which  we  cannot  easily  pass  with  an 
ordinary  Thomson's  astatic  galvanometer  with  small  needles  ; 
to  get  beyond  it,  attention  must  be  directed  to  an  increase  of 
m*.  The  limit  here  indicated  is,  however,  far  beyond  anything 
that  can  be  reached  with  wire  suspension,  the  smallest  current 
which  can  be  measured  being  about  10 "^  ampere  for  a  galva- 
nometer of  1  ohm  resistance,  and  about  0*2  x  10"'"  ampere  for 
one  of  10,000  ohms  resistance.  When  I  — I'  is  as  much  as 
0*01,  or  between  a  tenth  and  a  twentieth  of  the  earth's  hori- 
zontal force  in  this  country,  the  effect  of  the  set  of  the  sus- 
pending fibre  is  extremely  small.  With  such  a  value  of  I— I', 
however,  a  properly  constructed  galvanometer,  the  resistance 
of  which  is  as  low  as  1  ohm,  will  measure  a  current  of  10"^ 
ampere.  When  very  high  sensibility  is  absolutely  necessary, 
it  may  be  to  some  extent  obtained  by  increasing  the  length  of 
the  fibre  ;  but  if  this  prove  insufficient,  some  alteration  or 
other  arrangement  of  the  parts  becomes  necessary.  Such  an 
arrangement  is  described  in  the  paper  referred  to  in  the  foot- 
note ;  but  it  may  be  remarked  that,  in  so  far  as  this  arrange- 
ment is  intended  to  increase  m,  it  is  only  important  when 
I  — F  is  made  practically  zero.  So  long  as  I  — I'  is  consider- 
ably greater  than  r,  a  high  value  of  m  is  of  no  importance  ; 
and  the  Thomson  form  is,  because  of  the  small  inertia  of  its 
needle  system,  decidedly  the  best. 

Note. — Since  the  above  was  written  Mr.  J.  T.  Bottomley 
has  suggested  to  me  that  some  interesting  results  might  be 
obtained  if  the  vibrational  method,  above  referred  to,  were 
carried  out  with  the  fibre  and  vibrator  in  a  good  Sprengel 
vacuum  ;  and  in  conjunction  with  him  I  have  made  some 
preliminary  experiments,  the  results  of  which  seem  worth 
quoting. 

The  vibrator  used  was  the  lighter  of  the  two  referred  to  in 
connection  with  the  former  experiments,  and  consisted  of  a 
small  ring  of  brass  0*295  centimetre  radius  and  0*012  gi*amme 
in  weight.  It  was  suspended,  as  shown  in  the  diagram,  in- 
side a  small  spherical  bottle  provided  with  a  long  neck  and  a 
ground  stopper,  to  the  lower  end  of  which  the  fibre  was 
attached.     A  tube  passed  from  the  side  of  the  bottle  to  one 

*  Ou  this  subject  see  a  paper  '^  Ou  a  New  Reflectiug^  Galvanometer  of 
Great  Seusibility,"  by  T.  and  A,  Gray,  Proc.  Roy.  Soc.  No.  230  (1884). 
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end  of  a  U-tiibe,  containing  phosphoric  acid  and  beads  of 
glass,  the  other  end  of  which  was  sealed  to  a  tube  leading  to 
the  Spreno-el  pump.  The  vibrator  was  attached  to  the  fibre 
by  means  of  three  short  single  fibres,  in  the  manner  shown  in 


the  sketch.  The  results  are  given  in  the  following  table,  the 
meaning  of  the  numbers  in  the  different  columns  of  which 
will  be  readily  understood  from  the  headings.  In  the  column 
headed  "  numbers  of  vibrations  observed  "  the  figures  repre- 
sent roughly  the  number  of  periods  which  could  be  observed 
at  the  different  degrees  of  exhaustion,  shown  in  the  preceding 
column,  beginning  in  each  case  from  an  amplitude  of  about 
60°,  and  observing  directly  the  transits  of  a  black  spot  on  the 
ring  over  a  fixed  mark  until  the  amplitude  fell  to  about  10°. 

The  results  are  sufficient  to  show  that  the  effect  of  the 
viscosity  of  the  fibre  in  damping  the  vibrations  is  very  small 
in  comparison  with  the  effect  of  the  air  friction;  and  it  seems 
probable  that  amoderatelyheavyvibrator(sayabout  2grammes 
in  weight)  with  a  small  magnetic  needle  attached,  and  sus- 
pended by  a  single  silk  fibre,  may  prove  a  good  arranLi:enient 
for  experiments  such  as  have  been  carried  out  b^•  Maxwell, 
Kundt  and  Warburg,  Crookes  and  others  on  the  friction  and 
viscosity  of  gases.  It  certainly  would  have  the  advantage 
that  the  period  would  depend  mainly  on  the  strength  of  the 
magnetic  field,  and  could  bo  varied  at  pleasure.  Should 
opportunity  offer,  Mr.  Bottomley  and  the  writer  hope  to  con- 
tinue these  experiments. 
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VI.  On  Stationary  Waves  in  Floiving  Water. — Part  IV. 
Stationary  Waves  on  the  Surface  produced  by  Equidistant 
Ridges  on  the  Bottom.     By  Sir  William  Thomson,  F.R.S.* 

THE  most  obvious  way  of  solving  this  problem  is  by  the 
use  of  periodic  functions,  which  we  have  been  so  well 
taught  by  Fourier  in  his  '  Mathematical  Theory  of  Heat ; '  and 
in  this  way  it  was  solved  in  Part  III.  (formulas  1  to  15);  the 
solution  being  (15)  Part  III.  with 


K-=-l,     m  —  ^Tr/a 


(1); 


where  a  denotes  the  distance  from  ridge  to  ridge.  Thus, 
reproducing  (15)  Part  III.  with  the  notation  modified  to  shorten 
it  in  form  and  to  suit  it  for  numerical  computation,  we  have 


«-  "        4A/a .  cos  iy^ 


'ei  +  e- 


M 


(e<  -e-') 


•     (2); 


*  Communicated  by  the  Author. 
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where  ^  denotes  height  above  mean  level  of  the  water 

at  distance  x  from  the  point  over  one  of  the 

ridges  ; 
A  denotes  profile-sectional  area  of  one  of  the 

ridges  ; 
yjr  denotes  ^irw/a ;  }-      (3) 

e   denotes  e^'^^^"; 
M  denotes  the  g/mW  of  Part  III.  (6)  to  (18) 

or  a/^Tih  ; 
h  denotes  U^/^ ; 
and    D  denotes  the  depth. 

Thus,  in  (2)  we  have  an  expression  for  the  surface-effect  of 
an  endless  succession  of  equidistant  ridges  on  the  bottom. 
We  shall  see  presently  that  if  the  succession  of  ridges  is  finite, 
the  result  expressed  by  (2)  will  not  be  approximated  to  by 
increasing  the  number  of  ridges.  The  difference  in  the  effect 
of  a  million  equidistant  ridges  from  that  of  a  million  and  one 
equidistant  ridges,  in  respect  to  the  corrugations  on  the  surface 
of  the  fluid  over  any  part  of  the  series,  may  be  as  great  as  the 
difference  between  the  effects  of  a  thousand  and  of  a  thousand 
and  one,  or  between  the  effects  of  ten  and  of  eleven  :  and  the 
absolute  effect  of  four,  or  six,  or  eight,  may  be  sensibly  the 
same  as,  or  may  be  greater  than,  or  may  be  less  than,  the 
effect  of  a  million,  in  respect  to  the  condition  of  the  surface 
over  the  space  between  the  two  middle  ridges.  The  awkward- 
ness of  the  consideration  of  infinity  for  our  present  case  is 
beautifully  done  away  with,  after  the  manner  of  Fourier,  by 
substituting  for  an  "  infinite  canal  "an  "  endless*  canal,"  or 
a  canal  forming  a  complete  circuitf  :  a  circular  canal  as  we 
may  imagine  it  to  be,  although  it  might  be  curved,  of  any 
form,  provided  only  that^  whether  it  be  circular  or  not  circular, 
the  radius  of  curvature  at  any  point  is  very  great  comi)ared 
with  the  breadth  of  the  canal.     This  condition  is  all  that  is 

*  It  is  curious  that  the  word  "  endless ''  should  in  common  usage,  and 
especially  in  technology,  have  so  ditierent  a  meaning  from  "infinite." 
Thus  every  one  understands  what  is  meant  by  an  "  endless  cord."  An 
"infinite  cord''  means,  in  common  language,  an  infinitely  long  cord — a 
cord  which  has  no  limit  to  the  greatness  of  its  length. 

t  A  curious  piece  of  illogical  usage  in  mathematical  language,  according 
to  which  an  encloshig  curve  is  called  a  "  closed  curve/'  must  henceforth 
be  absolutely  avoided.  It  has  already  led  to  endless  trouble  in  electrical 
nomenclature,  according  to  whicli,  in  common  language,  an  electric  cir- 
cuit is  said  to  be  closed  wlien  a  current  can  pass  throuyh  if,  and  to  be  open 
when  a  current  carniot  pass  ihrouyh  it.  I  believe  all,  or  almost  all,  Juiglisb 
writers  on  electrical  subjects  have  been  guilty  of  this  absurdity.  I  doubt 
whether  any  one  of  them  would  say  a  road  round  a  park  is  open  when  a 
gate  on  it  is  closed,  and  is  closed  when  every  gate  on  it  is  open. 
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necessai*}^  to  allow  the  motion  of  the  water  in  every  part  of 
the  canal  to  be  so  nearly  two-dimensional,  that  our  formulas 
for  two-dimensional  motion  in  a  straight  canal  shall  be  prac- 
tically applicable  to  the  water  in  the  curved  canal. 

Now  let  there  be  any  integral  number  n  of  equidistant 
ridges  in  the  circuit,  and  let  a  be  the  distance  from  ridge  to 
ridge.  Superposition  by  simple  addition  of  solutions  of  the 
formula  (2)  gives,  for  the  surface  effect, 

.  „4A/«.  2;  cos  ? ( Air  + -^^  ) 
^-..?. M- •     •     •     ^^^- 


1=1 


The  consideration  of  cases  of  different  values  of  n,  even  or 
odd,  leads  to  interesting  illustrations  both  of  mathematical 
principles  and  of  practical  results  in  dynamics  ;  but  for  the 
present  I  confine  myself  to  the  case  of  n=l,  for  which  (4) 
becomes  identical  with  (2). 

Remark,  now,  that  if  M(e* —e~')/(6' +(?"')  is  an  integer, 
the  denominator  of  (2)  vanishes  for  the  case  of  i  equal  to 
this  integer.  This  is  the  case  in  which  the  length  of  the 
circuit  of  the  canal  is  an  integral  number  of  times  the  wave- 
length of  free  waves  in  water  of  depth  D.  The  interpre- 
tation is  obvious,  and  is  interesting  both  in  itself  and  in 
its  relation  to  corresponding  problems  in  many  branches  of 
physical  science. 

Meantime  remark  only  that,  when  the  value  of 
M(e'' —  e~')/(<'/  +e~')  approaches  very  nearly  to  any  integer^', 
the  chief  term  of  (2)  is  that  for  which  %=■],  and  all  the  other 
terms  are  relatively  very  small.  Thus  the  chief  effect  is 
forced  stationary  waves  of  wave-length  ajj.  Thus,  if  we  con- 
sider different  velocities  of  flow  approaching  more  and  more 
nearly  to  the  velocity  which  makes  M(e'—e~')/(e' +<?"')  an 
integer,  the  magnitude  of  the  forced  stationary  waves  is 
greater  and  greater  for  the  same  magnitude  of  ridge,  but  the 
motion  is  still  perfectly  determinate.  Suppose,  now,  we 
make  the  ridge  smaller  and  smaller,  so  that  the  wave-height 
of  the  stationary  wave  may  have  any  moderate  value  ;  as  the 
velocity  approaches  more  and  more  nearly  to  that  which  makes 
M(e' —  e~')/(e' 4-e~')  an  integer,  the  magnitude  of  the  ridge 
must  be  smaller  and  smaller,  and  in  the  limit  must  be  zero. 
Thus,  with  no  ridge  at  all,  we  may  have  stationary  waves 
of  any  given  moderate  value,  in  the  limiting  case, — that  in 
which  the  velocity  of  the  flow  equals  the  velocity  of  a  wave  of 
wave-length  a/;'. 
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But  now  let  us  consider  the  case  of  M((S*— e"*) /(e<  +  e-»)  as 
far  as  possible  from  being  an  integer  ;  that  is  to  saj, 

lsl{e -e-^)!{e ^e-')=j+\  ....    (5), 

where  j  is  an  integer.  For  all  values  of  i  less  than  j  +  1  the 
denominator  of  (2)  is  clearly  negative,  wdth  increasing  abso- 
lute values  up  to  i=-j',  and  for  all  values  of  i  greater  than^'  it 
is  positive,  with  decreasing  values  from  i-=j-\-\  to  i=co  . 
Thus  the  absolute  magnitudes  of  the  coefficients  of  cos  iyjr  in 
the  successive  terms  of  the  series  from  the  beginning  are  nega- 
tive, with  increasing  absolute  values  up  to  i=j ;  and  after  that 
positive,with  decreasing  values  converging  ultimately  according 
to  the  ratio  e~\  Remembering  that  g  =  e^''^/",  we  see  that  the 
convergence  is  sluggish  when  a,  the  distance  from  ridge  to 
ridge  (or  the  length  of  the  circuit  in  the  case  of  an  endless 
canal  with  one  ridge  only,)  is  very  large  in  comparison  with 
the  depth  ;  but  that  when  a  is  less  than  the  depth,  or  not 
more  than  five  or  ten  times  the  depth  (an  exceedingly  inte- 
resting class  of  cases),  the  convergence  is  very  rapid. 

We  shall  tind  presently,  however,  another  solution  still 
more  convergent,  much  more  convergent  indeed  for  the 
greater  part  of  the  configuration,  whatever  be  the  ratio  of  D 
to  a ;  a  solution  which  is  highly  convergent  in  every  case 
except  for  values  of  .v  considerably  smaller  than  the  depth. 
The  calculation  for  these  small  values  of  x  is  necessary  to 
give  the  shape  of  the  water-surface  at  distances  on  each  side 
of  the  vertical  through  the  ridge  small  in  comparison  with 
the  depth  :  for  this  purpose,  and  for  this  purpose  only,  is  the 
solution  (2)  indispensable.  For  investigating  all  other  parts 
of  the  configuration  the  new  solution  is  much  more  convenient, 
and  involves,  on  the  whole,  very  much  less  of  arithmetical 
labour.  It  is  found  by  summation  from  the  solution  of  the 
single-ridge  problem  given  in  Part  III.  (40),  (41),  as  follows. 

Let  the  whole  number  of  ridges  be_;+/-fl,  and  let  it  be 
required  to  find  the  shape  of  the  surface  between  the  verticals 
through  ridges  numbers ^  and  j'  +  l.  Take  the  origin  of  the 
coordinate  .r  in  the  vertical  through  number  ^  ridge,  and  let 
number  _;'+l  be  on  the  positive  side  of  it.  The  solution  will 
be  found  by  adding  to  the  solution  (40)  Part  III.,  ^  solutions 
differing  from  (40)  only  in  having  respectively  x  +  a,  a;  +  2a, 
. , . ,  X  +ja  substituted  for  x  ;  and  /  solutions  each  the  same 
as  (40)  Part  III.,  but  having  —x  +  a,  —x  +  2a,..,  —x+j'a, 
substituted  for  x.  Thus,  denoting  by  S  the  sum  of  the  effects 
of  the  _;■  +/  +  1  single  ridges,  we  find 

._Vni(l^"Vr  +  (^^'^-"}.     .     .     (6); 
'='      *•  1-/,  ■' 
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where 

G{  denotes iA/D.-^ — ™ — .— 3—  ; 

[(t-|)rr-a,-]a  _0ja 

/<  denotes  e~       i^         or  e    i> ; 

aj  denotes  (i— ^)7r  — ^,-;  or  the  numeric  between 

zero  and  7r/2  which  satisfies  the  equation 

[(i_i)^_«.]tan«i-D/7^  =  0; 
D  denotes  the  depth  ; 

3  denotes  U7^;      .  }     i'^)' 

U  denotes  the  velocity  of  the  flow ; 
a  denotes  the  distance  from  ridge  to  ridge  ; 
A  denotes  the  profile-sectional  area  of  one  of 

the  ridges  ; 
S  denotes,  for  the  horizontal  coordinate  x,  the 

height  of  the  water  above  the  mean  level 

of  places  infinitely  distant  either  upstream 

or  downstream  from  the  ridges. 

Take  first  the  case  of  h>'D.  In  this  case,  as  we  have 
already  remarked  in  Part  III.,  «i,  «2,  •  •  • ,  «»  are  all  real ;  and 
therefore  /i,  /s,  •  •  •  ?  /•  are  each  real  and  less  than  unity. 
Hence  in  this  case  the  j  series  and  the  /  series,  of  which  the 
sums  appear  in  (6),  are  each  convergent,  and  if  we  take_/=co 
and/  =  co,  (6)  becomes 


Cx/a 


/x  a   ,     /■ 


l-xja 


(8). 


We  have  now  the  same  expression  for  S  whichever  of  the 
ridges  be  chosen  for  the  origin  of  x  ;  and  the  value  for  x  =  a 
is  equal  to  the  value  for  w  =  0.  The  water-disturbance  is 
therefore  equal  and  similar  in  all  the  spaces  from  ridge  to 
ridge,  and  the  solution  (8),  from  .r  =  0  to  a)  =  a,  expresses 
within  the  period  the  height  of  the  water  above  a  certam 
level ;  not  now,  as  in  (2),  the  mean  level  throughout  the 

period,  but  a  level  at  a  height  j  S  .  dx/a  above  the  mean  level. 

Now,  by  integration  of  (8) ,  we  find 

If"  i=«      2Ci  (as 

iV'^=.ii^^sm ''■ 

To  evaluate  the  series  forming  the  second  member  of  this 
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expression,  remark  that  by  (7)  above  and  (34)  Part  III.,  we 
have 

2C.-      _,.-r.     (-!)'•+' COS «,      _A/D.N, 
log(l/y;)  ~    '     di  (1-6/D)  sin'''  c,i  -  l-D/6     •    ^^''^• 

Now  by  putting  o-=0  in  Part  III.  (29)  and  (24),  we  find 

SN.-=l-D/6 (11). 

Hence,  and  by  (10),  (9)  becomes 

i(sd^=A/D (12). 

Denoting  now,  as  before,  by  f)  the  height  above  mean  level 
from  ridge  to  ridge,  we  find  from  (8), 

._  j-xja   .    _p\—xla 

^=%^''^~i::j, A/»     •    •    •    (13). 

The  comparison  between  this  and  (2)  above,  two  different 
expressions  for  the  same  quantity,  (with,  for  simplicity,  D  =  1), 
leads  to  the  following  remarkable  theorem  of  pure  analysis, 

4:  a .  cos  I 

»■='"  a 


••=>  e'+e-'-i.A(e^"-e-0 


i     2'irb 

1%'°(  — l)'+'C0S«i      e-9,'^+gei(a-x) 

2  .=1    1-6  sin^  oti     '      l-e-^i" 


•1  .   (14); 


where 

a  denotes  any  real  positive  numeric; 
b  denotes  any  numeric  >  1; 
e   denotes  e^'^^"; 

«,•  denotes  the  numeric  between  zero  and  7r/2, 
which  satisfies  the  equation 

[(i— i)7r  — a,]  tan  a.—h  =  0; 
^i  denotes  (i  — ^)7r— a,-; 
x  denotes  any  real  positive  numeric  <a; 


f    (15). 


27rj; 


The  theorem  (14)  is  easily  verified  by  taking  j   dx  .  cos^ — 

»-'o 
of  both  members.     The  first  member  of  the  result  is  obviously 

2/[ei  +e~^—  ~ '  K— T  (<?^  ~^~-')]-     The  second  member,  modified 
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by  (34),  (29),  and  (24)  of  Part  III.,  is  found  to  have  the 
same  value.     For  the  particular  case  of  ji  =  0  (that  is  to  say, 

the  mere  integral   1    dx    of   each  member),  the  equality  is 

proved  by  (12). 

For  the  most  interesting  cases  of  our  physical  problem,  the 
solution  (13)  converges  with  great  rapidity,  except  for  small 
values  of  x;  and  for  these  the  form  of  the  surface  is  more 
easily  calculated  by  (2).  Numerical  illustrations  and  the 
working  out  of  the  solution  corresponding  to  (13)  for  the  case 
of /^<a  are  reserved  for  Part  V.,  which,  I  am  sorry  to  say, 
must  be  set  aside  for  some  time.  I  hope  it  will  a])pear  in  the 
April  or  May  number,  and  that  it,  or  Part  YI.,  will  contain 
practical  illustrations,  such  as  the  stationary  waves  produced 
by  a  deeper  place,  or  a  less  deep  place,  extending  over  a  con- 
siderable length  of  the  stream,  which  is  very  easily  worked 
out  from  our  solution  (40)  (48)  Part  III.,  for  the  effect  of  a 
single  infinitesimal  ridge.  I  hope  to  pass  next  to  the  effect  of 
surface  disturbance,  with  interesting  applications  to  the  ques- 
tion of  the  towage  of  a  boat  in  a  canal,  and  the  beautiful 
practical  discoveries  of  Mr.  Houston  and  Mr.  Scott  Russell 
referred  to  at  the  commencement  of  Part  III.  If  I  succeed 
in  carrying  out  my  intention,  this  series  of  Articles  on 
Stationary  Waves  will  end  with  the  investigation  of  the  wave- 
group  produced  by  a  ship  moving  through  the  water  with 
uniform  velocity,  promised  at  the  commencement  of  Part  I.; 
and  suggestions  for  extension  in  the  direction  towards  the 
theory  of  the  effect  of  the  wind  in  generating  waves  at  sea. 

VII.   To  lohat  Order  of  Lever  does  the  Oar  heloirg  ? 
By^QY.  T.  K.  Abbott,  Fellow  of  Trinity  College,  DuUin*. 

TO  the  above  question  every  one  who  has  learned  even  the 
elements  of  Mechanics  will  reply  without  hesitation  "  To 
the  second,  the  fulcrum  being  in  the  water  and  the  resistance 
acting  at  the  rowlock."  I  propose  to  show  that  the  answer  is 
erroneous,  and  that  the  vulgar  conception  of  the  oar  as  a  lever 
of  the  first  order  is  correct. 

In  fact,  if  the  supposed  answer  w-ere  correct,  it  would  fol- 
low— first,  that  the  power  would  have  the  advantage  over  the 
resistance  in  the  proportion  of  about  4  to  3  (this  being  usually 
about  the  proportion  of  the  whole  length  of  the  oar  to  the  part 
outside  the  rowlock)  ;  secondly,  that  if  we  moved  the  hands 
nearer  to  the  rowlock  we  should  gradually  but  slightly  dimi- 
*  Communicated  by  tlie  Author. 
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nish  the  advantage  and  increase  the  eflPort,  until,  when  the 
hands  were  applied  at  the  rowlock,  power  and  resistance 
would  be  exactly  equal,  and  the  boat  would  still  be  moved, 
only  with  one  third  more  effort.  If  we  continued  to  move  the 
hands  till  they  were  applied  to  the  oar  at  one  fourth  of  its 
length  outside  the  rowlock,  we  should  still  propel  the  boat 
forwards,  though  with  twice  the  original  effort.  Finally,  if 
we  contrived  by  a  rope  to  pull  at  the  blade  of  the  oar  (that  is, 
at  the  fulcrum)  we  should  produce  no  motion  whatever.  It 
is  needless  to  point  out  how  unlike  these  the  actual  facts  are. 
If  the  power  is  applied  to  the  oar  at  the  rowlock  no  effect  is 
produced  ;  if  it  is  applied  outside,  the  motion  of  the  boat  is 
reversed  ;  and  the  maximum  effect  in  this  direction  is  pro- 
duced if  the  power  is  applied  to  the  blade.  This  is  proof  that 
the  true  fulcrum  (relative  to  the  rower)  is  at  the  rowlock. 
On  one  hypothesis  only  is  the  oar  a  lever  of  the  second  order; 
viz.  if  the  rower  stands  on  terra  Jlrma.  In  that  case  all  the 
consequences  above  mentioned  as  resulting  from  a  change  in 
the  point  of  application  of  the  power  will  really  result. 

Let  us  put  another  hypothetical  case.  Suppose  the  rower 
to  be  in  the  boat  as  usual,  but  the  boat  to  be  fixed,  while  the 
oar  presses  against  another  boat  which  is  free  to  move.  In 
this  case  the  oar  is  manifestly  a  lever  of  the  first  order  ;  but 
the  relative  position  and  action  of  the  oar,  the  power,  and  the 
resistance  are  in  exevy  respect  precisely  the  same  as  in  ordinary 
rowing. 

The  fact  is  that  writers  on  Mechanics  have  strangely  enough 
neglected  to  consider  that  the  rower  is  in  the  boat,  and  that 
therefore  the  reaction  of  his  effort  is  against  the  boat  itself  To 
him  the  boat  is  terra  Jirma.  It  will  perhaps  be  said  that  we 
have  only  to  take  this  reaction  into  account,  and  that  then  the 
account  given  of  the  oar  as  a  lever  of  the  second  order  will 
appear  to  be  correct.  True ;  and  we  might  similarly  treat 
almost  any  lever  of  the  first  order  as  belonging  to  the  second  ; 
but  when  writers  tell  us  that  the  oar  is  a  lever  of  such  and 
such  a  kind,  they  are  supposed  to  mean  that  it  is  so  relatively 
to  the  rower,  not  relatively  to  the  universe. 

I  find  it  stated  in  some  books  on  Mechanics  that  the  amount 
of  work  done  in  rowing  has  not  been  estimated  ;  and  this  is 
no  wonder,  if  the  nature  of  the  effort  has  been  so  misconceived. 
It  cannot  be  said  that  the  difference  is  unimportant  practically, 
if  this  means  that  it  does  not  matter  which  theory  we  act  on. 
If  we  su])pose,  as  above,  that  the  distance  from  the  rowlock  to 
the  handle  is  successively  one  eighth,  one  fourth,  one  third, 
and  one  half  the  length  of  the  oar,  then  the  proportion  of 
power  to  resistance  would  bo  successively  : — 
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On  the  common  theory 


7    3    2    1 

8'  4'  3'  2* 


On  the  true  theory     7,  3,  2,  1. 

Thus  the  effect  of  outrigging,  so  as  to  place  the  rowlock  at 
one  fourth  the  length  of  the  oar  instead  of  one  eighth,  would, 
on  the  common  view,  only  be  to  increase  the  power  by  one 
sixth  ;  on  the  other  view,  it  more  than  doubles  it. 

Again,  if  we  suppose  the  oar  to  remain  with  the  rowlock  at 
one  fourth  of  its  length,  while  the  hands  are  successively  at 
the  handle,  one  eighth  from  the  handle,  at  the  rowlock,  and 
one  eighth  and  one  fourth  outside,  the  successive  proportions 
of  power  to  resistance  are  : — 

On  the  common  theory    ^?  ^3  1,      -j      j* 

On  the  true  theory  3,  6,  0,  —6,  —3 

(the  minus  sign  representing  the  reversal  of  the  effect).  It 
cannot  be  said  that  this  difference  is  practically  unimportant, 
except  in  the  sense  that  practical  men  will  be  led  by  expe- 
rience, and  not  by  a  theory  so  manifestly  erroneous  as  the 
former.  It  would  be  enough  for  such  men  to  be  told  that, 
according  to  this  theory,  it  is  easier  to  move  a  boat  by  rowing 
than  by  dragging. 

Now  let  us  look  at  the  case  of  a  canoe.  Here  we  may  sup- 
pose that  the  middle  of  the  paddle  remains  at  the  same  distance 
from  the  cancer's  body.  Practically  it  is  as  if  the  paddle  were 
attached  at  its  middle  point  to  a  rigid  rod  resting  against  his 
body.  If  we  are  to  apply  to  this  case  the  same  sort  of  reason- 
ing which  writers  on  Mechanics  use  in  the  former  case,  we 
must  treat  this  middle  point  as  the  point  of  application  of  the 
resistance.  Then  we  have  the  result  that,  as  one  hand  moves 
forward  and  the  other  backward,  they  counteract  one  another. 
This  is,  I  think,  a  redudio  ad  absurdum.  There  is  no  alter- 
native but  to  treat  the  middle  point  as  the  virtual  fulcrum. 
The  actual  fulcrum  is  of  course  in  the  body  of  the  canoer,  but 
this  does  not  affect  the  question. 

There  are  two  analogous  cases  which  seem  worth  consider- 
ing. First,  that  of  a  paddle-steamer.  Here  there  is  an 
instantaneous  lever  of  which  the  point  that  is  actually  at  rest 
is  the  lowest  float  in  the  water ;  and  following  the  received 
theory  of  the  oar,  or  rather  on  the  same  principle,  we  should 
regard  this  as  the  fulcrum,  the  resistance  acting  at  the  shaft 
or  axis  of   the   wheel.      It  would    follow    that  when    the 
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crank  is  in  the  lower  part  of  its  course,  the  power  would  be 
acting  against  the  motion  of  the  ship.  It  is  perfectly  obvious 
that  the  true  fulcrum  (from  a  practical  point  of  view)  is  at 
the  shaft,  and  the  resistance  in  the  water.  If  we  choose  to 
treat  the  point  of  instantaneous  rest  as  the  fulcrum,  we  must 
introduce  complications  which  will  only  result  in  bringing  us 
back  to  the  simple  practical  view. 

Another  analogous  case  is  that  of  a  bicycle  rider.  I  need 
not  dwell  on  this,  as,  mutatis  mutandis,  the  same  considera- 
tions apply  as  in  the  case  of  the  steamer. 

The  true  theory  of  the  oar  has  been  discussed  recently  in 
an  appendix  to  a  pamphlet  entitled  Ansa  Dynamica,  published 
under  the  pseudonym  of  "John  O'Toole"^*.  The  author 
remarks  that  "  In  certain  emergencies  it  might  be  highly 
desirable  for  the  captain  of  a  vessel  to  know  that  the  '  power ' 
of  an  ordinary  oar-lever  is  at  a  mechanical  disadvantage.  It 
he  is  unaware  of  this,  or,  still  more,  if  he  believes  the  opposite, 
he  may  send  out  an  insufficient  boat-crew  to  tow  his  vessel 
out  of  danger.  It  is  highly  probable,"  he  adds,  "  that  vessels 
have  been  actually  lost  in  this  way.''^ 


VIII.  Lrfluence  of  Change  of  Condition  from  the  Liquid  to  the 
Solid  State  on  Vapour-pressure.  By  W.  Ramsay,  Ph.D., 
and  Sydney  Young,  D.Sc.^ 

IN  Wiedemann's  Annalen,  vol.  xxviii.  p.  400,  W.  Fischer 
has  published  a  paper  on  the  above  subject.  After  statino-, 
in  the  course  of  a  historical  sketch,  that  no  experimental 
work  with  a  view  to  decide  whether  the  vapour-pressure  of  a 
solid  is  identical  with  that  of  its  liquid  at  the  same  tempera- 
ture below  the  melting-point  of  the  solid  has  been  carried  out 
since  Regnault's  time,  he  corrects  himself  in  a  footnote  in 
which  he  refers  to  a  paper  published  by  us  on  this  subject  in 
the  Philosophical  Transactions  in  1884.  He  there  states, 
however,  that  he  gained  a  prize  through  some  work  on  the 
vapour-pressures  of  water  and  of  benzene  in  1883.  Now  it  is 
generally  understood  that  priority  is  determined,  not  by  the 
date  at  which  work  is  done,  but  by  the  date  of  publication  ; 
and  as  Fischer's  work  was  not  made  public  until  July  1886, 
there  can  be  no  question  of  priority  between  us.  But  in  the 
short  sentence  on  our  work  he  commits  a  orrave  error  in  statino- 

o  o 

*  Dublin :  Hodges  and  Figgis. 
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that  our  work  was  merely  qualitative  ;  on  the  contrary,  it  was 
rigorously  quantitative  ;  and  we  then  showed  that  the  num- 
bers calculated  for  the  vapour-pressure  ot  ice,  using  as  data 
an  extension  of  the  vapour-pressures  of  water  below  0°,  ex- 
trapolated from  Regnault's  measurements  above  0°,  his  deter- 
minations of  the  heat  of  vaporization  of  water  and  fusion 
of  ice,  and  of  the  specific  heat  of  ice,  agreed  closely  with 
those  found  by  us.  As  regards  benzene,  however,  our  work 
had  no  pretence  to  be  quantitative. 

Fischer's  experiments  were  made  by  a  process  identical  in 
principle  with  that  employed  by  Regnault.  The  water,  or 
benzene,  on  which  he  experimented,  was  introduced,  by  a  pro- 
cess well  devised  for  excluding  air,  into  a  vacuum  connected 
with  a  gauge,  and  on  alterating  the  temperature  of  the  liquid, 
alteration  of  pressure  was  noted  and  registered.  His  experi- 
mental results  are  very  regular,  and,  so  far  as  water  and  ice 
are  concerned,  confirm  ours,  and  agree  well  with  theory. 

But  although  Fischer's  experimental  results  with  benzene 
are  equally  regular,  yet  they  present  certain  anomalies  which 
are  difficult  to  explain.  From  his  results  he  calculated  con- 
stants— one  series  to  represent  the  relations  of  the  pressure  of 
vapour  in  contact  with  liquid,  and  the  other  to  represent 
similar  relations  for  vapour  in  contact  with  solid,  employing 
formulae  of  the  general  form  p  —  a-\-ht-+ct'^.  From  the  num- 
bers calculated  by  means  of  these  constants,  he  concluded  that 
the  vapour-pressure  of  liguid  benzene  is  not  identical  with  that 
of  solid  benzene  at  the  melting -point  of  the  solid.  This  conclu- 
sion is  evidently  opposed  to  the  second  law  of  thermodynamics; 
and,  if  it  had  not  been  apparently  supported  by  Fischer's  really 
excellent  experimental  measurements,  might  have  been  dis- 
missed at  once  as  absurd.  But  on  revising  Fischer^s  results, 
we  find  that  the  constants  employed  by  him,  if  used  to  calcu- 
late the  vapour-pressures  of  the  solid  at  low  temperatures, 
give  results  which  are  by  no  means  in  accordance  with  his 
measurements.  Indeed  at  —8°  the  calculated  pressure  is 
13*51  millim.,  whereas  Fischer  found  14*2  millim. ;  and  it  is 
evident,  from  a  graphic  representation  of  his  results,  that  the 
divergence  would  increase  at  lower  temperatures.  Now  it  is 
known  that  the  relations  of  pressure  to  temperature  are  better 
expressed  by  means  of  a  formula  of  the  tyP®  suggested  by 
Biot^^j  =  a  +  bcx.^  +  c/3' ',  or,  for  a  small  range  of  pressure,  by 
the  simpler  iovixi^p>  =  a-\-bxK  On  calculating  constants  from 
Fischer's  results  by  means  of  this  formula,  we  found  that  while 
a  curve  was  obtained  agreeing  better  with  his  experimental 
results,  the  anomaly  which  he  supposed  (viz.  want  of  coinci- 
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dence  at  the  melting-point)  no  longer  existed.  As  in  the  case 
of  water  and  ice,  solid  and  liquid  acetic  acid,  solid  and  liquid 
bromine,  and  solid  and  liquid  iodine,  which  have  formed  the 
subject  of  our  experiments  (Phil.  Trans.  1884,  p.  461,  and 
Trans.  Chem.  Soc.  1886,  p.  453),  solid  and  liquid  benzene 
exert  the  same  vapour-pressure  at  the  melting-point. 

For  recalculating  Fischer's  results,  his  pressures  at  —7°, 
—  2°,  and  +S°  were  taken.  At  —7°,  the  vapour-pressure  of 
the  solid  determined  by  him  was  15-273  millim.j  at  —2°, 
21-679  millim. ;  and  at  4-3°,  30-324  millim^  The  constants 
are  a=4-81664;  logi  =  0-5602315  ;  log «=  1-99628446  j  6  is 
negative  ;  and  t  =  temperature  centigrade  -1-  7.  For  the 
vapour-pressures  of  liquid  benzene,  Fischer^s  results  agree  well 
with  his  formula.  As  data  are  in  existence  whereby  the 
vapour-pressures  of  solid  benzene  can  be  calculated  for  a  short 
interval  of  temperature  below  the  melting-point,  provided 
those  of  the  liquid  are  accurately  known,  it  was  deemed  ad- 
visable to  check  Fischer's  results  with  liquid  benzene  by  the 
dynamical  method  already  described  b}'-  us  (Trans.  Chem.  Soc. 
1885,  p.  42). 

This  was  accordingly  done.  A  large  quantity  of  commer- 
cial benzene  was  distilled,  and  the  first  half,  boiling  within 
five  degrees,  was  frozen  twice,  the  liquid  portion  being  poured 
off  each  time.  The  solid  portion  was  then  shaken  repeatedly 
with  sulphuric  acid  until  the  acid  was  no  longer  coloured, 
thiophene  being  thus  removed.  The  remainder  was  shaken 
with  water  and  dried,  and  then  fractionated  until  a  product  of 
constant  boiling-point  was  obtained.  The  actual  boiling-point, 
at  a  pressure  of  753-4  millim.,  was  79°-9. 

The  following  determinations  with  the  liquid  were  made. 
At  the  lower  temperature,  thermometers  graduated  in  ^^  divi- 
sions were  employed.  The  zero-points  of  these  thermometers, 
and  the  apparent  lowering  of  temperature  consequent  on 
reduction  of  pressure,  were  deterinined,  and  corresponding- 
corrections  introduced.  For  higher  temperatures  (above  50°), 
a  thermometer  previously  used  for  determination  of  vapour- 
pressures,  and  of  which  the  corrections  had  been  thoroughly 
investigated,  was  used.  The  three  ^q  thermometers  we  shall 
name  A,  B,  and  C  ;  the  one  used  at  higher  temperatures,  D. 
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Series  I. 

Series  II. 

Series  III. 

Temp. 

Pressure. 

Temp, 

Pressure. 

Temp. 

Pressure. 

o 

millirn. 

o 

millim. 

o 

millim. 

A.  -1-84 

24-0 

A.  5-30 

35-05 

D.  31-4 

125-85 

-0-97 

25-1 

6-25 

37-2 

33-6 

137-9 

-0-02 

26-8 

7-03 

38-45 

35-5 

150-8 

+0-98 

27-9 

7-47 

39-85 

44-7 

221-0 

1-23 

28-15 

7-98 

40-9 

50-1 

267-0 

2-03 

29-15 

8-37 

41-8 

51-85 

287-4 

3-08 

30-95 

9-21 

430 

54-25 

313-9 

313 

31-15 

10-44 

47-25 

56-4 

339-5 

4-84 

34-7 

12-51 

51-65 

58-8 

371-4 

506 

35-2 

14-66 

57-8 

61-2 

402-7 

5-31 

35-4 

16-85 

64-5 

63-6 

4400 

6-48 

35-9 

18-72 

70-75 

67-2 

497-6 

5-74 

36-15 

20-54 

77-25 

69-25 

534-6 

B.  5-63 

36-15 

22-97 

85-5 

71-85 

582-0 

A.  8-98 

42-8 

25-37 

96-4 

74-1* 

630-3 

B.  8-77 

42-8 

28-15 

109-35 

76-65 

684-6 

30-87 

123-45 

79-6 

743-1 

38-78 

173-0 

39-35 

174-95 

41-41 

190-8 

43-71 

209-6 

45-97 

230-0 

47-94 

249-1 

49-36 

263-3 

A  curve  was  drawn  to  represent  these  relations  ;  and  from 
it  three  points  were  chosen,  viz.  0°^  40°,  and  80°;  the  corre- 
sponding pressures  are:  0",  25'54  millim. ;  40°,  180*2  millim.; 
and   80°,    755'0   millim.      The    constants   for   the    formula 
^  p  =  a  +  bix,*  are 

a  =  4-72452;  log^'  =  0-5185950  ;  log  a=  1-996847125; 

b  is  negative. 

The  following  Table  shows  the  calculated  vapour-pressure 
for  each  10°. 


Temperature. 

Pressure. 

Temperature. 

Pressure. 

o 

-10 

millim. 
14-97 

40 

millim. 
180-20 

0 

26-54 

50 

268-30 

10 

45-19 

60 

388-51 

20 

74-13 

70 

648-16 

30 

117-45 

80 

7550 
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These  numbers  agree  fairly  well  with  Regnault^s  results  at 
and  above  10°,  Below  that  tempei-ature  his  constants  are 
calculated  from  the  vapour-pressures  of  the  solid  as  well  as  of 
the  liquid,  and  of  course  are  therefore  incorrect. 

We  give  a  Table  of  comparison  of  our  calculated  results, 
with  those  calculated  by  Fischer,  between  0^  and  6°. 


Temp. 

Pressure. 

Temp. 

Pressure. 

F. 

E.  and  Y. 

F. 

E.  and  Y. 

o 

0 

millim. 
2640 

millim. 
26-54 

o 

4 

millim. 
32-84 

miUim. 
32-99 

1 

27-87 

28-04     i 

5 

34-68 

34-80 

2 

29-43 

29-61 

6 

36-60 

36-69 

3 

31-10 

31-26 

1 

It  will  be  seen  that  the  agreement  is  a  very  close  one  ;  and 
as  our  determinations  were  made  by  the  dynamical  method, 
while  Fischer's  were  obtained  statically,  there  is  a  strong  pre- 
sumption that  the  substance  in  both  cases  was  pure. 

In  order  to  calculate  the  vapour-pressures  of  solid  from 
those  of  liquid  benzene,  the  following  formula  was  employed: — 


Vapour-pressure  of  solid  at  (^-l)  =  P^-(p/^-F^_i)/l£:i+liziV 

P  =  vapour-pressure  of  solid  ; 
P'  =  vapour-pressure  of  liquid  ; 
V  =heat  of  vaporization  of  liquid  ; 
F  =heat  of  fusion  of  solid  ; 
t    =  temperature  of  solid  and  liquid. 

It  is  therefore  necessary  to  know  the  heat  of  vaporization 
of  liquid  benzene  at  different  temperatures,  and  the  heat  of 
fusion  of  solid  benzene  ;  and  in  order  to  calculate  these,  the 
specific  heats  of  hquid  and  of  solid  benzene.  The  following 
determinations  are  available  : — 

1.  Heat  of  Vaporization  of  Liquid  Benzene. — Regnault 
(^M^inoires  de  flnstitut,  xxvi.  p.  881)  has  determined  the  total 
heats  of  vaporization  of  benzene  at  different  temperatures, 
while  Schift'  (^Annalen,  ccxxxiv.  p.  344)  has  made  a  single 
determination  at  the  boiling-point.      Regnault^s  formula  is 

where   a=100,    6  =  0-24420,  and  c= -0-0001315.     SchifTs 
PM.  Mag.  S.  5.  Vol.  23,  No.  140.  Jan.  1887.  F 
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single  determination  at  the  boiling-point,  80°*  35,  at  a  pressure 
of  765'1  millim.,  is  93*4  to  93*5  calories. 

2.  Heats  of  Fusion  of  Solid  Benzene. — Peterson  and  Wid- 
mann  {J.  j^rakt.  Cheni.  xxiv.  p.  129)  give  the  number  29*09 
calories ;  and  Fischer  {loc.  cit.)  found  30*085  calories. 

3.  Specific  Heat  of  Liquid  Benzene. — This  has  been  often 
observed.  But  isolated  observations  are  for  our  purpose 
comparatively  valueless,  for  the  specific  heat  varies  with  the 
temperature.  Formula?  are  given  only  by  Schiiller  (Pogg. 
Ann.,  Erganzungs-Band,  p.  5),  and  by  SchiflF  (loc.  cit.).  We 
have  used  Schiflf  ^s  formula.  It  is,  s})ecific  heat  =  a  -f  ht ;  Avhere 
a  =  0*3834  and  6  =  0"001043.  Between  narrow  limits  of  tem- 
perature this  may  be  accepted  as  sufficiently  correct. 

4.  Specific  Heat  of  Solid  Benzene. — Fischer  {loc.  cit.)  gives 
0-319. 

Calculating  the  heat  of  vaporization  at  the  boiling-point 
under  normal  pressure  from  Regnault's  total  heats  of  volatili- 
zation and  Schiff 's  specific  heat  of  liquid  benzene,  the  number 
93*67  is  obtained  ;  while  Schiff  found  by  direct  measurement 
93'4  to  93*5.  This  is  a  strong  presumption  in  favour  of  the 
correctness  of  the  data. 

The  mean  of  the  two  determinations  of  the  heats  of  fusion 
of  benzene  was  taken. 

The  following  Table  summarizes  the  data  for  calculating 
the  vapour-pressures  of  the  solid.  But  this  calculation  in- 
volves the  assumption  that  the  heat  evolved  on  solidification 
at  any  low  temperature  is  equal  to  that  evolved  at  the  ordinary 
melting-point,  minus  the  product  of  the  specific  heat  of  the 
solid  into  the  difference  of  temperature ;  and  that  the  specific 
volume  of  the  vapour  in  contact  with  solid  is  equal  to  that  of 
vapour  in  contact  with  liquid.  It  is  certain  that  neither  of 
these  assumptions  is  true ;  hence  it  is  not  legitimate  to  calcu- 
late the  vapour-pressures  of  the  solid  from  those  of  the  liquid. 
Still,   for  some  degrees  below  the  melting-point,   the  error 


involved  in 

these  assumptions  is 

probably  not  very  gr 

eat. 

1 
Vi!-i-|-F<-i 

Temp. 

P'. 

P'<-P'<-i. 

V<-f 

hU-h 

V*-^ 

^t-^t~i. 

P. 

mm. 

mm. 

calor. 

calor. 

mm. 

5-58 

35-89 

1-86 

108-3 

29-4 

1-271 

2-365 

35-89 

4-58 

3403 

1-78 

108-4 

29-1 

1-268 

2-258 

33-52 

3-58 

32'25 

1-69 

108-5 

28-8 

1-265 

2-139 

31-27 

2-58 

30-56 

1-62 

108-6 

28-5 

1-262 

2-045 

2913 

1-58 

28-94 

1-54 

108-8 

28-2 

1-260 

1-941 

27-08 

0-58 

27-40 

25-14 
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The  vapour-pressures  of  solid  benzene,  determined  by  our 
method,  are  given  in  the  following  Table.  As  Fischer's  method 
was  statical,  while  ours  is  dynamical,  a  comparison  of  the 
results  of  both  is  therefore  given. 


Pressure. 

Temp. 

Pressure. 

Temp. 

Pressure. 

Temp. 

Sei:ies  I. 

Series  II. 

Seriis  I. 

(cont.). 

(cout.). 

millim. 

o                1 

millim. 

0 

millim. 

35-9 

+5-43 

21-8 

-0-95 

140 

-  7-02 

354 

5-21      , 

21-4 

-112 

13-25 

-  7-37 

35-2 

5-07 

21-0 

-1-45 

13-10 

-  7-53 

34-7 

4-89      • 

19-95 

-200 

12-80 

-  S-42 

3115 

3-62 

19-0 

-2-54 

11-6 

-  8-77 

30-95 

3-32 

19-0 

-2-97 

11-2 

-  9-90 

29-15 

2-70 

18-05 

-2-98 

10-2 

-  9-72 

29-15 

2-75 

16-3 

-4-63 

101 

-10-54 

28-7 

2-41 

1625 

-5-45 

9  95 

-1103 

28-15 

2-21 

13-8 

-6-43 

7-35 

-14-12 

27-9 
26-8 

1-99 
1-29 

12-35 

-8-07 

Series  III. 

26-7 
26-65 

1-33 
1-33 

Sekies  II. 

14-25 
14-0 

-  7-01 

-  7-70 

25-9 

0-85. 

21-9 

-1-26 

10-4 

-11-2 

251 

0-64 

211 

-1-60 

10-2 

-110 

24-45 

0-23      ' 

20-05 

-2-61 

10-2 

-10-63 

24-0 

0-0 

18-75 

-3-08 

9-95 

-11-62 

23-9 

-0-03 

17-15 

-4-38 

9-3 

-11-92 

22-75 

-0-78 

15-2 

-5-78 

9-3 

-11-3 

22-2 

-0-91      ! 

15-0 

-6-02 

8-7 

-12-12 

For  the  first  two  series  thermometers  A  and  B  were  used  ; 
for  Series  III.  another  thermometer,  D  ;  and  it  will  be  seen 
that  its  readings  confirm  those  of  the  other  two.  The  indi- 
vidual results  are  not  so  concordant  as  Fischer's.  The 
reason  is  that  the  volatilization  of  solid  benzene  is  so  quick 
as  to  make  it  difficult  to  obtain  an  accurate  reading  before 
the  solid  has  volatilized  and  partially  exposed  the  thermo- 
meter-bulb. These  numbers,  near  the  melting-point,  show 
close  concordance  with  those  of  Fischer,  but  at  lower  tem- 
peratures they  show  signs  of  divergence.  For  example  at 
—  8-42,  if  Biot's  formula  be  applied,  the  difference  between 
Fischer's  results  and  ours  amounts  to  I'SD  millim.  ;  and  it  is 
evident,  from  the  graphical  representation,  that  the  difference 
would  be  an  increasing  one.  It  is  to  be  noted  that  Biot's 
formula  agrees  with  Fischer's  own  results  much  better  than 
the  formula  employed  by  him. 

Our  results  wer(!  jjlotted  on  curve  paper,  and  the  constants 
for  a  formula  calculated  from  points  on  a  curve  drawn  to 
pass  well  through  them.     The  constants  are,  for  the  formula 

F  2 
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p  =  a  +  W,a  =  4-82602  ;  log  =  0-5784772  ;  log  a  =  1-995908(3; 
t-=t°  Centig.  + 10  ;  h  is  negative. 

The  following  table  comprises  (A)  the  values  calculated 
from  the  vapour-pressures  of  the  liquid  ;  (B)  those  calculated 
fi-om  the  formula  and  constants  given  by  Fischer ;  (C)  those 
calculated  from  Fischer's  results  by  Biot's  formula  ;  and  (D) 
those  calculated  from  our  results  by  Biot's  formula. 


Temperature. 

A. 

B. 

C. 

D. 

millim. 

millim. 

millim. 

millim. 

5-58 

35-89 

35-62 

35-85 

35-86 

4-68 

33-52 

33-36 

33-62 

33-39 

3-58 

31-27 

31-42 

31-50 

31-07 

2-58 

29-13 

29-54 

29-50 

28-!)0 

1-58 

27-08 

27-73 

27-61 

26-85 

0-58 

25-14 

25-97 

25-82 

24-94 

-0-42 

24-28 

24-14 

23-14 

1-42 

22-65 

22-55 

21-46 

2-42 

21-09 

21-06 

19-89 

3-42 

19-59 

19-66 

18-41 

4-42 

1815 

18-33 

17-04 

5-42 

16-77 

1709 

15-75 

6-42 

15-45 

15-92 

14-56 

7-42 

14-20 

14-82 

13-44 

8-42 

1301 

13-79 

12-40 

9-42 

11-89 

12-82 

11-43 

10-42 

10-53 

11-42 

9-69 

12-42 

8-91 

It  is  possible  to  calculate  the  heat  of  fusion  of  solid  benzene, 
from  the  value  of  j-  at  the  melting-point,  from  the  equation 


t(solid)/t  (liquid)  =  I+^ 


dt 


dt 


where  V  is  the  heat  of  vaporization  at  the  melting-point,  and 
F  the  heat  of  fusion. 

With  Fischer^s  formula  and  constants     .  F=   6*29    calories 
With  Fischer^s  results  and  Biot's  formula.  F  =  2 1  •  1  „ 

¥Ath  our  results  and  Biot's  formula  .     .  F  =  35'4  „ 

The  number  found  by  Fischer  .     .     .     .  F  =  30-085       „ 
The   number   found    by    Peterson    and 

Widman F  =  29-09         „ 

From  these  numbers  it  is  evident  that,  although  our  con- 
stants are  not  perfectly  correct,  yet  they  agree  better  with 
experimental  evidence  than  those  of  Fischer. 
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November  3,  1886.— Prof.  J.  W.  Judd,  F.R.S.,  President, 
in  the  Chair. 

THE  following  communications  were  read  : — 
1.  "  On  the  Skull  and  Dentition  of  a  Triassic  Saurian,  Galesauriis 
planiceps,  Ow."    By  Sir  Eichard  Owen,  K.C.B.,  F.R.S.,  E.G.S.,  &c. 

2.  "  The  Cetacea  of  the  Suffolk  Crag."  By  R.  Lydekker,  Esq., 
B.A.,  F.G.S.,  &c. 

3.  "  On  a  Jaw  of  Hyoiherium  from  the  Pliocene  of  India."  By 
R.  Lydekker,  Esq.,  B.A.,  F.G.S.,  &c. 

November  17.— Prof.  J.  W.  Judd,  F.R.S.,  President,  in  the  Chair. 

The  following  communication  was  read  : — 

"  On  the  Drifts  of  the  Vale  of  Clwyd,  and  their  relation  to  the 
Caves  and  Cave-deposits."  By  Prof.  T.  M'^Kenny  Hughes,  M.A., 
F.G.S. 

The  Author  divided  his  subject  as  follows  : — I.  Introductory  Re- 
marks ;  II.  The  Drifts,  viz.  (i.)  The  Arenig  Drift,  (ii.)  The  St.-Asaph 
Drift,  (iii.)  The  Surface-Drifts ;  III.  The  Caves,  viz.  (i.)  The  Caves 
themselves,  (ii.)  The  Cave-Deposits  ;   IV.  Conclusion. 

He  exhibited  a  table  showing  the  tentative  classification  he  pro- 
posed. II.  (i.)  The  Arenig  Drift,  he  said,  might  be  called  the 
Western  Drift,  as  all  the  material  of  which  it  was  composed  came 
from  the  mountains  of  Wales ;  or  the  Great  Ice-Drift,  as  it  was  the 
only  drift  in  the  Vale  which  contained  evidence  of  direct  ice-action. 
He  traced  its  course  from  the  Arenig  and  Snowdon  ranges  by  striae 
on  the  solid  rock  and  by  the  included  fragments,  a  large  proportion 
of  which  were  glaciated.     There  are  no  shells  in  this  drift. 

II.  (ii.)  The  St.-Asaph  Drift  might,  he  said,  be  called  the  Northern 
Drift,  as  it  was  the  deposit  in  which  fragments  of  north-country 
rocks  first  appeared  ;  or  the  Marine  Drift,  as  it  was,  excepting  the 
recent  deposits  at  the  mouth  of  the  estuary,  the  only  drift  in  the 
Vale  which  showed  by  its  character  and  contents  that  it  was  a  sea- 
deposit.  It  contained  north-country  granites,  flints,  and  sea- shells, 
of  which  he  gave  lists.  Most  of  them  are  common  on  the  adjoin- 
ing coast  at  the  present  day,  a  few  are  more  northern  fonus. 
None  of  the  rocks  are  striated,  excej)t  those  derived  from  the 
Arenig  Drift  (i.). 

II.  (iii.)  The  Surface-Drifts  included  the  older  and  newer  alluvia 
of  the  rivers,  the  IMorfa  llhuddlau  Beds  or  estuarino  silt,  the  recent 
shore-deposits  or  Rhyl  Beds,  and  all  the  various  kinds  of  deposits 
known  as  talus,  trail,  rain-wash,  head,  run-of-thc-hill,  kc,  of  which, 
in  so  long  a  time,  very  thick  masses  have  accumulated  in  manv 
places.  He  explained  some  methods  of  distinguishing  gravels  accord- 
ing to  their  origin. 

Turning  to  the  subject  of  Caves,  lie  thought  they  should  be  careful 
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not  to  confound  (111.  i.)  the  question  of  the  age  and  origin  of  the 
caves  themselves  with  (III.  ii.)  that  of  the  deposits  in  the  caves. 
He  then  described  some  of  the  more  important  caves  of  the  district, 
explaining  the  evidence  upon  which  he  founded  the  opinion  that 
the  deposits  in  Pontnewydd  Cave  were  Postglacial  Palaeolithic.  He 
arrived  at  the  same  conclusion  with  regard  to  the  deposits  in  the 
Ffynnon  Beuno  Caves.  Combating  the  objections  to  this  view  which 
had  recently  been  urged,  he  pointed  out  that  the  drifts  associated 
with  the  deposits  in  those  caves  cannot  have  been  formed  before  the 
submergence  described  under  II.  (ii.),  because  they  contained  north- 
country  fragments  and  flints,  and  that,  even  if  they  were  of  the  age 
of  the  submergence,  they  would  not  be  preglacial ;  that  they  cannot 
have  been  formed  during  the  submergence,  as  the  sea  would  have 
washed  away  the  bones  &c.  from  the  mouth  of  the  cave,  and  its 
contents  must  have  shown  some  evidence  of  having  been  sorted  by 
the  sea.  He  considered  that  the  greater  part  of  the  material  that 
blocked  the  upper  entrance  of  the  upper  cave  belonged  to  the 
surface-drifts  described  under  II.  (iii.),  and  were,  as  they  stood, 
almost  all  subaerial. 

He  further  pointed  out  that,  so  far  as  palaioutologists  had  been 
able  to  lay  before  them  any  chronological  divisions  founded  on  the 
Mammalia,  the  fauna  of  the  Ffynnon  Beuno  Caves  agreed  with  the 
later  rather  than  with  the  earlier  Pleistocene  groups. 

December  1. — Prof.  J.  W.  Judd,  F.R.8.,  President,  in  the  Chair. 
The  President  announced  that  he  had  received  from  Prof.  Ulrich, 
of  Dunedin,  N.  Z.,  the  announcement  of  a  very  interesting  discovery 
■fthich  he  had  recently  made.  In  the  interior  of  the  South  Island 
of  New  Zealand  there  exists  a  range  of  mountains,  composed  of 
olivine-enstatite  rocks,  in  places  converted  into  serpentine.  The 
sand  of  the  rivers  flowing  from  these  rocks  contains  metallic  particles 
which,  on  analysis,  prove  to  be  an  alloy  of  nickel  and  iron  in  the 
proportion  of  two  atoms  of  the  former  metal  to  one  of  the  latter. 
Similar  particles  have  also  been  detected  in  the  serpentines.  This 
alloy,  though  new  as  a  native  terrestrial  product,  is  identical  with 
the  substance  of  the  Octibeha  meteorite,  which  has  been  called 
octibehite.  Prof.  Ulrich  has  announced  his  intention  of  communi- 
cating to  the  Society  a  paper  dealing  with  the  details  of  this  inter- 
esting discovery — which  is  certainly  one  of  the  most  interesting 
that  has  been  made  since  the  recognition  of  the  terrestrial  origin 
of  the  Ovifak  irons. 

The  following  communications  were  read  : — 

1.  "On  a  new  Genus  of  Madreporaria — Glyphastrcea,  with  Re- 
marks on  the  Glyphastraa  Forbesi,  Edw.  &  H.,  sp.,  from  the  Ter- 
tiaries  of  Maryland,  U.S."  By  Prof.  P.  Martin  Duncan,  M.B., 
F.ll.S.,  F.G.S.,  &c. 

2.  "  On  the  Metamorphic  Rocks  of  the  Malvern  Hills."  Part  I. 
By  Frank  Rutley,  Esq.,  F.G.S.,  Lecturer  on  Mineralogy  in  the 
Royal  School  of  Mines. 

Part  I.  is  the  result  of  conclusions  arrived  at  in  the  field  ;  Part  II. 
will  be  devoted  to  a  microscopic  description  of  the  rocks. 
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The  author  referred  especially  to  the  paper  by  the  late  Dr.  HoU, 
whose  work  he,  in  the  main,  confirmed.  Dr.  Holl's  object  was  to 
demonstrate  that  the  rocks  which  had  hitherto  been  treated  as 
syenite,  and  supposed  to  form  the  axis  of  the  hills,  were  in  reality 
of  metamorphic  origin,  and  belonged  to  the  Pre-Cambrian.  Mr. 
Rutley  restricted  his  observations  to  the  old  ridge  of  gneissic  syenite, 
granite,  &c.,  which  constitutes  the  main  portion  of  the  range,  and, 
reversing  the  order  of  his  predecessor,  commenced  at  the  north  end 
of  the  chain. 

He  considers  that  the  beds  of  crystalline  rock,  mostly  of  a  gneissic 
character,  in  the  old  ridge  have  been  disposed  in  a  synclinal  Hexure, 
which  stretched  from  the  north  end  of  the  chain  to  the  middle  of 
Swinyard's  Hill,  where  they  receive  an  anticlinal  flexure,  and  are 
faulted  out  of  sight.  The  length  of  this  sjnclinal  fold  would  be 
over  5 1  miles.  The  lithological  evidence  is  in  favour  of  the  rocks 
forming  the  north  part  of  Swinyard's  Hill  being  a  repetition  of 
those  on  the  Worcestershire  Beacon.  We  might  expect  to  find  the 
older  beds  having  the  coarsest  granulation,  and  being  even  devoid 
of  foliation,  and  this  is  what  occurs  on  the  Malverns,  where  the 
northern  hills  are  made  up  of  the  coarsest  rocks,  with  finer  schistose 
beds  towards  the  south  ;  the  exception  is  at  Swinyard's  Hill ;  hence 
there  are  two  groups  of  coarsely  crystalline  rocks  at  either  ex- 
tremity of  the  presumed  synclinal.  The  contrast  between  these  and 
the  fine-grained  rocks  of  the  other  portions  of  the  range  has  already 
attracted  attention.  The  most  northern  of  the  coarse-grained 
masses  is  cut  off"  towards  the  south  by  a  fault  near  the  Wych,  while 
the  other  lies  between  a  fault  on  the  north  side  of  the  Herefordshire 
Beacon  and  the  before-mentioned  fault  on  Swinyard's  Hill. 

The  metamorphic  rocks  of  the  Malverns  seem,  therefore,  to  be 
divisible  into  three  series  extending  from  the  North  Hill  to  Key's 
End.  A  Lower,  of  coarsely  crystalline  gneissic  rocks,  granite, 
syenite,  &c.,  a  Middle,  of  gneissic,  granitic  and  syenitic  rocks  of 
medium  and  fine  texture,  and  an  Upper,  of  mica-schist,  finely  crys- 
talline gneiss,  &c.  A  diagrammatic  section  shows  the  distribution 
of  these  ;  the  northern  block,  extending  as  far  as  the  Wych,  consists 
of  the  Lower  and  the  lower  part  of  the  Middle  ;  the  central  block, 
from  the  Wych  to  the  fault  in  Swinyard's  Hill,  consists  chiefly  of 
the  Lower  and  upper  Middle,  but  with  a  portion  of  the  Lower  at 
the  south  end.  The  southern  block,  south  of  the  fault  on  Swinyard's 
Hill,  consists  wholly  of  the  Upper  series. 

How  far  the  foliation  of  these  rocks  and  their  main  divisional 
planes  represent  original  stratification  must,  the  author  thouglit, 
remain  an  open  question.  It  has  been  held  that  the  strike  of  foliation 
litis  parallel  to  the  axis  of  elevation  ;  but  this  is  far  from  being  the 
case  in  the  Malverns.  Still  a  once  uniform  strike  may  have  been 
dislocated  by  repeated  faulting. 

The  author  further  discussed  the  general  question  of  how  far 
foliation  may  or  may  not  coincide  with  planes  of  sedimentation. 
Ho  admitted  that  the  absolute  conversion  of  one  rock  into  another 
by  a  process  of  shearing  has  been  shown  to  occur,  but  doubted 
its  application  in  this  case.     Although  he   is  inclined  to  believe 


72  Intelligence  and  Miscellaneous  Articles. 

that  the  divisional  planes,  with  which  the  foliation  appears  to  be 
parallel,  may  be  planes  of  original  stratification,  yet,  as  a  matter  of 
fact,  they  are  nothing  more  than  structural  planes  of  some  sort, 
between  which  the  rocks  exhibit  divers  lithological  characters. 

3.  "  On  Fossil  Chilostomatous  Bryozoa  from  Xew  Zealand."     By 
Arthur  Wm.  Waters,  Esq.,  F.G.S. 

December  15. — Prof.  J.  W.  Judd,  F.R.S.,  President,  in  the  Chair. 
The  following  communications  were  read : — 

1.  "  Notes  on  Nutnmidites  elegans,  Sow.,  and  other  English  Num- 
mulites."     By  Prof.  T.  Rupert  Jones,  F.R.S.,  F.G.S. 

2.  "  On    the    Dentition   and    A.fiinities   of  the    Selachian    genus 
PtycJiodus,  Agassiz."     By  A.  Smith  Woodward,  Esq.,  F.G.S. 

3.  "  On  a  Molar  of  a  Pliocene  type  of  Equiis  from  Nubia."     By 
R.  Lydekker,  Esq.,  B.A.,  F.G.S. 


X.  Intelligence  and  Miscellaneous  Articles. 

ON  A  NEAKLY  PERFECT  SIMPLE  PENDULUM. 
To  the  Editors  of  the  Philosophical  Magazine  and  Journal. 

GrENTLEMEN, 

TjN"  an  article  by  Mr.  Thomas  Gray,  communicated  a  few  days  ago 
-*-  to  the  Philosophical  Magazine  *,  he  has  described  experiments, 
carried  out  in  conjunction  with  myself,  on  the  oscillations,  in  a 
Sprengel  vacuum,  of  a  torsion  vibrator  hung  by  a  single  silk  fibre. 
The  performance  of  the  tiny  vibrator  were  so  remarkable,  that  we 
are  proposing  to  carry  the  experiments  farther ;  but  in  the  mean- 
time they  have  led  me  in  a  somewhat  different  direction.  With 
the  assistance  of  Mr.  Gray,  1  have  suspended  a  small  shot  a  little 
more  than  -^-^  inch  in  diameter  by  a  single  silk  fibre  (half  a  cocoon- 
fibre)  two  feet  long.  This  I  have  placed  in  a  glass  tube  about  three 
quarters  of  an  inch  in  internal  diameter,  and  have  exhausted  with 
the  Sprengel  pump  to  about  0*1  |Y1  (one  tenth  of  a  millionth  of  an 
atmosphere).  A  most  perfect "  simple  pendulum  "  is  thus  obtained ; 
and  I  find  that  starting  it  with  a  vibrational  range  of  |  inch  on 
each  side  of  the  middle  position,  the  vibrations  are  very  easily 
countable  at  the  end  of  14  hours. 

The  weight  of  the  lead  shot  used  is  only  5  gramme  ;  and  a  single 
silk  fibre  will  bear  nearly  three  grammes.  1  am  proceeding  to  make 
a  "  seconds  "  pendulum,  39'1  inches  long,  \\\t\\  a  heavier  weight 
than  that  used  at  pi'esent,  and  it  will  be  enclosed  in  a  much  better 
vacuum  than  O'l  (Y|.  With  such  a  pendulum,  I  hope  that  I  may 
obtain  a  still  slower  subsidence ;  and  I  propose  to  find,  if  possible, 
whether  the  subsidence  observed  is  due  to  residual  air,  or  to 
viscosity  of  the  fibre.  Your  obedient  servant, 

The  Unwernity,  Glasgow,  J.  T.  Bottomley. 

December  L4,  188(3. 

*  See  p.  46. 
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XI.  The  Determination  of  the  Constitution  of  Carbon  Com- 
pounds from  Thermocliemical  Data.  By  Henry  E. 
Armstrong,  F.R.S.,  Professor  of  Chemistry,  City  and 
Guilds  of  London  Institute  Central  Institution  '^. 

THE  past  year  has  witnessed  the  publication  of  the 
fourth  and  concluding  volume  of  Julius  Thomsen's 
Thermochemische  Untersuclumgen,  an  event  of  high  import- 
ance on  account  of  the  magnitude  of  the  Avork  and  of  the 
reputation  for  accuracy  which  its  author  enjoys.  Indeed  the 
unwearying  perseverance  and  great  manipulative  skill  which 
have  enabled  him  to  accumulate  the  mass  of  data  now  pub- 
lished in  a  collected  form  must  excite  the  admiration  and 
wonder  of  all  who  are  able  to  judge  of  the  difficulties  to 
be  overcome  in  the  execution  of  thermochemical  determi- 
nations. 

In  the  present  article  I  desire  to  direct  attention  to  the 
fourth  volume,  which  is  wholl}'  devoted  to  the  description  of 
determinations  of  the  heat  generated  on  combustion  of  no  less 
than  one  hundred  and  twenty  distinct  carbon  compounds — 
members  of  about  twenty  different  groups,  and  also  to  a 
theoretical  discussion  of  the  results  and  their  bearing  on 
received  views  of  the  constitution  of  carbon  compounds.  As 
many  of  the  conclusions  are  directly  opposed  to,  and  irrecon- 
cilable with,  popular  views,  it  is  desirable  that  they  should  bo 
brought  more  directly  under  the  notice  of  British  chemists, 
and  that  the  interpretations  which  Thomsen  puts  upon  his 
results  shoukl  be  carefully  considered  and  criticised.  I  may 
*  Coiiiinunicated  by  the  Author. 
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also  add  that  I  have  been  led  to  take  a  special  interest  in  the 
work,  as  many  of  the  results  appear  to  me  to  lend  considerable 
support  to  my  own  views  of  the  nature  of  chemical  affinity, 
serving  to  confirm  the  hypothesis  that  the  affinity  relations 
of  the  negative  elements  are  altogether  peculiar,  emphasized 
by  me  in  my  Address  to  the  Chemical  Section  of  the  British 
Association  at  Aberdeen  in  1885,  and  more  fully  developed 
in  a  recent  paper  on  "Electrolytic  Conduction  in  relation  to 
Molecular  Composition,  Valency  and  the  nature  of  Chemical 
Change:  being  an  attempt  to  apply  a  theory  of  '  Residual 
Affinity^''  (Proc.  Roy.  Soc.  1886,  voL  xl.  pp.  268-291). 

(1)  Manner  in  loliich  Results  are  stated. — All  the  heats  of 
combustion  of  the  carbon  compounds  that  will  be  referred  to 
are  calculated  on  the  assumption  that  the  substance  burnt  is 
in  the  state  of  gas  at  18°  C,  and  that  the  products  are  gaseous 
carbon  dioxide  and  liquid  water  at  this  temperature  ;  they  are 
stated  in  gram-°C.  units.  The  symbol  /  stands  for  "  heat  of 
combustion, ^^  and  when  prefixed  to  a  sj'mbol  or  formula  it 
denotes  the  heat  of  combustion  of  the  weight  in  grams  corre- 
sponding to  the  symbol  or  formula  used. 

The  heat  of  formation  of  a  compound  is  the  difference 
between  its  heat  of  combustion  and  the  heat  of  formation  of 
the  products  of  combustion  ;  the  heat  of  formation  of  carbon 
dioxide  being  taken  as  1)6960  units  and  that  of  liquid  water 
at  18"  as  38360  units.  The  value  thus  calculated  is  the  heat 
of  formation  at  constant  2^'>'6ssure  ;  that  at  constant  volume  is 
deduced  by  subtracting  from  it  (n  — 2)x290,  n  being  the 
number  of  atoms  of  gaseous  constituents  which  go  to  form 
the  molecule  of  the  compound.  For  example, /.  CH4=211930 
units.  The  heat  developed  in  the  combustion  of  the  same 
quantity  of  the  contained  elements  would  be  96960  +  2  .  68360 
=  233680  units,  the  difference  between  which  and  /.  CH4  is 
233680-211930  =  21750  units,  being  the  heat  of  formation 
of  methane  at  constant  pressure  ;  as  four  atoms  of  its  gaseous 
constituent  go  to  form  a  molecule  of  methane,  21750  —  580  = 
21170  units  is  the  heat  of  formation  of  methane  at  constant 
volume. 

In  previous  publications  Thomsen  has  disregarded  the 
molecular  composition  of  the  elements,  and  has  used  equa- 
tions such  as 

C,02  =  96960  units,     H2,0  =  38360  units; 

meaning  thereby  that  in  the  formation  of  the  compound  COj 
from  the  elements  carbon  and  oxygen,  or  of  the  compound 
H2O  from  the  elements  hydrogen  and  oxygen,  the  specified 
amounts  of  heat  are  developed,  the  comma  being  used  by  him 
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always  to  denote  combination  of  the  elements  between  which 
it  is  placed  in  the  proportions  indicated  by  the  symbols.  This 
disregard  of  molecular  composition  has  undoubtedly  served  to 
mislead.  But  the  discussion  of  the  amounts  of  energy  to  be 
expended  in  the  separation  of  atoms  is  an  important  part  of 
the  present  work  ;  and  for  this  purpose  Thomseu  introduces 
the  practice  of  representing  atomic  proportions  of  elements  by 
means  of  small  letters .  Thus  C  is  used  by  him  as  representing 
carbon  as  we  know  it,  and  c  to  indicate  a  carbon  atom;  so  that 
if/.  0  denote  the  heat  of  combustion  of  ordinary  (amorphous) 
carbon,/,  c  is  to  be  taken  as  denoting  the  heat  of  combustion 
of  carbon  in  the  atomic  condition.  This  appears  to  me  to  be 
a  most  undesirable  and  unnecessary  practice,  and  of  set  pur- 
pose I  have  not  adopted  it,  but  have  preferred  instead  to  write 
the  equations  so  as  to  indicate  the  molecular  composition  of 
the  gases  dealt  with.  It  is  far  better  to  use  C^  as  the  symbol 
of  carbon  of  unknown  molecular  composition  and  thus  remind 
the  reader  of  our  ignorance;  and  C^  is  the  proper  symbol  of  a 
monatomic  carbon  molecule  *. 

(2)  Difference  in  t/te  Heats  of  Combustion  of  Homologues. — 
The  first  notewoz'thy  conclusion  arrived  at  byThomsen  is  that 
the  heat  of  combustion  increases  from  term  to  term  in  a  series 
of  homologous  compounds  by  an  almost  constant  amount:  on 
an  average  by  157897  units.  Of  the  forty-four  differences 
cited  (Table  I.),  the  minimum  is  155120  and  the  maximum 
159563,  only  five  departing  by  more  than  one  per  cent,  from 
the  mean  f- 

*  The  failure  to  realize  the  importance  of  molecular  composition  in 
relation  to  chemical  change,  which  unfortunately  is  so  clearly  traceable 
in  our  chemical  literature,  probably  is  in  a  great  measure  due  to  our  want 
of  system  in  writing  the  formulae  of  elements.  I  have  more  than  once 
urged  that  an  index  should  be  used  after  the  symbol  of  an  element  only 
to  denote  the  number  of  its  atoms  in  the  molecide.  If  this  practice  be 
consistently  followed  and  the  index  be  used  also  in  the  case  of  nionatomie 
elements,  the  absence  of  an  index  after  the  symbol  of  an  element  would 
at  once  serve  to  indicate  tliat  the  molecular  composition  of  the  particular 
element  (as  gas)  is  unknown. 

t  It  will  be  noted  tliat  all  the  compounds  included  in  the  Table  are 
members  of  the  parojfiiioid  class;  also  that  the  comparison  is  made  be- 
tween closely  related  bodies,  a  large  majority  being  true  homolor/iws,  i.  e. 
bodies  of  the  same  type  formed  from  one  another  by  the  mere  introduc- 
tion of  CII3  in  place  of  II.  If  the  heats  of  combustion  of  the  benzenes 
examined  by  Thomsen  be  compared,  it  will  be  observed  that  whereas  the 
difference  between  benzene  and  toluene 

C,H,-C„H„=95.5680-799350=lo6330, 

is  very  near  the  average  value  (157897),  the  difference  between  toluene 
and  pseudocumene  or  mesitylene, 

1281ol0-9o5680=2 .  162915,  [continued,  p.  78. 
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Table  I. 


Paraffins. 


Mfthane 

Eiliaiie    

Propane 

Trimethylmethane    .. 

Tetrametliylmethane 
Diisopropjl    


Olefines, 


Ethylene    

Propylene  

Isobutylene    

TriinethyleLhylene 


Acetylenes. 


Acetylene 
Allylene  . . 


Haloid  Compounds. 

Methyl  chloride    

Ethyl  „  ...... 

Propyl        „  

Isobutyl      ,,  

Vinyl  

Monochloropropylene 
Allyl  chloride    


Ethylene  chloride..., 
Ethylidene  chloride . 

Chloracetol    

Methyl  bromide    ... 

Ethyl 

Propyl        „ 

Methyl  iodide   

Ethyl 


Alcohols. 


Methyl  alcohol , 
Ethyl 
Propyl       „ 
Isobutyl     ,, 
Isoamyl     ,, 


Ethers. 


CHj    

CHj .  CHj 

CH/CHj)^    

CH(CH,)3 

C(CH3),     

aH,(CH3), 

CIij  •  CHj 

CH2 .  CH  .  CH3    .. 

CH.  .C(CH3), 

CHCCHg) .  C(CH3) 


CH.CH    ... 
CH  .  0  .  CH, 


CH3CI   

CH3.CH,C1 

CH3 .  CH;  .  CHoCl . 
(Cli3)  ,CH  .  CH.Cl . 

CH,.CHC1 

CH3'.CC1.CH2    ... 
CH,.CH.CH.,C1.. 


CH.,C1.CH,C1 

CH^.CHCl^ 

CCtCCHg),  

CHgBr  

CH3.CH,Br    

CH3 .  CHj  ■  CH.Br 

CH3I "... 

CH3.CH,I  


Dimethyl  ether.... 
Methylethyl  ether. 
Diethyl  ether 


CH3 
CoH{ 
C3H, 
C^H, 

c.h; 


OH.. 
.OH 
.OH 
.OH  . 
,  .OH 


(CH3),0  

CH3  .  O  .  C.Hj 


211930 
37U440 
529210 
637190 
847110 
999200 


333350 
492740 
650620 
807630 


310050 
467550 


164630 
321930 
480200 
637910 
286160 
441190 
442500 

272000 
272050 
429520 
184710 
341820 
499290 
201510 
359160 


182230 
340530 
498630 
658490 
820070 


349360 

505870 
659600 


Diffs. 


1.158510 
2.158640 
3.158420 
4.1.J8795 
5.157454 


1.159390 
2.158635 
3.158093 


1.157500 


1.157300 
2.157785 
3.157760 

1.155685 


1.157495 

1.157110 
2.157290 

l.'i57650 


1.158300 
2.158200 
3.1.58753 
4.159460 


156510 
1.55120 
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/. 


Diffs. 


Aldehydes  and  Ketones. 

Acetaldehyde 

Propionic  aldehj-de  .. 
Isobutjric        „ 

Acetone  

Methylpropyl  Ketone 

Acids. 

Formic  acid    

Acetic       ,,     

Propionic  acid  

Ethereal  Salts. 

Methyl  formate 

„        acetate  

„        propionate    .. 

„        isobutytrate  .. 

Ethyl  formate  

Propyl      ,,         

Isobutyl    ,,        

Dimethyl  carbonate  .. 
Diethyl 

Sulphides. 

Methyl  sulphydride  .. 

Ethyl 

Dimethyl  sulphide    .. 

Diethyl  „ 


Nifriles,    Amines,   and  Nitro- 
compounds. 

Acetonitrile  

Propionitrile 

Metliylamine 

Ethylamine   

Pro)  lylam  ine 

Amylamine     

Dimethylamine 

Dicthy  lamina     

Trimetliylamine      

Tricthylamine   

Nitromethane    

Nitroethane   


CH3.COH  .... 
C.Hj.COH... 
CaH^.COH  ... 

COCCHg)^ 

CH, .  CO  .  0,K 


H.COOH     .. 
CH3 . COOH 
C,H, .  COOH 


H .  COOCH3 
CH3 .  COOCH3 
C2H5 .  COOCH 
C3H7 .  COOCH. 
H.COOCHj  ' 
H .  C00C;H7 
H .  COOC.Hg 
CO(OCH,),  ... 
COCOCaHs)^... 


CH3 .  SH 
C^H, .  SH 

S(CH3),... 
S(C,H,), 


CH3.CN  .... 
C.Hj.CN.... 
CH3.NH2  . 
C,H.  .NH,  . 
CjH^.NH;  . 
CjHii.NH,  . 
(CH,,),  .  NH  . 
(C.,H,)„ .  NH 
(CH3)3N  .... 
(C,H,).N  .... 
CH3.NO,.... 
C„H..NO.    . 


281900 
440720 
599940 
437250 
754190 


69390 
225350 
386510 


241210 
399240 
553950 
7169J0 
400060 
558800 
719900 
357570 
674100 


298810 
455650 
457350 
772170 


312140 
471450 
258320 
415670 
575740 
890580 
420460 
734500 
582630 
1052380 
180900 
337940 


1.158820 
2-159020 

2.158470 


1.155960 
2.158560 


1.158030 
2.156370 
3.158576 
1.158850 
2.158795 
3.159563 

2.158265 


1.156840 
2.157410 


1.159310 

1.157350 
2.158710 
4.158065 

2.157020 

3.156583 

1.157040 
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Important  confirmation  of  the  value  found  by  Thomsen  for 
X  in  the  equation 

is  afforded  by  Longninine's  determinations  of  the  heat  of 
combustion  of  propyl,  isobutyl,  amyl  and  capryl  alcohols  in 
the  liquid  state,  which  gave  as  values  of  a?  156400,  156900, 
and  156200  units  ;  and  especially  by  Stohmann's  observations 
on  the  homologous  phenols  *.  These  are  given  in  the  fol- 
lowing Table,  the  numbers  in  the  third  column  being  each 

Table  II. 


/. 

.r. 

723659 

726002 

883008 

879758 

880956 

882900 

880441 

1035434 

1037499 

1035638 

1191451 

1354819 

1353750 

1349982 

670780 

824724 

157006 
156099 
154954 
156898 
156782 
155887  .  2 
155748  .  2 
155989  .  2 
155931  .  3 
157204  .  4 
156937  .  4 
156581  .  4 

153944 

Orthocresol   liquid  

Metaeresol  liquid     

solid        

Metaxylenol,  liquid 

Paraxylenol  solid    

Carvacrol,  liquid     

„       solid   

Mean  

156152 

is  considerably  above  tbe  bigbest  of  the  fort^^-four  differences  in  Table  I. 
Thomsen  himself,  however,  calls  attention  to  the  probable  iuaceuracy  of 
the  number  for  pseudocumene  and  mesitylene,  the  determination  being 
very  difficult  in  the  case  of  bodies  so  rich  in  carbon  and  of  such  high 
boiling-point. 

It  should  here  be  mentioned  that  Stohmann,  Rodatz  and  Herzberg 
(Juurn.  fiir  praktische  Chemie,  1886,  xxxiii.  p.  241)  have  called  in  ques- 
tion the  number  799350  given  by  Thomsen.  These  chemists  find  787488 
units  as  the  heat  of  combustion  of  benzene-vapour  at  17°,  that  of  liquid 
benzene  at  17°  being  7792G2  units — a  value  which  difiers  from  that  given 
by  Berthelot  (776000  units)  only  in  the  ratio  of  100-4  to  100,  and  is 
almost  identical  with  the  value  found — but  rejected— by  Thomsen  in  the 
second  of  his  four  sets  of  determinations  of  the  heat  of  combustion  of 
benzene.  It  is  perhaps  noteworthy  that  the  difference  between  Stoh- 
manu's  value  for  benzene  and  Thomsen's  value  for  toluene,  viz.  168192  = 
9o5680  — 787488,  is  very  nearly  the  same  as  half  the  difference  found  by 
Thomsen  to  obtain  between  the  heats  of  combustion  of  toluene  and 
trimethylbenzene. 

*  Journal  fur  praktische  Chemie,  1886,  xxxiv.  p.  326. 
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the  difference  between  the  heat  of  combustion  of  phenol  and 
that  of  the  homologue  y\'\\ei\  both  are  in  the  same  state  of 
aggregation. 

(3)  Equality  of  the  Four  Affinities  of  Carbon. — On  reference 
to  Table  I.,  it  will  be  noticed  that  on  passing  from  methane 
to  ethane  or  methylmethane,  from  ethane  to  propane  or 
dimethylmethane,  and  thence  to  tri-  and  tetramethylmethane, 
the  heat  of  combustion  increases  at  each  step  to  the  same 
extent :  the  displacement  of  hydrogen  by  methyl,  in  fact, 
appears  always  to  involve  the  same  development  of  heat;  and 
hence  it  may  be  inferred  that  the  four  affinities  of  the  carbon 
atom  are  of  equal  value.  Thomson  also  finds  that  ethylene 
and  ethylidene  chlorides  have  identical  heats  of  combustion 
(272000  units);  and  that  there  is  practically  no  difference 
between  those  of  allyl  chloride,  CHg .  CH  .  CH2CI  (442500 
units),  and  the  isomeric  monochloropropylene,  CH2.  CCI .  CH3 
(441190  units).  These  facts,  and  also  the  practical  identity 
of  the  heats  of  combustion  of  isomeric  phenols  established 
by  Stohmann's  determinations  (Table  II.),  may  be  adduced 
as  confirmatory  of  the  above  deduction. 

(4)  Heat  of  Combustion  of  Gaseous  "  Atomic  "  Carbon  and 
the  Amount  of  Heat  required  to  separate  ^^  Doubly -linked"  Car- 
bon Atoms. — On  comparing  the  heats  of  combustion  of  bodies 
differing  in  composition  by  one  or  more  atoms  of  carbon 
(Table  III.),  it  is  seen  that  the  heat  of  combustion  of  carbon 
in  its  compounds  must  be  greater  than  that  of  the  ordinary 
amorphous  variety  of  carbon  (96960  units).  The  average 
value  deduced  from  fourteen  comparisons  is  121085  (in  round 
numbers  121090)  units,  the  extremes  being  115610  units  (the 
difference  between  ethyl-  and  allylamine),  and  125750  units 
(the  difference  between  diethyl  and  diallyl  ether), — a  somewhat 
wide  range  be  it  remarked. 

In  the  instances  given  in  the  Table  the  comparison  is  in- 
stituted between  a  saturated  and  an  unsaturated  compound, 
the  latter  being  formed  from  the  former  by  the  addition  of  a 
carbon  atom  which,  according  to  the  popular  view,  becomes 
doubly  linked  with  another  carbon  atom  ;  the  amount  of  heat 
developed  by  this  "double-linking^'  of  two  carbon  atoms  (ug) 
is  the  difference  between  the  heat  of  combustion  of  gaseous 
"  atomic  "  carbon  (/.  Ci)  and  the  factor  121090,  i.e. 

/.  C:  =  121090  units -fi;2. 

Now  if  carbon  dioxide  were  capable  of  combining  with  an 
atom  of  carbon,  it  is  to  be  supposed  that  it  would  form  an 
unsaturated  compound,  CO  :  CO,  bearing  the  same  relation 
to  it  that  ethylene  bears  to  methane,  and   that  the   heat  of 
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Table  III. 


Methane    

Ethylene    

Ethane  

Propylene 

Propane    

Isobutylene  

Trimethylmethane   . 

Isoamylene    

Trimethylmethane  . 

Diallyl  

Methyl  chloride    .... 
Monochlorethylene  . 

Ethyl  chloride 

Chloropropylene 

Tetrachloromethane 
Tetrachlorethylene  . 

Ethyl  chloride , 

Allyl  chloride  

Ethyl  bromide , 

Ally!  bromide  , 

Methylethyl  ether    ., 
Methylallyl  ether     ., 

Diethyl  ether    

Diallyl  ether 

Ethyl  alcohol    

Allyl  alcohol .. 

Ethylamine  

Allylamine    


CH, 

CaHg 
CaHg 

C4H3 
C4H10 

C4H10 

CH3C1 

C.HgCl 

C,H,C1 
C3H3CI 

CCl, 

c.ci, 

C,H,C1 

C3H3CI 

C.H^Br 

CsH^Br 

CH3 .  O  .  C,H5 

CH3.O.C3H6 

(C,H3),0 

C^Hj  .  OH 
C3H3  .  OH 
C,-R,  .  NH, 
C3HS  .  NH, 


211930 
333.3.50 
370440 
492740 
529210 
650620 
687190 
807630 
687190 
932820 
164770 
286160 
321930 
441190 
75930 
195070 
321930 
442500 
341820 
462120 
505870 
627200 
659600 
911100 
340530 
464760 
41.1670 
531280 


121420 

122300 

121410 

120440 

2.122815 

121390 

119260 

119140 

120570 

120300 

121330 

2.125750 

124230 

115610 
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combustion  of  this  compound  would  exceed  that  of  cavbon 
dioxide  by  121090  units  ;  whence  it  follows^  the  heat  of  com- 
bustion of  carbon  dioxide  being  nil,  that  the  heat  of  com- 
bustion of  the  ]iroduct  in  question  should  be  121090  units. 
In  point  of  fact,  however,  two  molecules  of  carbon  monoxide 
are  produced  by  assimilating  an  atom  of  carbon  w^ith  a  mole- 
cule of  carbon  dioxide,  the  double  linkage  becoming  annulled, 
while  at  the  same  time  the  volume  is  doubled.  In  the  act  of 
expansion  580  units  are  absorbed  (§1):  hence  the  heat  of 
combustion  of  the  product  of  the  union  of  an  atom  of  carbon 
with  a  molecule  of  carbon  dioxide  exceeds  121090  units  by 
the  amount  absorbed  in  the  separation  of  "  doubly-linked  " 
carbon  atoms  plus  580  units.  The  heat  of  combustion  of 
2 .  CO  is  135920  units  ;  therefore 

/.  Ci  =  121090  +  i'2  =  135920-580  =  135340  units. 

It  being  thus  determined  that 

/.Ci  =  135340  units, 


it  follows  that 


t'9  =  14250  units. 


(5)  JJeat  ahsorhed  in  the  joroduction  of  Gaseous  "  Atoynic  " 
Carhon. — The  heat  of  combustion  of  gaseous  "  atomic'^  carbon 
being  135340  units,  while  that  of  amorphous  carbon  is  96960 
units,  the  amount  of  heat  expended  in  passing  from  the 
solid  amorphous  state  to  the  gaseous  atomic  state  will  be 
38380  units  for  each  gram-atomic-proportion  (12  grams). 
The  heat  developed  in  the  formation  of  a  compound  at  con- 
stant pressure  from  gaseous  atomic  carbon  may  hence  be  cal- 
culated by  adding  for  each  atom  of  carbon  in  the  molecule 
38380  units  to  the  uncorrected  heat  of  formation  (§  1)  cal- 
culated for  carbon  in  the  amorphous  state.  All  the  heats 
of  formation  subsequently  to  be  given  are  deduced  in  this 
manner. 

(6)  Heat  developed  in  the  Comhination  of  Hydrogen  xeith 
Carhon. — The  heat  of  formation  of  methane,  CH4,at  constant 
volume,  calculated  on  the  assumption  that  it  resuhs  from  the 
combination  of  ordinart/  hydrogen  with  gaseous  "  atomic  '^ 
carbon — of  two  hydrogen  molecules  with  one  carbon  atom — is 
59550  units  ;  that  of  ethylene,  CgH^,  is  73470  units.  Both 
contain  the  same  number  of  hydrogen  atoms,  but  in  the  latter 
there  are  two  "  doubly-linked  "  carbon  atoms — assuming 
ethylene  to  have  the  constitution  poj)ularly  assigned  to  it  : 
the  beat  of  formation  of  the  two  hydrocarbons  should,  there- 
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fore,  differ  by  v^,  i.e.  14250  units  (§4).  The  difference 
73470-14250  =  59220  units  is  the  heat  developed  in  the 
combination  of  two  atoms  of  carbon  Avith  two  molecules  of 
hydrogen  ;  while  the  heat  of  formation  of  methane — 59550 
units — is  that  developed  in  the  union  of  the  same  quantity  of 
hydrogen  with  a  single  atom  of  carbon.  The  two  values  may 
be  regarded  as  identical  ;  and  hence,  argues  Thomsen,  it  may 
be  concluded  that  the  four  atoms  of  hydrogen  are  equally 
firmly  held,  whether  they  are  associated  with  u  single  or  with 
two  carbon  atoms'^. 

Halving  the  numbers  59220  and  59550,  we  have  29610 
and  29775  units  as  the  heat  developed  in  the  combination 
of  a  gram- molecular  proportion  of  hydrogen  with  gaseous 
atomic  carbon.  The  value  29775  is  denoted  by  Thomsen  by 
the  symbol  2r. 

(7)  Heat  develojyed  in  the  Comhination  of  Carbon  Atoms  hi/ 
single,  douhle  and  treble  Affinities. — The  amounts  of  heat 
developed  in  the  combination  of  (gram-atomic  proportions  of) 
carbon  atoms  by  one,  ttco,  and  three  "  affinities  "  of  each,  i.  e. 
in  the  manner  in  which  they  are  assumed  to  be  associated  in 
the  paraffins,  in  ethylene,  and  in  acetylene  respectively,  may 
be  designated  by  the  symbols  v^,  i'^,  r^. 

It  has  been  previously  shown  that  r2  =  14250  units. 

As  regards  the  value  of  Vi,  the  heat  developed  in  the 
formation  of  ethane,  CsHg,  results  from  the  combination 
of  three  hydrogen  molecules  Avith  two  carbon  atoms,  and 
of  these  carbon  atoms  with  each  other  by  single  affinities  ; 
hence  * 

(2C,  3H2)  =  3  .  29'  + 1\  =  104160  units. 
.-.  ri=104160-89325=  14835  units. 

Or,  comparing  ethane  with  benzene,  and  assuming  that  there 
is  one  single  linkage  between  carbon  atoms  in  the  former  and 
nine  such  in  the  latter  (§8), 

(60,  3H2)  =  2 1 6740  =  3  .  29-  +  9^1 
(20,  3H2)  =  104160  =  3.  2r  +  ri, 

.-.  8ri=216740-104160  =  112580  units. 

.-.  i'i  =  14073  and  2r  =  30029. 

*  It  should  be  rioted,  however,  that  the  diiFerence  between  the  heats 
of  formation  of  methane  and  ethylene  is  the  value  v.j ;  and  tliat  the 
heat  of  formation  being  dependent  on/.  C,,  as/.  Cj  and  v„  are  both  given 
by  the  same  equation,  the  calculated  and  found  difierences  must  be 
identical ;  Thomsen 's  conclusion  as  regards  the  relation  of  the  hydrogen 
atoms  in  ethylene  to  the  two  carbon  atoms  must,  therefore,  be  held  to  be 
"not  proven." 
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Discussing  a  series  of  cases  in  this  way,  Thomsen  arrives 
at  the  mean  values  2r=  30130  units  ;  ri=  14056  units. 

It  will,  however,  be  observed  that  the  value  of  v^  is  prac- 
tically identical  with  that  previousl}^  found  for  rg  ;  whence  it 
follows  that  the  same  amount  of  heat  is  developed  in  the 
combination  of  carbon  atoms,  whether  they  become  singly  or 
doubly  linked  ;  or,  in  other  words,  that  there  is  no  difference 
between  the  two  modes  of"  union. 

The  heat  developed  when  carbon  atoms  become  trebly 
linked  may  be  deduced  from  the  heats  of  formation  of  ace- 
tylene, CH  i  CH,  allylene,  CH3 .  C  i  CH,  and  dipropargyl, 
CH  :  C  .  CH2 .  CH2 .  C  :  CH,  viz.  28990,  74610,  and  133080 
units.  Heat  may  be  assumed  to  be  developed  in  their  for- 
mation in  the  manner  indicated  in  the  following  equations: — 

(2C,  H2)=  28990=  2r  +  vz, 
(3C,2H.)=  74610  =  2.2r  +  y3, 
(GCjoHg)  =  133080  =  3.  2r  +  2r3  +  3rj. 

Substituting  for  2r  and  Vy  the  mean  values  above  given,  three 
values  of  rs  are  found,  viz.  —1140,  294,  and  261  units.  The 
mean  of  these  is  —81  units,  a  value  so  small  that  it  may  be 
neglected  ;  and  it  would  therefore  appear  that  the  so-called 
treble  linkine  of  carbon  atoms  is  unattended  with  the  deve- 
lopment  of  heat. 

The  data  recorded  by  Thomsen  afford,  in  his  opinion, 
abundant  pioof  that  a  single  carbon  atom  may  retain  two, 
three,  or  four  ofhers  -with  the  same  degree  of  firmness  as  one. 
The  following  Table  contains  several  examples,  the  values  of 
V  {  =  Vi  or  rj)  being  deduced  by  subtracting  the  heat  due  to 
the  combination  of  the  hydrogen  from  the  total  heat  of  for- 
mation, 30000  units  being  taken  as  the  mean  value  of  2r : — 

Table  IV. 

V. 

Methylmetbane,  Cn,(Cn,) 104160-    90000=     14100=    v  14100 

Dimcthvlmethane,  Gi{.,{CJI.,)., . .  148510  -  120000  =    28510  =  2v  14255 

TriinethVlmethane,  CH(CH,)3...  193690  -  150000  =    43090  =  3v  14503 

Tetrainelbylinethane,  0(0113)4 .  ,  236850-180000=    66850  =  4u  14212 

Propylene,  0,Hg    117200-    90000=    27200  =  2t;  13600 

Benzene,  0,H,  210740  -    90000  =  126740  =  9y  14082 

But  the  one  hundred  and  twenty  compounds  burnt  do  not 
afford  a  single  instance  from  which  it  can  be  inferred  that 
two  carbon  atoms  are  ever  lield  together  by  a  force  exceeding 
that  equivalent  to  about  14200  heat- units. 

Hence  Thomsen  concludes  tliat  one  cai'bon  atom  cannot  1)6 
united  to  another  by  several  affinities  ;  and  that  comj)ounds  in 
which  the  carbon  atoms  are  poj)ularly  supposed  to  be  doubly 
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linked,  must,  in  fact,  be  regarded  as  unsaturated;  and  that  this 
is  more  especially  the  case  with  compounds  with  so-called  triple 
bonds.  For  the  pi-esent  it  must  be  left  undecided  how  the 
carbon  atoms  are  held  together  in  compounds  of  this  last- 
mentioned  class  ;  their  union  is  certainly  unattended  with 
development  of  heat.  This  conclusion,  Thoinsen  considers,  is 
in  agreement  with  experience  :  bodies  with  "  trebly-linked  " 
carbon  atoms  are  in  a  condition  of  unstable  equilibrium,  which 
is  easily  disturbed  by  external  influences,  and  such  compounds 
are  easily  decomposable  ;  tliis  could  not  be  the  case  if  the 
carbon  atoms  were  firmly  held  together  (comp.  §  24). 

As  the  force  with  which  carbon  atoms  are  held  together  in 
gaseous  compounds — expressed  in  heat-units — never  exceeds 
about  14200  units,  the  separation  of  gaseous  diatomic  carbon 
molecules  into  atoms  would  involve  the  absorption  of  only 
this  amount  of  heat  per  gram-atomic  proportion.  The  much 
greater  absorption  of  heat  in  converting  amorphous  into 
gaseous  "  atomic  ^^  carbon  maybe  explained  by  assuming  that 
each  atom  of  carbon  is  combined  with  several  others,  that  is 
to  say,  that  the  molecule  of  carbon  is  complex  ;  if  the  mole- 
cule contain  five  or  more  atoms,  each  atom  may  be  in  direct 
connection  with  four  other  atoms  :  in  such  a  case  the  number 
of  linkages  will  be  twice  the  number  of  atoms,  and  the  heat 
developed  on  combination  will  be  2  .  14200  units  per  gram- 
atomic  proportion.  The  difiPerence  between  this  number  and 
38380  units — the  amount  of  heat  absorbed  in  converting 
ordinary  amorphous  into  gaseous  "atomic"  carbon — viz. 
9980  units,  will  be  the  amount  required  to  gasify  the  carbon 
as  distinct  from  that  absorbed  in  producing  molecular  dis- 
rujotion. 

(8)  Heat  of  Combustion  of  Isomeric  Hydrocarhons.  Con~ 
stitution  of  JBenzene. — From  the  foregoing  explanations  it 
will  be  evident  that  the  heat  developed  in  the  formation  of  a 
gaseous  hydrocarbon,  CaHoj,  from  gaseous  atomic  carbon  and 
ordinary  hydrogen  at  constant  volume,  may  be  expressed  by 
the  formula 

=  h.  30000 4- n.  14200. 
If  ordinary  amorphous  carbon  be  taken,  the  formula  becomes 
(C„,  Ii2b)=h .  30000 -f  72 .  14200 -a  .  38380  ; 

while  the  heat  of  formation  under  constant  pressure  may  be 
calculated  from  the  equation 

(Ca,H26)  =  &.  30000 -fn.l4200-a.  38380 -I- (Z»-l)  580. 
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The  lieat  of  combustion  of  a  hydrocarbon  Q'Jl2b  is  expressed 
by  the  equation 

r     n   TT  Cx,02r        7         2H2,02         p      TT 

C  0.  2H.  0 

Invertins:  the  values  for      '^'    "^'^  and  — — 4^— ^j  viz.  96960 

and  68360  units,  and  simplifying  as  far  as  possible,  we  obtain 
the  equation 

/.  aH26  =  a .  135340  +  6 .  37780-n .  14200  +  580, 

from  which  the  heats  of  combustion  of  hydrocarbons  generally, 
in  the  gaseous  state,  may  be  calculated. 

By  comparing  experimental  values  with  those  calculated 
from  the  above  equations,  it  is  possible  to  distinguish  between 
alternative  formula  in  the  case  of  hydrocarbons  in  which  there 
may  be  a  difference  in  the  number  of  "  single  (or  double) 
bonds."  For  example,  Thomsen  argues  that,  if  benzene  has 
the  constitution  represented  by  Kekule's  formula,  its  heat 
of  formation  would  be  3  .  30000  +  6  .  14200  =  175200  units  ; 
whereas,  if  each  carbon  atom  be  regarded  as  associated  with 
three  others  (as  in  the  prism  formula),  its  heat  of  formation 
should  be  3.30000  +  9.14200  =  217800  units.  There  is 
thus  a  difference  of  42600  between  the  two  values.  Actually 
Thomsen  finds  216610*,  which  agrees  well  with  the  higher 
value  ;  and  he  therefore  concludes  that  the  six  atoms  of 
carbon  in  benzene  are  linked  together  by  nine  bonds.  A 
comparison  of  the  observed  and  calculated  heats  of  forma- 
tion of  chlorobenzene,  aniline  and  methylphenyl  ether  serves 
entirely  to  confirm  this  conclusion.  In  the  case  of  dipro- 
pargyl,  the  observed  value,  133080  units,  agrees  well  with 
that  calculated  on  the  assumption  that  it  has  the  formula 

CH  i  C  .  CH2 .  CH2 .  C :  CH, 
viz. 

132600  =  3.30000  +  3. 14200  units. 
Thomsen  cites  18  cases  of  hydrocarbons,  in  15  of  which  the 
heat  of  formation  thus  reckoned  is  within  3  per  mille  of  the 
observed   heat  of  combustion,  a  degree  of  accuracy  which 
closely  approaches  that  obtainable  experimentallyf. 

*  Compare  footnote,  §  :2,  p.  78. 

t  In  three  cases  the  dilierence  is  somewhat  greater — 

Calc.         Observed.  Diff. 

Diisopropvl 281000        287880  6880 

Mesitylene    350400        -343010         -7390 

rseudocumene 3-10400         343830         —  (J570 

But  is  very  dilHcuU  to  obtain  diisopropyl  pure,  unless  a  large  c^uantity  be 
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(9)  Heat  of  Combustion  of  Haloid  Compounds. — The  heat 
produced  by  the  combination  of  the  halogens  may  be  deduced 
by  subtracting  from  the  observed  heat  of  formation  of  the 
haloid  compound  from  gaseous  atomic  carbon  at  constant 
volume  (P)  that  due  to  the  combination  of  the  carbon  atoms 
and    of  the  hydrogen  with  the   carbon   atoms  ;    the   values 

to  be  assigned  to  v  and  —    in  the  case  of  the  haloid  com- 

pounds  are,  however,  slightly  different  from  those  assigned  in 

2?' 
the  case  of  the  hydrocarbons,  viz.  —  =15720,  t;=  13960. 

As  regards  the  values  for  chlorine  thus  arrived  at,  it  will 
be  seen,  on  reference  to  the  last  column  of  Table  V.,  that  six 
of  the  eight  compounds  containing  a  single  atom  of  chlorine 
give  values  of  13180  to  13750  units  ;  in  the  case  of  aliyl 
chloride  and  the  isomeric  monochloropropylene  the  numbers 
are  somewhat  higher,  viz.  14560  and  15870  units  :  hence  the 
mean  value  is  13827  units*.  The  mean  values  for  compounds 
containing  2,  3,  and  4  atoms  of  chlorine  are  33090,  47320, 
and  59050  units  respectively.  It  would  appear,  therefore, 
that  the  fixation  of  the  four  atoms  of  chlorine  with  which  a 
carbon  atom  may  combine,  involves  the  development  of  unequal 
amounts  of  heat.  Thomsen  supposes  that  in  the  case  of  two 
of  the  atoms  the  heat  developed  amounts  to  about  16500  units, 
but  to  only  about  13500  units  in  the  case  of  the  other  two. 
Thus  : 

^=      13500  =13500.     Found  13830. 

2  ^'=  2 .  16500  =  33000.  33390. 

3^=      13500  +  2.16500  =  46500.  47420. 

4%  =  2  .  13500  +  2  .  16500  =  60000.  59950. 

As  regards  the  bromine  compounds,  it  is  only  necessary  to 
point  out  that  of  the  heat  developed  in  the  formation  of 
methyl,  ethyl,  and  propyl  bromide,  the  portion  attributable  to 

at  disposal ;  and  it  is  probable  that  the  numbers  for  the  two  benzenes  are 
inaccurate  (compare  footnote,  §  2)  ;  therefore  no  great  weight  can  be 
attached  to  these  exceptions. 

*  This,  of  course,  is  not  the  amount  of  heat  developed  in  the  combina- 
tion of  chlorine  atoms  with  the  hydrocarbon  radicals,  as  heat  is  absorbed 
to  an  unknown  extent  in  separating  the  atoms  composing  the  diatomic 
chlorine  (or  bromine  or  iodine)  molecules. 
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the  combination  of  the  bromine  is  5430,  6040,  and  6290  units; 
whereas  in  the  case  of  allyl  bromide,  as  in  that  of  allyl  chloride, 
there  is  a  somewhat  hirger  amount  of  heat  developed,  viz. 
7120  units. 

A  comparison  of  the  heats  of  combustion  would  a{)pear  to 
show  that  isomerism  such  as  obtains  between  allyl  chloride  and 
chloropropylene  and  between  ethylene  and  ethylidene  chlorides 
has  no  influence : 

p  TT  p,  /Allyl  chloride 442500. 

'^^^s'^^  \  Chloropropylene     ...  441190. 

p -rr  p,   /Ethylene  chloride  ...  272000. 

UaM^Uig  -^ Ethylidene  chloride .  272050. 

(10)  Heat  of  Combustion  of  Alcohols. — The  thermal  be- 
haviour of  isomeric  alcohols  of  the  CiHsn+i.OH  series  is 
very  different  from  that  of  isomeric  paraffins  and  their  haloid 
derivatives,  as  their  heats  of  combustion  are  by  no  means  the 
same — the  primary  having  higher  heats  of  combustion  than 
the  secondar}^,  and  the  secondary  higher  than  the  tertiary. 
The  heat  developed  in  the  formation  of  the  group  C  .  OH  may 
be  calculated  by  deducting  from  the  observed  heat  of  formation 
at  constant  volume  of  the  alcohol  that  of  the  hydrocarbon 

radical,  assigning  to  r=  y,  as  before,  the  value  15000  units, 

and  to  v^  {  =  v^  the  value  14200  units.  The  numbers  thus 
calculated  are  given  in  the  last  column  of  Table  VI.  It  will 
be  noticed  that  nearly  the  same  values  are  found  for  the  six 
primary  alcohols  and  (which  is  remarkable)  phenol,  and  that 
considerably  higher  values  result  in  the  remaining  cases, 
especially  in  that  of  trimethylcarbinol. 

(11)  Heat  of  Comhustion  of  Ethers. — An  ether  being  re- 
presented by  the  formula  C^Hfi .  0  .  OJi^,  its  heat  of  formation 
may  be  expressed  by  the  equation 

where  n  represents  the  number  of  single  and  double  bonds, 
and  T]  the  heat  developed  in  the  fixation  of  an  atom  of  oxygen 
by  two  carbon  atoms. 

Deducting  the  heat  of  formation  of  methylethyl  ether  from 
that  of  methylallyl  ether,  the  difference   will  be   the  value 

^"^  185570-171560  =  14010  =  tv 

In  like  manner,  deducting  the  heat  of  formation  of  methyl- 
ethyl  ether  from  that  of  methylphenyl  ether, 

282490-171560  =  110930  =  81'  ;     .-.  r  =  13870. 
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It  therefore  appears  that  Vi  and  v^i  have  practically  the 
same  values  in  ethers  as  in  hydrocarbons  and  alcohols.  If, 
now,  from  the  heat  of  formation,  P,  of  an  ether,  the  value  nv 
be  deducied,  the  difference  will  be  the  heat  developed  in  the 
combination  of  i  4-/8  hydrogen  atoms  and  of  the  two  oxygen 
atoms  to  the  carbon  atom.  On  reference  to  Table  VII.  it 
will  be  seen  that  the  quotient  of  V—nv  by  i  +  /3+2  is  prac- 
tically a  constant,  the  mean  value  being  15757  units,  which  is 

very  nearly  the  value  of  -^  =  ?''^;  hence  Thomsen  concludes 

that  the  amount  of  heat  developed  in  combination  of  an  atom 
of  oxygen  with  two  carbon  atoms  is  about  the  same  as  is 
developed  by  combination  of  a  hydrogen  molecule  with  a 
carbon  atom. 

Table  VII. 


0„Hj.O.C„H^. 

^-ni). 

i+/3. 

Y-nv 
i+j8+2- 

Dimethyl  ether 

CH3.O.CH3    ... 
CH3.0.aH,  .. 

CH3.0.C3H3  ... 
OH3.0.C3HJ  ... 
C3H3.0.C3H5... 

CH3.0.C,H5  .. 

w  =  0      124950 

1  157690 

2  193210 

1  127290 

2  167790 
4      184650 
9      157660 
1        80110 

6 
8 

10 
6 
8 

10 
8 
4 

15619 
15769 
16101 
15911 
15779 
15388 
15766 
13352 

Me  thylethyl  ether    

Diethyl  ether    

Methylprojiargyl  ether... 
Methylallyl  ether 

Diallj'l  ether 

Methylphenyl  ether 

Ethylene  o.xicle | 

CH,J      

In  this  section  occurs  one  of  the  most  noteworthy  of 
Thomsen's  conclusions,  viz.  that  etlnjJene  oxide  is  in  reality  a 
dwiethyJene  oxide  of  the  formula  CH2 .  0  .  CHg.  The  heat  of 
formation  of  a  compound  of  this  formula  is 

(4  +  2)  15757  =  94540  units, 

which  agrees  well  with  the  observed  value  93980  units; 
whereas,  assuming  the  formula  to  be  that  ordinarily  accej^ted, 
the  heat  of  formation  should  be  greater  by  v,  or  about 
14,000  units. 

*  It  is  not  quite  evident  why  the  value  of  j;  is  calculated  in  this 
manner  ;  if  deduced  from  the  equation 

r}  =  ((P-nv)-{a+3)r, 

giving  2r  the  usual  value  (30000  units),  its  value  is  considerahlj  higher, 
viz.  2  .  17476  units  in  the  case  of  dimethyl  ether,  for  example,  which  is 
much  above  the  value  of  2r  found  in  previous  cases. 


_1 
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Thomsen  also  points  out  that,  whereas  the  difference 
between  the  heats  of  formation  of  methane  and  methoxy- 
methane  or  dimethyl  ether  is  65400  units,  that  between 
methoxymethane  and  methylal — which  is  usually  regarded  as 
dimethoxymethane — is  76110  units,  and  that  between  methy- 
lal and  methylic  orthoforniate — which  is  commonly  represented 
as  trimethoxymethane  CH(0Me)3 — is  79730  units.  Compar- 
ing the  heat  of  formation  of  methylal,  CsHgOg,  with  that  of 
methylethyl  ether,  CsHgO,  there  is  a  difference  of  29500 
units ;  between  methylic  orthoformate,  C4H10O3,  and  diethyl 
ether,  C4HJ0O.  there  is  a  difference  of  2 .  29920  units ;  so 
that  the  heat  of  formation  is  increased  by  the  addition  of  an 
atom  of  oxygen  by  29500  to  29920  units.  This  value  very 
nearly  corresponds  to  the  diffei-ence  between  an  alcohol  and 
the  hydrocarbon  from  which  it  is  formed,  thus 

Methyl  alcohol  — methane  =  29410  units. 
Ethyl         „      -ethane    =29620      „ 
Propyl       „      —propane  =30290      „ 

Thomsen  therefore  suggests  that  possibly  the  function  of  the 
oxygen  in  bodies  such  as  methjdal  and  methylic  orthoformate 
is  the  same  as  that  of  the  oxygen  in  alcohols. 

(12)  Heat  of  Combustion  of  Aldehydes,  Ketones,  Adds, 
Anhydrides  and  Ethereal  Salts. — The  observed  heats  of  for- 
mation of  a  number  of  these  compounds  are  given  in  Table 
VIII.,  and  also  the  values  deduced  by  subtracting  the  amounts 
of  heat  which  it  may  be  assumed  are  developed  in  the  formation 
of  the  hydrocarbon  radicals. 

The  mean  values  which  thus  result,  representing  the  heats 
of  formation  of  the  characteristic  groups  in  the  aldehydes, 
ketones  and  acids,  are  as  follows  : — 

Aldehydes      .     COH     .     .     65400  units 
Ketones     .     .     CO        .     .     54250     „ 
Acids    .     .     .     COOH.     .  119960     „ 
It  will  be  observed  that  65400  +  54250=119650  :  in  other 
words,  the  amount  of  heat  developed  in  the  formation  ot  the 
carboxyl  group  of  acids  is  the  sum  of  that  developed  in  the 
formation  of  the  group  COH  and  CO.     Hence  Thomsen  con- 
cludes that  the  aldehydes  are  unsaturated  compounds  of  the 
formula  II .  C(OH),  inasmuch  as  it  is  to  be  supposed  that  the 
ketones  and  acids  are  respectively  constituted  as  represented 
by  the  formulae 

R2C:0andR.C:0(0H). 
Deducting  from  the  heat  of  formation  of  acetic  anhydride, 
284340  units,  the  value  i)r  +  '2v,  the  difference  (165940  units) 
will  represent    the  heat  developed  in  the  formation  of  the 

H2 
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Table  VIII. 


P. 

?nr-\-nv. 

F  —  {mr+nv). 

CH,.COH    

0,H5.C0H  

OX.COH  

CII3 .  CO  .  CH3  . 
CO  I  ^^3    1 

^"ic3hJ 

H.COOH 

CI1,.C00H 

C,H,.COOH    ... 

OCCO.CHg).,    ... 

COJCH,), 

124630 

168930 
212830 

172400 
261300 

133730 
180890 
222850 

284340 

251500 
341200 

165030 
210120 
209300 
253680 
298660 
265910 
258530 
295700 
216800 

3r+v 

5r-)-2y 

7r+3v 

6r+2v 
lOr+iv 

r 

or+v 
5r+2v 

6r+2v 

6r 
10»-+2y 

4r 

6r+v 
Cir+v 
8r+2v 

10r+3v 
Sr+2v 
8r+2v 

10r+3v 
6r+2v 

COH      =  65430 
65530 
65230 

CO         =  54000 
54500 

CO.  OH  =  118730 
121690 
119450 

(CO).p  =165940 

161500 
162810 

105030 
105920 
105100 
105280 
106060 
117510 
110130 
103100 
98400 

Propionic  aldehyde  ... 
Isobutyric  aldehyde  ... 

Dimethyl  ketone    

Methylpropyl  ketone  . 

Formic  acid    

Propionic  acid  

Acetic  anliydride  

Dimethylic  carbonate . 
Diethylic  carbonate  ... 

Methylic  formate 

Methylic  acetate   

Ethylic  t'oi'mate 

co3(c,h;), 

H.COOCH, 

CH,.C00CH3... 
H.COO0,H3   ... 

h.cooc;h,  ... 

C,H,.C00CH3  . 
CH3 .  C00C.,H-  . 
C,H,.C00CH3  . 
H.COOC.Hg  ... 
H.COOC3H-    ... 

Propylic  formate  

Methylic  isobutyrate. . 

Methylic  propionate.. 
Isobutylic  formate    .. 
AUylic  formate 

group  0:0.0.0:0.  This  value,  however,  is  very  nearly 
thrice  (165940  =  3 .  55310)  that  found  for  the  group  CO  in 
ketones  and  acids,  viz.  54250  units ;  so  that  it  may  be  assumed 
that  equal  amounts  of  heat  are  developed  in  the  formation  of 
the  groups  0  :  0  and  0  .  0  .  0,  both  of  which  contain  an 
oxygen  atom  united  by  two  bonds  to  carbon.  The  values 
found  for  methylic  and  ethylic  carbonate  afford  confirmation 
of  this  conclusion,  inasmuch  as  162155  units — the  mean  of 
the  two  values  161500  and  162810  units — which  is  the  amount 
of  heat  developed  in  the  fixation  of  the  three  oxygen  atoms 
in  the  group  0  .  0  .  CO  .  0  .  0,  is  thrice  54052. 

It  will  be  observed  on  reference  to  the  table  that  the  heats 
of  combustion  of  ethylic  acetate  and  of  methylic,  isobutylic, 
and  allylic  formates  give  values  for  F  —  {mr  +  nv)  very  different 
from  those  found  for  the  five  preceding  ethereal  salts  in  the 
list.  Thomson  states  that  in  the  first  instance  the  specimens 
of  ethjdic  acetate  examined  gave  very  variable  results,  and 
that  he  had  great  difficulty  in  obtaining  a  pure  substance  by 
fractional  distillation*.    Ultimately  two  samples  were  prepared 

*  R.  Schiff  has  also  recently  called  attention  (Liebig'.s  Annalen,  1886, 
vol.  234.  p.  308)  to  the  great  difficulty  of  obtaining  pure  ethereal  salts. 
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— oue  from  absolute  alcohol  and  crystallized  acetic  acid,  the 
other  from  ethyl  iodide  and  argentic  acetate — boiling  at 
77°-4  — 77°-5,  the  heats  of  combustion  of  which  were  548080 
and  549250  units,  respectively.  The  value  thus  arrived  at, 
however,  is  about  12000  units  lower  than  that  found  for  the 
allied  ethereal  salts,  such  as  the  metameric  propylic  formate, 
for  example.  Thomsen  is  therefore  inclined  to  think  that  the 
foi'mula  CH3 .  COOC2H5  does  not  correctly  represent  the  con- 
stitution of  ethylic  acetate,  as  the  heat  of  formation  of  such 
a  compound  would  be  253880  units,  or  12030  units  less  than 
the  value  found  experimentally — a  difference  of  over  two  per 
cent,  of  the  heat  of  combustion.  Assuming  the  formula  to  be 
CH3 .  Cn(OH) .  CO  .  CHg,  and  calculating  the  heat  of  forma- 
tion with  the  aid  of  the  constants  previously  deduced  for  acids, 
aldehydes  and  ketones,  the  value  found,  viz., 

7r  + 3^1 +  54250 +  65400  =  267250, 

differs  by  only  1340  units,  or  a  quarter  per  cent,  of  the  heat 
of  combustion,  from  the  theoretical  number. 

Thomsen  leaves  unexplained  for  the  present  the  cause  of 
the  discrepancy  in  the  case  of  methylic  and  isobutylic 
formates ;  he  does  not  regard  it  as  remarkable  that  the  value 
for  the  allylic  salt  should  be  somewhat  abnormal,  as  in  other 
cases  values  are  found  for  allyl  compounds  which  differ 
somewhat  from  those  for  corresponding  compounds  of 
CnHjn+i  radicals. 

(13)  Heat  of  Formation  of  Nitrogen  Molecules. — Thomsen 
bases  his  determination  of  the  heat  developed  in  the  formation 
of  nitrogen  molecules  from  nitrogen  atoms  on  the  argument 
that  probably,  as  in  the  case  of  carbon,  the  two  atoms  are 
held  together  by  single  affinities.  Assuming  that  in  nitrogen 
peroxide,  N2O4,  the  nitrogen  atoms  are  directly  associated  as 
represented  by  the  formula 

0\  /O 


or  by  the  formula 


0— N— 0 

I       I       h 
O— N— 0 


the  amount  of  heat  absorbed  in  converting  the  peroxide  into 
nitrogen  dioxide  (NO2)  molecules  is  the  cpiantity  sought  to  be 
determined.  Now,  according  to  Berthclot  ami  Ogier,  the  heat 
of  dissociation  of  nitrogen  peroxide  between  27°  and  198°  is 
10608  units  ;  as  about  20  per  cent,  is  already  decomposed  at 
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the  former  temperature,  the  entire  amount  may  be  set  down 
as  13250  units.  Boltzmann  in  a  recent  paper  (Wiedemann's 
Annalen,  vol.  xxii.  p.  71)  gives  the  vakie  13920  units  :  the 
mean  vakie,  in  round  numbers  13600  units,  may  be  regarded 
as  not  far  from  the  truth.  But  in  the  conversion  of  N2O4 
into  2NO2,  the  vokime  becomes  doubled,  so  that  the  heat  of 
combination  of  nitrogen  atoms  at  constant  volume  is 

N.N*  =  13600-580  =  13020  units. 

(14)  Heat  of  Formation  of  the  Oxides  of  Nitrogen. — From 
his  previous  determinations,  and  taking  into  account  the  heat 
of  dissociation  of  nitrogen  peroxide,  Thomsen  calculates  that 
the  heat  of  formation  of  pure  nitrogen  peroxide  gas  at  18°  is 

N2,  202  =  N204=— 3810  units  at  constant  volume, 

while  that  of  nitrogen  dioxide  is 

N2,  202  =  2N02  =  2(  — 8415)  units  at  constant  volume. 

On  the  assumption  that  nitrogen  dioxide  has  the  constitution 

and  that  the  amount  of  heat  developed  by  the  combination  of 
two  similar  atoms  does  not  exceed  that  developed  by  their 
union  by  single  affinities,  it  is  possible  to  determine  the 
heat  of  formation  of  oxygen  molecules  by  comparison  of  the 
heats  of  formation  of  nitrogen  monoxide  and  dioxide  at  con- 
stant volume.  The  manner  in  which  the  heat-disturbance 
which  attends  the  formation  of  these  two  oxides  is  effected 
may  be  expressed  by  the  following  equations  : — 

N2,  0,  =  2N0  =2(-21575)  =2N  :  0— N  .  N— 0 .  0, 
N2,  202  =  2N02  =  2(-8415)    =4N.O— N.N. 

Or, in  words — the  heat-disturbance  of  2(  — 21575)  units,  which 
attends  the  formation  of  2  gram-mol.  props,  of  nitric  oxide 
from  1  gram-mol.  prop,  of  niti'ogen  and  1  gram-mol.  prop,  of 
oxygen,  is  the  difference  between  the  heat  absorbed  in  the 
separation  of  the  nitrogen  atoms  of  the  nitrogen  molecules, 
and  of  the  oxygen  atoms  of  the  oxygen  molecules — the 
atoms  in  both  cases  being  united  by  single  affinities — and  that 
given  out  in  the  combination  of  the  nitrogen  and  oxygen 
atoms  by  two  affinities  of  each.  In  the  case  of  the  dioxide, 
as  the  oxygen  atoms  remain  united  by  single  affinities  as  they 

*  The  dot  is  used  merely  to  indicate  the  number  of  affinities  of  eacli 
atom  engaged  in  holding  the  atoms  together. 
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were  in  the  original  oxygen  molecules,  heat  is  absorbed  only 
in  the  separation  of  the  nitrogen  atoms.  On  the  other  hand 
the  heat  developed  arises  from  the  association  of  the  nitrogen 
atoms  each  with  two  oxygen  atoms,  as  exhibited  in  the 
formula  above,  the  expression  4N .  0  signifying  merely  four 
single  nitrogen-oxygen  affinities.  On  the  assumption  that 
N :  0  =  2N  .  0,  ^.  e.  that  the  amount  of  heat  developed  when  a 
single  atom  of  nitrogen  combines  by  two  of  its  affinities  with 
a  single  atom  of  oxygen  is  double  that  to  which  the  associa- 
tion of  an  atom  of  nitrogen  by  but  one  of  its  affinities  to  an 
atom  of  oxygen  gives  rise,  the  difference  between  the  heats 
of  formation  of  nitrogen  monoxide  and  dioxide  will  be  the 
amount  of  heat  developed  in  the  formation  of  the  oxygen 
molecule : 

(N2,  202  =  2N02)-(N2,  O2=2NO)-2.13160. 
.-.  0.0  =  26320  units. 

Provided  that  the  heats  of  formation  of  nitrogen  and  oxygen 
molecules  thus  deduced  be  accepted,  the  heat  developed  in  the 
formation  of  nitric  oxide  from  nitrogen  and  oxygen  atoms 
may  also  be  ascertained,  thus  : — 

N2,  202=2NO,=2(-8415)  =  4N  .  0-N .  N 
-16830-13020=  -3810=4N .  0. 

.•.N.0= -952  units. 

The  value  thus  deduced  is  very  small,  and  probably  may  be 
regarded  as  zero,  it  being  unlikely — remarks  Thomsen — that 
there  are  atoms  which  exercise  a  negative  affinity. 

(15)  Heat  of  Formation  of  Cyanides. — Comparing  homo- 
logous cyanides,  the  difference  between  the  heats  of  formation 
of  acetouitrile  (60500)  and  propionitrile  (104310)  is  43810 
units,  or  yery  nearly  the  value  which  in  other  cases  corre- 
sponds to  a  difference  of  CH2 ;  but  the  difference  between 
hydrogen  cyanide  (10900)  and  acetouitrile  is  considerably 
greater,  viz.  49600  units,  pointing  to  a  difference  in  consti- 
tution between  the  nitriles  and  hydrogen  cyanide. 

Assuming  the  formula  of  acetouitrile  to  be  CH3 .  C  :  N, 
.the  heat  of  formation  of  the  radical  C  :  N  from  atomic  carbon 
and  ordinary  nitrogen  will  be  the  difference  between  the  heat 
of  formation  of  acetonitrile,  60500  units,  and  dr  +  v^  =59200 
units,  {.  e.  1300  units.     Adding  to  this  half  the  value  N  .  N 

C:N=  J 300 +  6510  =  7810  units. 

A  similar  calculation   for    propionitrile  gives  910  +  6510  = 
7420  units. 

In  like  manner,  adding  6510  to  the  heat  of  formation  of 
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hydrogen  cyanide  (10900  units),  the  heat  developed  in  its 
formation  from  ordinary  hydrogen,  gaseous"  atomic ''  carbon 
and  atomic  nitrogen  will  result ;  deducting  from  this  15000 
units  on  account  of  the  hydrogen,  the  remainder  (17410- 
18000  =  2410)  will  be  the  amount  of  heat  developed  in  the 
formation  of  the  radical  CN.  It  is  much  lower  than  that  found 
for  either  of  the  nitriles. 

The  heat  of  formation  of  cyanogen  from  gaseous  atomic 
carbon  and  atomic  nitrogen  is  24080  units.  Assuming  that 
it  has  the  constitution  N  ■•  C  .  C  i  N, 

24080  =  2NiC  +  C.C  =  2NiCH-i?i, 

.-.  2N  10  =  24080-14200  =  9880. 

The  value  for  N:  C  (4940  units)  thus  deduced  is  much  lower 
than  was  calculated  from  the  heat  of  formation  of  the  nitriles. 
If  it  be  assumed  that  cyanogen  has  the  formula  N  :  C  :  C  :  N 
the  value  4940  would  be  the  heat  developed  in  the  combina- 
tion of  carbon  and  nitrogen  atoms  by  double  affinities.  But 
more  probably,  says  Thomsen,  its  constitution  is  to  be  repre- 
sented by  the  formula  C  :  N  .  N  :  C,  in  which  case 

24080  =  2N:C  +  N.N; 
whence 

N:C  =  5530. 


It  would  appear,  therefore,  that  the  affinity  of  carbon  foi 
trogen  varies  accor 
values  obtained  being- 


nitrogen  varies  according  to  the  mode  of  combination,  the 


From  acetonitrile   ~)                  TsT  ^  P  /    7810 

„     propionitrile  J  *     '  *         '  \    7420 

„     cyanogen    .     .     .  (?)N:C  5530 

„     hydrogen  cyanide  (?)  N .  C  2410 

Very  probably  the  three  values  are  related  as  3:2:1,  and 
the  heat  developed  on  combination  of  carbon  and  nitrogen 
atoms  is  proportional  to  the  number  of  affinities  satisfied, 
being  on  an  average  2600  units  per  affinity. 

(16)  Heat  of  Formation  of  the  Amines. — The  difference  be- 
tween the  heats  of  formation  of  homologous  amines  is  some- 
what  greater  than  :s  usually  found  between  homologues, 
especially  in  the  case  of  secondary  and  tertiary  amines,  but 
some  uncertainty  attaches  to  the  values  for  these  latter  on 
account  of  their  high  heats  of  combustion.  The  heats  of 
formation  of  primary  amines  are  greater  than  those  of  the 
isomeric  secondary  and  tertiary  amines.     Thus 
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Methylamine .     . 
Etliylamine    . 
Propylamine . 
Amylamine    . 
Dimethylamine  . 
Diethylamine 
Trimethylamine . 
Trie  thy  la  mine     . 


46760  I       45770 

92530/  „    ,,,,^^ 
135560^.44400 

226290^.44882 

1286901   o    AC'^'j 
268300/  ^-^"^^^^ 


Primary  amines  may  be  regarded  as  formed  by  the  with- 
drawal of  a  molecule  of  hydrogen  from  a  molecule  of  ammonia 
plus  a  molecule  of  the  corresponding  hydrocarbon,  and 
secondary  as  formed  in  like  manner  froin  primary,  and  ter- 
tiary from  secondary  amines  : — 

aHj  +  NHs  =  aHj.i.NHg  +  Hs;  &c. 

The  heat-disturbance  in  such  reactions  may  be  deduced  from 
the  heats  of  formation  of  the  three  compounds,  that  of  am- 
monia at  constant  volume  being  11310  units  (Table  IX.). 

Table  IX. 


-   Callb. 

\ 

p~. 

1 
C„H6-i.NH,. 

P'. 

P'-(P+ 11310). 

Methane 

21170 

Methylamine  ... 

8380 

i         -24100 

Ethane    

27400 

Ethylamine 

15770 

!         -22940 

^  Propane 

33370 

Propylamine  ... 

20420 

'         -24260 

Pentane  

44950 

Amylamine 

35080 

-21180 

Benzene  

!  Propylene  ... 

-13670 
2060 

Aniline    

-19190 

-  2880 

-16830 
-16250 

Allylamine 

C-H,„ 

29100 

Piperidine* 

.Isobutylamiue  . 

24090 

— 163'^0 

Isobutane  ... 

40130 

35560 

-15880 

On  inspection  of  the  last  column  of  the  table,  it  will  be 
seen  that  the  primary  amines  form  two  groups ;  the  difference 
is  too  great  and  too  constant  within  each  group  to  be  the 
result  of  accident.  Hence  Thorn  sen  is  of  opinion  that  the 
amines  of  the  two  groups  differ  materially  in  constitution. 
The  numbers  for  secondary  and  tertiary  amines  (Table  X.) 
closely  resemble  those  afforded  by  the  members  of  the  seeoml 
group  of  primary  amines,  Avhich  may  be  regarded  as  indicative 
of  similarity  in  constitution. 

It  is  commonly  held  that  the  amines  are  formed  by  fh(» 
displacement  of  the  three  hydrogen  atoms  in  annnonia  one  by 

*  Thomsen  regards  piperidiue  us  a  primary  amine. 
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Tablk  X. 


Components. 

Product. 

P". 

P"-(P+P'). 

Methylamino P'=  8380 

Methane P  =21170 

Dimethylamiue  ...  P'=  10980 

Ethylamino     P'  =  15770 

Ethaue    P  =27400 

Diethylamine P'  =  26420 

■  Dimethylamiue  ... 
I  Trimethylamine ... 

I  Diethylamine 

Triethylamine 

10980 
13550 

26420 
38020 

-18570 
-18600 

-16750 
-15800 

one  by  hydrocarbon  radicals,  on  which  view  it  is  to  be  ex- 
pected that  equal  amounts  of  heat  would  be  developed 
at  each  stage.  This,  however,  is  not  the  case  (Table  X.) : 
the  displacement  of  the  first  hydrogen  atom  by  methyl 
occasioning  a  much  smaller  heat-disturbance  than  that  of 
either  the  second  or  third  atom,  the  amounts  being  very 
nearly  the  same  in  the  case  of  these  latter  however.  The 
difference  may  arise  either  because  the  hydrogen  atoms  in 
ammonia  are  of  different  value,  or  because  the  change  is 
not  of  the  nature  supposed.  In  the  former  case  one  of  the 
hydrogen  atoms  must  be  regarded  as  more  firmly  held  than 
the  other  two,  and  in  the  formation  of  methylamine  that  which 
is  most  firmly  held  would  be  first  displaced  ;  but  it  is  not 
easy  to  explain  why  this  should  be  the  case.  Moreover,  in 
the  formation  of  the  group  C  .  NIL,  on  the  one  hand  in  the 
primary  amines  containing  methyl,  ethyl,  propyl  and  amyl,  on 
the  other  in  aniline  and  allylamine,  there  is  a  difference  in  the 
amounts  of  heat  evolved  of  about  7000  units.  It  is  also  im- 
probable, if  the  constitution  of  the  amines  be  that  commonly 
supposed,  that  the  introduction  of  the  first  methyl  or  ethyl 
into  ammonia  should  involve  an  increase  in  the  heat  of  neu- 
tralization, and  that  of  the  second  and  third  a  considerable 
diminution*.  Thomsen  therefore  seeks  to  deduce  the  heat  of 
formation  of  the  primary  amines  of  the  first  group  on  the 
assumption  that  they  differ  in  constitution  from  those  of  the 
second  group.  Assuming  the  nitrogen  to  be  pentadic,  the 
constitution  of  methylamine  may  be  represented  by  the  for- 
mula HgC  :  NH3,  i,  e.  it  may  be  regarded  as  formed  by  direct 
combination  of  methylene  with  ammonia.     The  heat  of  for- 

*  Amrnonia  _ 12270 1  ^nits  of  heat  developed  on 

Methylamine ISllo  f       neutraUzing  with   chlor- 

Dimetiylamme....  11810  T      i,^.d,ie  add! 

Trimethylamine...  8/4UJ 
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mation  of  methylamine  from  atomic  carbon  being  46760  units, 
that  of  ammonia  11310  units,  and  that  of  methylene  ^r  or 
30000  units. 

46760  =  (C,H2)+i(N2,3H2)4-(CH2,  NH3)  ; 
.-.  (OH2,NH3)=  5450  units. 

An  ahnost  identical  value  (5530  units)  was  previously  de- 
duced from  the  heat  of  formation  of  cyanogen  for  C  :  N. 
Hence  Thomsen  concludes  that  the  interpretation  thus  put  upon 
the  reaction  involved  in  the  formation  of  methylamine  is 
justified. 

If  methylamine  be  represented  by  the  formula  H2C :  NH3, 
the  formulae  of  di-  and  trimethylamine  will  be 


H2C 
H.C 


5'[NH2,  H3C.VNH. 


The  heat  of  formation  of  the  group  associated  with  the  hydro- 
carbon radical  in  each  of  these  amines  may  be  calculated 
from  the  following  equations  : — 

C  :  NH3=20  .  N  +  3N .  H-iN .  N  =  16510  units. 

S'lNH2=30.N  +  2N.H-iN.N=  13170      „ 


O.J 

0 

0.  VNH=4C.N+  N.H-iN.N=    9830 


:!  .  VNH  =' 

.3 


The  value  of  C.N  has  previously  been  determined ;  that  of 
N  .  H  is  given  by  the  equation 

6N.H  =  (N2,  3H3)+N.N  +  3H.H; 

but  we  have  no  means  of  determining  H  .  H.     Hence 

N.H  =  5940  +  iH.H    and    i(2N  .  H2)  =  5940. 

Adding  the  values  for  the  hydrocarbon  radicals,  the  heats  of 
formation  of  the  three  methylamines  will  be  as  follows  :  — 

Found. 
Methylamine      =  2r+ 16510=   46510  46760 

Uimethylamine -^  5y  + 13170=    88170  87740 

Trimethylamine  =  8>"+    9830=129830          128690 

If  aniline  were  constituted  like  methylamine,  it  would  be 
represented  by  the  formula  CeH^  :  NH3 ;  but  in  a  body  of 
this  formula  the  nitrogen  atom  would  be  united  to  two  carbon 
atoms,  as  each  carbon  atom  in  benzene  carries  but  a  single 
hydrogen  atom,  so  that  if  it  be  assumed  that  in  the  amines 
the  nitrogen  is  always  combined  with  only  a  single  carbon 
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atom  of  the  radical  such  a  formula  is  impossible,  and  the 
ordinary  formula  must  be  assigned  to  aniline.  The  heat  of 
formation  would  then  be 

5r  +  9?;  +  N.C  +  2N.H-iN.N  =  210770  units. 

The  value  found  experimentally  is  211090  units,  thus  con- 
firming the  formula  NHg .  CcHg. 

(17)  Heat  of  Formation  of  Pyridine. — Pyridine  is  usually 
represented  by  the  formula 

HC=CH— CH 

1  II 

HC=  N  — CH 

The  heat  of  formation  of  such  a  compound  would  be 

5,.  +  2ri  +  2^2  +  C=N—C=  131800  +  C=N—C. 

The  difference  between  the  heat  of  formation  calculated  from 
the  heat  of  combustion,  P  =  171370  units,  and  131800  units, 
viz.  39570  units,  should  represent  the  amount  of  heat  deve- 
loped in  the  fixation  of  the  nitrogen  atom  ;  but  it  so  exceeds 
the  values  found  in  the  case  of  all  other  nitrogen  compounds 
that  the  assumption  that  doubly-linked  carbon  atoms  are 
present  in  pyridine  must  be  abandoned.  If  a  formula  similar 
to  the  prism  formula  for  benzene  be  adopted,  the  heat  of  for- 
mation may  be  expressed  as  follows  : — 

5r  +  6i-i  +  N  =  03= 160200  + N  =  C3. 

The  value  of  N^^Csthus  found,  11170  units,  is  also  unusually 
hioh  ;  pyridine  therefoi-e  must  diffei-  from  benzene  in  consti- 
tution ;  Thomsen  suggests  the  formula 

/CH — CH 

N— CH     X 
\oH~CH 

the  calculated  heat  of  formation  of  such  a  compound  being- 
very  nearly  that  found  for  pyridine  (171370  units),  thus: 

5r  +  7t'  +  C  .  N=  170490  units. 

(18)  Nitro-paraffins. — Nitromethane  and  nitroethane  are 
commonly  regarded  as  compounds  of  the  form  R  .  NOg.  De- 
ducting the  heats  of  formation  of  the  hydrocarbon  radicals 
from  the  observed  heats  of  formation  of  the  compounds,  the 
difference  will  be  the  heat  developed  in  the  formation  of  the 
radical  C  .  NO2. 
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P. 

R. 

P-R. 

Nitromethane . 

55820 

^r           =   45000 

10820 

Nitroethane  . 

101900 

5?"  +  2y  =  89200 

12700 

The  mean  value  of  P  — R  is  thus  11760  units:  deducting  from 
this  the  heat  developed  on  combination  of  a  carbon  and  a 
nitrogen  atom  by  a  single  affinity,  2600  units,  the  remainder, 
9160  units,  is  the  heat  developed  in  the  formation  of  nitrogen 
dioxide  ;  but  this  has  previously  been  stated  to  be  —8415 
units  (§  14).  So  that  the  value  deduced  from  the  two  nitro- 
compounds under  consideration  dilFers  to  the  extent  of  17575 
units  from  that  determined  experimentally  by  means  of  nitric 
peroxide.  This  result  is  again  suggestive  of  a  constitution 
different  from  that  commonly  attributed  to  the  nitroparaffins. 
Thomson  points  out  that  by  formulating  them  as  nitroso- 
alcohols,  heats  of  formation  maybe  deduced  which  agree  with 
those  found  ;  thus  : — 

Nitromethane  =  CHg  (NO).OH  =  2r  +  C.OH  +  C.N  +  N.O 

=   55820  units. 

Nitroethane    =CH(CH3)(N0).0H  =4r  +  i)-+ C.OH  +  C.N  +  NO 

=  101900  units. 

Putting  r  =  15000,  <;=  14200,  C  .  OH  =  44520  (§  10),  and 
C-.  N  =  2600  (§  15),  the  heat  of  formation  of  NO  will  be— 

If  calculated  from  Nitromethane,  — 21300  units, 
„  „     Nitroethane,    —19420     „ 

These  values  differ  but  slightly  from  that  found,  viz.  —21575 
units. 

(19)  Heat  of  Formation  of  Sulphur  Compounds. — It  will  not 
be  necessary  to  discuss  Thomson's  conclusions  regarding  these 
compounds  ;  it  will  suffice  to  call  attention  to  the  one  instance 
in  which  he  arrives  at  a  result  at  variance  with  received 
opinion.  This  is  in  the  case  of  thiophen,  which  is  usually 
represented  by  the  formula 

/CH=CH 
S<  J     . 

\CH=CH 

On  grounds  similar  to  those  advanced  in  the  case  of  benzene 
and  pyridine,  Thomson  concludes,  however,  that  the  carbon 
atoms  cannot  ho  doubly  linked,  but  that  they  are  united  by 
five  single  bonds,  and  that  the  sulphur  atom  is  united  to  a 
single  carbon  atom  by  two  affinities,  as  shown  hy  the  formula 

/CH\ 

S=C<    I      >CH2. 

\CH/ 
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(20)  Tlius  far  I  have  only  endeavoured  to  give  an  abstract 
of  Tliomsen's  arguments  and  conclusions,  quoting  as  far  as 
|)0ssible  bis  own  words.  Many  of  liis  deductions  are  in  the 
highest  degree  remarkable.  Ilccalling  the  more  striking,  he 
not  only  finds  that  the  same  amount  of  heat  is  developed  in 
the  combination  of  carbon  atoms  as  they  occur  in  ethylene 
and  as  in  the  paraffins — in  other  words,  that  even  in  the  ole- 
fines  the  carbon  atoms  are  united  only  by  single  bonds — that, 
in  fact,  there  are  no  such  things  as  "double  bonds  ";  but  he 
also  arrives  at  the  startling  conclusion  that  in  the  formation 
of  acetylene  the  carbon  atoms  unite  without  any  evolution  of 
heat :  so  that  we  are  forced  to  assume  that  in  an  acetylene 
not  only  is  there  no  treble  or  double  bond,  but  not  even  a 
single  bond  !  Then  ethylene  oxide  is  pronounced  to  be  methy- 
lene oxide  ;  the  aldehydes  are  /;yfZ?'o.^?^-compounds  ;  and  pro- 
bably methylal  and  methylic  orthoformate  are  also  alcoholic 
bodies.  Lastly,  the  amines  are  to  be  regarded  as  derivatives  of 
pentad  nitrogen ;  and  pyridine  is  7iot  analogous  in  constitution 
to  benzene. 

(21)  Now,  admitting  even  that  a  more  careful  consideration 
of  the  chemical  evidence  might  result  in  our  acknowledging 
the  correctness  of  Thomsen's  conclusions  in  some  few  cases, 
it  is  impossible  to  do  this  in  the  majority  of  instances :  we 
cannot  admit  that  the  carbon  atoms  in  ethylene  oxide  are  dis- 
united, and  that  this  compound  is  in  reality  a  methylene  oxide; 
and  every  chemist  must  regard  Thomsen's  formulse  for  the 
amines  as  altogether  lacking  probability.  Moreover,  the 
method  by  which  the  constitution  of  bodies  like  ethylene  oxide 
and  the  amines  is  ordinarily  arrived  at,  is  the  method  by 
which  the  constitution  of  compounds  generally  is  determined. 
Hence,  if  we  accept  Thomsen's  conclusions  in  their  entirety, 
results  arrived  at  by  the  strict  application  of  the  same  method 
throughout  are  to  be  accepted  in  some  instances  but  rejected 
in  others.  To  admit  this  would  be  to  acknowledge  that  our 
entire  system  of  constitutional  formulse  is  based  upon  a  false 
conception,  to  which  there  is  no  possible  key.  That  current 
views  of  structure  require  modification  in  some  not  unessential 
particulars,  I  have  long  been  of  opinion  ;  but  that  they  will 
have  to  be  modified  to  the  extent  which  Thomsen's  arguments 
indicate  appears  to  me  altogether  improbable. 

(22)  It  remains,  therefore,  to  seek  for  some  explanation  of 
his  anomalous  results,  and  one  of  the  first  questions  to  be 
answered  is:  Are  we  justified  in  regarding  the  value  135340 
units  as  the  true  heat  of  combustion  of  gaseous  atomic  carbon  ? 
Thomsen's  determination  of  this  value  involves  the  assump- 
tion :  that  when  a  molecule  of  oxygen  combines  with  tvfo 
molecules   of  gaseous  carbon  monoxide,   the   same  amount 
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of  heat  is  developed  as  if  combination  were  to  take  place 
between  an  oxygen  molecule  and  a  single  carbon  atom,  due 
allowance  being  made  for  the  change  in  volume.  But  it  is 
by  no  means  certain  that  this  is  the  case — that  the  addition 
of  the  first  and  second  atom  of  oxygen  to  a  carbon  atom 
involves  the  development  of  the  same  amount  of  heat.  The 
argument  that  it  does,  which  has  been  based  on  the  results 
obtained  for  certain  solid  oxides  in  cases  where  both  higher 
and  lower  oxide  are  ultimately  obtained  in  the  same  state  of 
aggregation  as  the  element  oxidized,  cannot,  in  my  opinion, 
be  accepted  in  evidence,  for  the  very  reason  that  in  the  cases 
in  question  sohds  are  dealt  with  throughout.  If  we  consider 
what  are  the  properties  of  carbon  monoxide,  they  are  such  as  on 
the  whole  favour  the  contrary  view,  viz.  that,  of  the  total  heat 
developed  in  the  formation  of  carbon  dioxide,  the  larger  pro- 
portion is  given  out  in  the  combination  of  the  carbon  atom 
with  a  single  oxygen  atom.  It  is  especially  noteworthy,  in 
fact,  that  carbon  monoxide  does  not  appear  to  be  so  markedly 
unsaturated,  combining  directly  with  but  a  limited  number  of 
other  bodies  and,  as  a  rule,  only  under  special  conditions.  If 
this  view  be  accepted,  135340  units  is  too  low  a  value  for 
/.  Ci  (§  4) ;  in  other  words,  /.  Cl  =  135340  +  .^■;  and  I  think 
facts  justify  the  conclusion  that  .t  has  a  high  value. 

(23)  As  the  value  /.  Ci  is  made  use  of  in  deducing  the 
amount  of  heat  developed  in  the  formation  of  carbon  com- 
pounds generally,  the  calculation  of  the  amount  of  heat 
developed  in  the  combination  of  hydrogen  with  carbon  from 
the  heat  of  formation  of  methane  and  other  hydrocarbons 
must  also  be  affected  by  the  error  which  possibly  has  been 
made  in  determining/.  Ci. 

(24)  Thomsen's  conclusion  that  i"3  =  0  (§  7)  is  also,  I 
imagine,  evidence  of  a  flaw  somewhere  in  the  argument  by 
which  so  improbable  a  conclusion  is  arrived  at.  Now,  it  is 
assumed  by  him  that  the  heat  developed  in  the  formation  of 
methane  (59550  units)  is  given  out  in  the  combination  of  two 
molecules  of  hydrogen  with  a  single  atom  of  carbon  ;  as  pre- 
viously explained  (§  (5),  it  amounts  in  round  numbers  to  (lOOOO 
units  =  2(2?').  The  corrected  value  for  the  heat  of  formation  of 
methane  will  therefore  be  60000  +  x  units,  and  the  corrected 
value  of  2r  will  consequently  bo  30000 +  M'  units.  But  if 
this  be  granted,  it  follows  that,  in  order  to  determine  ^3,  it  is 
necessary  to  add  to  the  heat  of  formation  of  acetylene  calcu- 
hitcd  by  Thomsen  (28990  units)  twice  the  value  of  x,  and  to 
deduct  only  2?-  +  ^.r=30000  +  \x.  This  will  give  - 1010  -f  lU', 
instead  of  zero,  as  the  value  of  v^ ;  so  that  the  heat  of  forma- 
tion of  acetylene  may  well  be  a  fairly  high  positive  value. 
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Althougli  acetylene  is  especially  prone  to  undergo  change,  I 
think  it  is  incorrect  to  speak  of  it  as  an  ''  easily  decomposable  " 
hydrocarbon  (p.  84) ;  its  apparent  instability  is  probably  the 
direct  outcome  of  its  "  unsaturatedness "" — of  the  readiness 
with  which  it  consequently  enters  into  combination. 

(25)  I  certainly  believe,  with  Lessen  and  Thomsen,  that 
compounds  of  the  olefine  and  acetylene  type  are  truly  un- 
saturated bodies  ;  and  that  the  affinities  of  the  carbon  atoms 
cannot  be  supposed  to  have  satisfied  each  other  in  the  manner 
indicated  by  the  formula  usually  employed*.  But,  on  the 
other  hand,  I  hold  it  to  be  both  possible  and  probable  that  in 
the  formation  of  the  olefines,  for  example,  there  is  a  partial 
neutralization— a  partial  outgoing  of  energy — beyond  that 
which  occurs  in  the  formation  of  paraffins.  What  appears  to 
be  direct  confirmation  of  this  view  is  afforded  by  Thomson's 
observations  that  the  heat  of  combustion  of  trimethyhne 
exceeds  that  of  its  isomer  propylene  by  6690  units.  Tri- 
methylene  is  regarded  by  many  as  a  "  closed  chain  "  hydro- 
carbon, consisting  of  three  CHg  groups,  while  propylene  is 
methylethylene,  the  formulge  being 

CH,  CH.CHs 


H2C — CHg  CH2 

Trimethyleue.  Propylene. 

Trimethyleue  combines  much  less  readily  with  bromine  than 
does  ordinary  propylene  ;  but,  in  my  opinion,  there  is  no 
chemical  evidence  to  justify  the  assum]ition  that  the  former 
is  a  "  closed-chain  ^'  compound.  The  properties  of  trimethy- 
leue may  be  explained  by  regarding  it  as  an  open-chain 
hydrocarbon  of  the  formula  CII2  •  CHg .  CHg,  which  exhibits 
two  of  the  carbon  atoms  as  possessing  each  a  "free  affinity;" 
and  the  sluggish  behaviour  with  bromine  may  be  attributed 
to  the  fact  that  the  "  free  affinities '"'  are  not  associated  with 
contiguous  carbon  atoms.  Thomsen's  observation,  assuming 
it  to  be  correct,  not  only  affords  evidence  in  support  of  this 
conclusion,  but  may  also,  I  think,  be  held  to  prove  that  in 
propylene  the  affinities  of  the  carbon  atoms  partially  satisfy 
each  other  beyond  the  point  which  would  be  t^-^iified  by  the 
formula  HgC .  CH .  CH3,  as  the  difference  of  6690  units 
between  the  heats  of  combustion  of  the  isomers  is  considerably 
below  the  probable  value  of  i',.  If  this  view  be  correct,  the 
value  of  ^2  is  not  determined  by  deducting  the  difference 
between  the  heats  of  combustion  of  a  paraffin  and  the  corre- 
sponding olefine  (§  4)  from  the  heat  of  combustion  of  gaseous 
*  See  also  Bruhl,  Liebig's  Annalen,  1882,  ccxi.  p.  162. 
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atomic  carbon  :  the  value  thus  calculated  is  less  than  fj,  but 
greater  than  Vy 

(26)  As  regards  Thomsen's  conclusion  that  Vi  =  V2 — in 
other  words,  that  there  is  no  such  thing  as  a  double  bond,  it 
is  to  be  remarked  also  that  no  great  confidence  can  be  placed 
in  the  determination  of  the  value  of  v^.  involving  as  it  does 
the  use  of  the  heat  of  combustion  of  carbon  monoxide.  More- 
over it  cannot  be  assumed,  as  a  matter  of  course,  that  if  a 
compound  C2O2  did  exist  (§  4),  it  would  be  strictly  speaking 
an  analogue  of  C2H4;  i.  e.  that  the  energy  of  combination  of 
two  carbon  atoms  would  be  the  same  in  the  two  cases,  whether 
they  were  associated  with  oxygen  or  hydrogen — this^  in  fact, 
is  the  point  to  be  proved.  The  non-existence  of  a  compound 
C2O2  may  even  be  regarded  as  disproving  any  such  conclusion. 
The  agreement  between  theory  and  practice,  i.  e.  between  the 
calculated  and  observed  heats  of  formation  of  olefines,  might 
be  claimed  on  behalf  of  Thomsen  ;  but  the  amount  of  evidence 
of  this  kind  is  too  small  at  present,  added  to  which  marked 
discrepancies  actually  do  occur  among  define  derivatives — 
as  in  the  case  of  the  allyl  compounds,  to  which  attention  has 
already  been  more  than  once  directed. 

(27)  Finally,  another  argument  against  the  cori-ectness  of 
Thomsen's  conclusions  may  be  based  upon  the  values  which 
he  has  put  forward  (it  is  right  to  say,  with  reservation)  as 
representing  the  affinities  of  certain  elementary  atoms,  viz.: — 

C  .  C  =     14200  units 
N.K=    13020     ,. 
0.0=2.13970     ,; 
I.  I  =2.13160     „ 

Except  in  the  case  of  carbon,  these  values  are  supposed  to 
be  the  amounts  of  heat  developed  in  the  formation  of  the 
molecules  from  the  atoms.  In  the  case  of  carbon,  as  pointed 
out  in  §  7,  Thomsen  considers  it  probable  that  the  atoms  in 
the  molecule  are  united  in  such  a  manner  that  at  most  two 
affinities  are  exerted  per  atom  :  so  that  of  38380  units — being 
the  difference  between  the  heat  of  combustion  of  ordinary 
amorj)hous  carbon  and  the  hypothetical  heat  of  combustion 
of  gaseous  atomic  carbon — 2.14200  units  are  required  to  sepa- 
rate the  carbon  atoms  from  each  other ;  the  remaining  9980 
units  are  supposed  to  be  absorbed  in  gasifying  the  carbon. 
But  if  we  take  into  account  the  properties  of  the  four  elements 
in  question,  it  is  inconceivable  that  the  numbers  given  bv 
Thomsen  can  represent  the  amounts  of  energy  to  be  expended 
in  effecting  their  molecular  simplification.  Iodine  we  know, 
from  V.  Meyer's  exjieriments,   and  from  those  of  Meier  and 
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Crafts,  is  resolved  into  monatomic  molecules  with  compara- 
tive ease,  although  far  loss  readily  than  nitrogen  peroxide  is 
resolved  into  nitrogen  dioxide  ;  but  the  entire  behaviour  of 
oxygon,  nitrogen  and  carbon  would  seem  to  show  that  the 
stability  of  their  molecules  is  enormously  greater  than  that  of 
diatomic  iodine  molecules.  Thomson's  conclusion  also  appears 
the  less  likely  to  command  acceptance  when  the  mode  of  de- 
ducing the  values  for  nitrogen  and  oxygen  is  considered,  and 
it  is  remembered  that  the  value  for  nitrogen  is  nothing  more 
than  the  heat  of  dissociation  of  nitrogen  peroxide.  All  the 
facts,  so  far  as  I  can  interpret  them,  appear  to  me  to  show 
that  nitrogen  peroxide  and  nitrogen  are  to  be  placed  at  the 
very  opposite  extremes  in  the  scale  of  molecular  stability. 
Another  instance  of  the  unsatisfactory  nature  of  the  argument 
upon  which  Thomson's  determinations  of  the  affinity  values 
for  nitrogen  compounds  is  based  is  afforded  by  nitric  oxide, 
the  formation  of  which,  from  its  atoms,  would,  it  is  supposed, 
take  place  without  evolution  of  heat.  Meyer  and  Zliblin  have 
shown,  however,  that  this  gas  is  stable  at  1200",  although  it 
is  entirely  decomposed  at  about  1700°. 

(28)  It  remains  to  consider  those  results  which  are  inde- 
pendent of  any  correction  in  the  value  of/.  Ci,  &c.  Among 
the  most  interesting  are  those  relating  to  the  chlorides  (§  9), 
and  to  isomeric  alcohols  (§  10).  As  regards  the  former  it 
will  be  recollected  that  whereas  the  addition  of  a  single  atom 
of  chlorine  is  attended  by  a  heat-evolution  of  only  13500 
units,  that  of  ttvo  involves  the  production  of  no  less  than 
2.16500  units,  that  of  three  of  13500 -1-2.16500  units,  and  that 
o?  four  of  2.135004-2.16500  units.  It  appears  to  me  that 
the  greater  amount  of  heat  developed  in  the  formation  of  the 
symmetrical  cZz-derivative  (symmetrical  as  regards  the  relation 
of  the  chlorine  atoms  to  the  carbon  atom  or  atoms)  is  pro- 
bably due  to  the  partial  neutralization  of  the  (residual)  affinity 
of  the  one  chlorine  atom  by  that  of  the  other.  It  is  unfortu- 
nate that  no  chlorine  compound,  in  which  the  two  chlorine 
atoms  are  associated  with  non-contiguoiis  carbon  atoms,  has 
been  examined.  According  to  the  view  here  put  forward  it  is 
scarcely  to  be  expected  that  in  such  a  case  there  will  be  the 
extra  development  of  heat  which  Thomson  has  noticed, 
although  it  is  conceivable,  however,  that  the  association  of  an 
even  number  of  chlorine  atoms  either  with  a  single  carbon 
atom,  or  with  contiguous  or  symmetrically  placed  carbon 
atoms,  may  involve  an  extra  outgoing  of  affinity. 

(29)  Passing  to  the  alcohols,  we  have  to  note  Thomson's 
conclusion  that  the  primary  have  the  highest,  and  the  isomeric 
tertiary  the  lowest  heats  of  combustion,  the  secondary  occu- 


the  Connlilution  of  Carbon  Compounds.  107 

pying  an  intermediate  position.  To  judge  from  the  compara- 
tively greater  stability  of  the  primary  alcohols,  an  opposite 
result  might  fairly  have  been  looked  for. — Here,  again,  I  con- 
tend that  it  is  to  the  local  accumulation  of  negative  elements 
that  we  must  attribute  the  increased  development  of  heat  ob- 
served in  the  formation  of  tertiary  alcohols,  &c. 

The  peculiar  behaviour  of  the  amines  may,  I  think,  be  ex- 
plained on  similar  lines. 

Thomsen^'s  observations  on  ethylene  oxide  and  aldehyde  are 
also  of  great  interest  from  this  same  point  of  view;  they 
clearly  prove  that  these  compounds  are  not  only  unsaturated 
in  the  ordinary  sense,  but  that  they  are  actually  to  a  con- 
siderable extent  unexhausted  bodies.  Retaining  the  formula 
ordinarily  assigned  to  ethylene  oxide,  I  am  inclined  to  think 
that  it  is  a  direct  consequence  of  the  structure  of  the  com- 
pound— especially  of  the  relation  in  which  the  single  oxygen 
atom  stands  to  the  two  carbon  atoms,  that  the  affinities  of  the 
oxygen  atom — and  probably  of  the  carbon  atoms  likewise — 
are  tar  fj'om  being  satisfied.  And  in  the  case  of  aldehyde, 
whether  the  oxygen  atom  is  or  is  not  associated  by  two  affinities 
with  the  carbon  atom,  as  ordinarily  supposed,  there  can 
be  little  doubt  that  any  fonnula  in  which  the  oxygen  atom  is 
represented  as  "  fully  combined  "  with  the  carbon  atom  is 
more  or  less  misleading;  meanwhile,  therefore,  it  is  advisable 
to  formulate  the  aldehydes  as  containing  the  radical  C(0)H. 

The  very  low  values  found  for  the  heats  of  formation  of  the 
simpler  cyanogen  com[)ounds  wonld  appear  to  furnish  addi- 
tional evidence  in  support  of  the  view  that  the  polyad  nega- 
tive elements  are  endowed  with  peculiarities  which  limit  the 
extent  to  which  on  entering  into  combination  they  can 
mutually  satisfy  or  neutralize  their  affinities. 

(30)  Thomsen  has  contended,  time  after  time,  that  his 
results  atibrd  a  solution  of  the  problem  which  has  of  late 
years  very  properly  excited  so  much  attention,  viz.  that  of 
the  constitution  of  benzene.  As  pointed  out  in  §  8,  he 
maintains  that  the  six  atoms  of  carbon  in  this  hydrocarbon 
are  linked  together  by  nine  "  single  bonds,"  and  not,  in  the 
manner  indicated  by  Kekulc's  well-known  formula,  by  three 
single  and  three  double  bonds.  Although  of  opinion  that  we 
cannot  at  present  accept  so  absolute  an  interpretation  of  the 
thermochemical  data,  I  yet  think  that  Thomsen's  results, 
taken  together  with  all  that  is  known  of  benzene,  must  be 
held  to  prove  that  benzene  is  in  no  sense  a  compound  of  the 
same  order  as  an  olefine  ;  and  that  Kekulc's  formula,  if  used 
at  all,  must  be  literally  interpreted  as  indicating  that  the 
carbon  atoms  are  held  together  by  nine  affinities,  there  being 
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abundant  evidence  to  show  that  in  the  olefines  the  carbon 
atoms  are  not  held  together  by  double  bonds.  In  other 
words,  if  we  employ  Kekule's  benzene  formula,  we  are  bound 
to  abandon  the  use  of  the  conventional  formula  for  olefines. 
From  this  point  of  view  I  see  little  difference  between 
Kekule's  symbol  and  the  prism  formula  or  the  modification 
of  the  latter  quite  recent!)^  advocated  by  Thomsen  (Deut. 
ehem.  Ges.  Ber.  xix.  p.  2944).  Objections  have,  however, 
been  urged  against  the  prism  formula  v.-hich  appear  to  be 
justified  ;  the  symbol  advocated  by  Thomsen  can  scarcely  be 
regarded  as  marking  any  particular  advance  ;  and  Kekule's 
symbol  is  open  to  the  oft-raised  objection  that  it  indicates 
the  existence  of  four  distinct  di-derivatives.  I  venture  to 
think  that  a  symbol  free  from  all  objections  may  be  based  on 
the  assumption  that  of  the  twenty-four  affinities  of  the  six 
carbon  atoms  twelve  are  enoraged  in  the  formation  of  the  six- 
carbon  nng  and  six  in  retaining  the  six  hydrogen  atoms,  in 
the  manner  ordinarily  supposed  ;  while  the  remaining  six 
react  upon  each  other, — acting  towards  a  centre  as  it  were  : 
so  that  the  "  affinity  "  may  be  said  to  be  uniformly  and  sym- 
metrically distributed.  I  would,  in  fact,  make  use  of  the 
following  symbol : — 

H         H 

0 C 

/\  /\ 

HC— *      — CH 

V  \/ 

c — c 

H        H 

The  only  difference  between  this  symbol  and  those  employed 
hitherto  arises  from  the  fact  that  I  do  not  consider  that, 
apart  from  its  connexion  with  the  other  carbon  atoms  owing 
to  their  association  in  a  ring,  any  one  carbon  atom  is  directly 
connected  with  any  other  atom  not  contiguous  to  it  in  the 
ring ;  my  opinion  being  that  each  individual  carbon  atom 
exercises  an  influence  upon  each  and  every  other  carbon 
atom.  The  idea  here  expressed  is^  I  believe,  essentially  diffe- 
rent from  that  embodied  in  the  somewhat  similar  symbol 
used  by  Lothar  Meyer  (^Modcrnen  Theorien  der  Chemie,  ed.  4, 
1883^  p.  262  ;  comp.  also  Briihl,  loc.  cit.  p.  12) :  as,  according 
to  my  view,  there  is  an  excess  of  (negative)  affinity  beyond 
what  is  required  to  maintain  the  CeHg  ring  ;  and  as  I  do  not 
consider  that  each  carbon  atom  can  be  supposed  to  have 
an  af^niiy  free. 
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(31)  While  of  opinion  therefore  that  the  arguments  ad- 
vanced by  Thomsen,  as  a  rule,  do  not  suffice  to  substantiate 
his  views,  I  would  yet  express  my  conviction  that  even  in 
their  present  form  his  results  are  of  the  very  greatest  value, 
and  that  it  is  already  possible  to  base  important  theoretical 
conclusions  upon  them.  It  may  be  doubted  Avhether  it  will 
ever  be  possible  to  determine  the  value  of/.  C,  in  the  manner 
he  suggests  ;  but  fortunately  many  of  the  problems  of  che- 
mical affinity  which  press  for  solution  may  be  solved  without 
the  knowledge  of  this  value  by  comparing  isomeric  compounds, 
as  in  the  case  of  the  alcohols,  for  example  §§  10,  29  :  and  it  is 
in  this  direction  that  further  investigation  appears  to  be  most 
likely  to  lead  to  valuable  results. 

It  is  before  all  things  important,  however,  that  independent 
investigators  should  occupy  themselves  with  thermochemical 
studies,  in  order  that  the  fundamental  values  may  be  placed 
beyond  doubt  and  that  accurate  thermochemical  data  may 
be  accumulated  for  discussion  ;  moreover,  it  is  essential  to 
extend  the  field  of  study  so  as  to  include  members  of  every 
class  of  compound. 


XII.  Note  on   the  foregoing   Comnmnxcation.     By   SpenceR 
Umfreville  Pickering,  M.A.,  Professor  of  Chemistry  at 
-Bedford  College*. 

IN  the  foregoing  communication  Professor  Armstrong 
makes  a  suggestion  which  must  recommend  itself  to 
most  chemists — that  the  heat  evolved  on  the  fixation  of  one 
atom  of  oxygen  by  one  atom  of  carbon  is  greater  than  that 
evolved  on  the  subsequent  addition  of  a  second  oxygen  atom 
to  the  compound  thus  formed.  The  fundamental  value,/.  Ci, 
on  which  all  Thomsen's  calculations  are  based,  will  thus  be 
erroneous;  and  the  only  meaning  which  can  then  be  attached 
to  his  values  for  r^,  ro,  and  rg  will  be  the  differences  between 
their  actual  values. 

Thus,  t'2  is  given  by  the  equation 

V,  =f.  Ci  -  [  (C^H,,  30^)  -  (CH„  2O2)  ] 

=/.Ci- (333350-211920); (I.) 

and  Vi  is  deduced  from  the  heat  of  formation  of  ethane, 

(20,3H2)  =  6r  +  i'i 

3(H^0^27- Ci-7CoHe,  |0^ 
3x68360  +  2/.  Ci- 370440  =  6  7- +  ui;    .    .    (11.) 
*  Communicated  by  the  Author. 
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in  which  the  value  of  r,  as  deduced  from  the  equation 
(C,  2H2)  =  4r  =  2(H2,  iOo)+/.Ci-fCH„202) 
=  2  X  68360    +/.  C\- 211930, 
may  be  substituted,  thus  giving 

3x  68360  +  2/ Ci-370440  =  3x  68360  + 54^^-^^^^^^+'' 

1  -^  2  2 

whence 

t,i  =  -^ -370440+ ^^^-^^i^;    .     .     (TIL) 

and,  by  combining  this  equation  with  (I.),  we  get  the  differ- 
ence between  the  vahies  of  r-i  and  ri,  independent  of  the 
value  of/.  Ci,  or  of  any  quantities  other  than  those  deter- 
mined experimentally, 

2i-i-r2  =  13920. 
Similar  results  are  obtainable  with  v^. 

Now,  adopting  Professor  Armstrong's  view  that  Thomsen's 
value  for/.  Cj  should  be  increased  by  some  unknown  quantity, 

X.  it  will  follow  that  the  value  for  r  will  become  ?•+  7,  while 

4 

X 

those  for  rj,  v^-,  and  v^  will  be  converted  into  v^-V  -j  v^-^x, 
and  f's  +  -^  respectively ;  or 

V 

ri  =  14056   +  7T> 
r,  =  14250* +  .r, 

?)X 

1-3=    —81    +-2"* 

The  importance  of  these  values  can  scarcely  be  overrated. 
If,  as  seems  very  probable,  x  represents  some  number  con- 
siderably larger  than  14000  cal.,  the  heat  evolved  in  the  union 
of  two  carbon  atoms  will  be  very  nearly,  though  not  quite, 
proportional  to  the  number  of  bonds  by  which  they  are  united; 
a  view  which,  I  think,  must  be  admitted  to  be  highly  probable. 
We  at  once  obviate  the  necessity  for  denying  that  carbon  atoms 
can  be  joined  by  anything  but  single  bonds,  and  that  com- 
pounds containing  trebly-bound  carbon  atoms  are  not  really 
compounds  at  all ;  while  the  slight  loss  of  energy  entailed  in 
substituting  a  double  bond  for  two  single  ones,  and  a  treble 
bond  for  a  double  and  single  one,  gives  an  explanation  of 
the  relative  instability  of  unsaturated  hydrocarbons.  Thom- 
sen's conclusions  tend  to  entirely  destroy  the  bond  theory  ; 

*  14056x2—14250  gives  1.38G2,  instead  of  13920  as  above,  owing  to  its 
being  deduced  from  mean,  instead  of  special  results. 
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whereas  his  results,  when  studied  from  the  present  stand- 
point, not  only  confirm  it,  but  endue  it  for  the  first  time  with 
a  clear  kinetic  meaning. 

Passing  on  to  other  cases  affected  by  the  introduction  of  x: 
it  will  be  seen  that  the  union  of  the  carbon  atoms  in  the 
(hypothetical)  gaseous  molecular  carbon  by  single  bonds  only, 
and  the  non-existence  of  the  fourfold  bond,  is  no  longer 
tenable;  and  that  the  whole  basis  of  the  argument  on  which 
the  surprisingly  small  values  for  the  formation  of  molecular 
nitrogen  and  molecular  oxygen  rest  is  thus  destroyed,  and  the 
conclusions  which  are  based  on  these  quantities,  in  some  cases 
so  opposed  to  all  accepted  views,  will  be  destroyed  also. 

X,  however,  will  not  affect  the  values  calculated  for  the  heat 
of  formation  of  benzene^  except  in  so  far  as  the  difference  in 
these  values  will  be  comparatively  a  much  more  insignificant 
quantity  than  formerly.  But  the  difficulty  experienced  in 
adopting  Kekule's  formula  will  vanish  if  we  accejjt  in  its  en- 
tirety the  kinetic  conception  of  bonds  here  developed.  All  that 
Thomsen  has  proved  is  that  in  certain  classes  of  compounds — 
so-called  open-chain  bodies — Vg  is  somewhat  less  than  twice  v-^i 
but  it  by  no  means  follows  that,  in  compounds  constituted  on 
such  a  different  principle,  and  possessing  such  perfect  sym- 
metry as  benzene,  this  should  be  the  case  :  in  benzene  the 
second  bond  has  probably  the  full  value  of  the  first  bond, 
V2=-^i'\,  and  hence  the  stability  of  the  substance.  The  con- 
ception that  the  value  of  a  bond,  between  even  the  same 
atoms,  has  a  somewhat  variable  value  dependent  on  the  nature 
of  the  other  atoms  present  in  the  compound,  has  already  been 
developed  in  another  direction  by  the  author  ("Atomic 
Valency,"  Cliem.  Soc.  Proe.  1885,  p.  122),  and  has  been  in- 
dependently brought  forward  by  Professor  Armstrong,  and 
used  by  him  to  explain  many  of  the  apparently  anomalous 
results  arrived  at  by  Thomsen  in  other  parts  of  the  work 
under  discussion. 

As  with  the  value  of  r,  so  also  with  the  heat  evolved  on  the 
combination  of  a  chlorine  atom  with  carbon  and  of  hydroxyl 

with  carbon,  Thomsen's  numbers  will  have  to  be  increased  by  j 

for  each  CI  or  (OH).     With  the  ethers,  the  value  assigned  to 

C — 0 — C  will  be  -  greater  ;  in  the  aldehydes,  H — C=0  will 

become  -j-  greater;  in  the  ketones  HC=0  will  be  ^  greater; 

and  in  the  acids  0=C — OH  will  become  ~  greater*. 

*  In  all  these  cases  the  numbcr.s  represent  the  heat  of  forn)ation  from 
gaseous  atomic  carbou  and  the  other  elements  in  the  molecidur  condition. 
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It  will  be  remembered  that,  on  the  strength  of  the  fact  that 
the  heat  of  formation  of  H — C=0  in  the  aldehydes  together 
with  that  of  C=0  in  the  ketones  was  found  equal  to  that  of 
0=C — (OH)  in  the  acids,  Thomsen  arrived  at  the  startling 
conclusion  that  the  aldehydic  radical  consists  of  hydroxyl ; 
so  that 

Aldehyde.  Ketone.  Acid. 

C— (OH)    +    0=0  may  be  equal  to  0=0— (OH). 

Now  the  introduction  of  ^  destroys  this  equality;  for  the  sum 
of  the  heat  of  formation  of  the  aldehydic  and  ketonic  radicals 

will  exceed  that  of  the  acid  radical  by  -,  and  this  excess  brings 

the  results  into  full  accordance  with  the  generally  accepted 
views  concerning  the  constitution  of  these  bodies.    The  actions 
concerned  in  the  formation  of  these  groupings  will  be 
Aldeliyde.  Ketone.  Acid. 

0=0— H  0=0  0=0— (OH) 

(0=C)  +  (C— H)        (0=0)        (0=0)-!  (0— (OH)). 

But  (0 — H)  has  been  shown  equal  to  (G — (OH));  and  hence 
the  aldehyde  +  ketone  will  exceed  the  acid  by  (0=0),  which 

quantity,  as  shown  above,  will  be  within  15000  cal.  of  — . 

It  is  important  to  remark  that  the  value  obtained  by 
Thomsen  for  (=0=0)  in  the  ketones  (54250)  is  by  no  means 
identical  with  that  obtained  for  (0=0)  in  carbonic  oxide 
(77670),  showing  that  the  heat  developed  is  certainly  depend- 
ent on  the  presence  of  other  atoms  in  the  compound,  and  not 
on  the  number  of  bonds  concerned  only.  This  difference  is 
still  further  increased  if  x  be  introduced  into  the  calculation  ; 

for  (=0=^0)  becomes  54250  +  --,  whereas  (C^O)  becomes 
77670  + A'.  ^ 

A  fuller  study  of  Thomsen's  results  can  scarcely  fail  to 
bring  to  light  a  large  number  of  important  conclusions  which 
have  been  omitted  here  ;  and  there  can  be  few  chemists  who 
will  not  appreciate  the  services  which  Professor  Armstrong 
has  rendered  to  science  in  criticising  a  work  of  such  extreme 
importance,  and  indicating  the  direction  in  which  some  of  the 
apparently  anomalous  results  to  which  it  leads  may  be  brought 
into  accordance  with  views  "svhich  we  cannot  afford  to  reject. 
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XIII.    On  the  Front  and  Rear  of  a  Free  Procession  of  Waves 
in  Deep  Water.     By  Sir  William  Thomson,  F.R.S.^ 

Peeliminary. 

General  Problem  of  Deep-Sea  Wave-Motion,  in  two  dimensions. 
(^Infinitesimal  Motion.^ 

^I^AKING  X  horizontal,  and  y  vertically  downwards  ;  let 
-^  (•^'  +  ^?  !/'^v)  be,  at  time  f,  the  position  of  the  particle 
whose  position  at  time  0  is  (x,  y)  ;  let  <I>  denote  the  velocity- 
potential  at  {x,  y,  t)  ;  and  let  P  denote  its  time-integral, 
Jt 
dt<^.  We  have 
0 


i 


•2  +  -V,=0 (4); 


\u~='^-     and       ={\lt/^=^  (l) 

dx       dx  '     "^  Jo      <^!/       dy       '     *     ^  ''* 

Let  p  be  the  pressure  at  ('^''  +  ^,  ^ +  ■?;).     (The  motion  being 

infinitesimal,)  we  have 

d<b 
|^  =  C+^(y  +  7;)-— (2), 

OF,  in  virtue  of  (1), 

■P=^^9yWfy-'§ (3). 

The  kinematical  conditions  are,  the  equation  of  continuity, 

^       d^ 

dx^        dy 

and  the  boundary  equation,  in  two  parts — one  relating  to  the 
upper  surface,  the  other  to  the  bottom.  The  latter,  for  our 
present  case  of  infinitely  deep  water,  is  simply 

P  =  0  when  y=ico (5). 

To  find  the  former,  or  upper-surface  kinematical  equation,  at 
time  t,  let  it  be  y  =  0  at  time  0,  and  let  [)  be  the  height  at 
time  t  above  the  level  3/  =  0,  of  the  upper-surface  particle 
whose  coordinates  at  time  0  are  {x,  0).  Remembering  that 
y  positive  was  taken  as  dowmvards,  we  have,  by  (1), 

'--(ft <«'• 

•  Communicated  by  the  Author ;  having-  been  read  before  the  Royal 
Society  of  Edinburgh,  Friday,  January  7th,  1887. 
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The  inost  gonoral  upper-surface  dynanucal  condition  which 
can  be  imposed  is 

i\.=o)=/(-^^  0 (7). 

where /denotes  an  arhitrary  function  of  the  two  independent 
variables. 

Su})pose  now  the  water  to  be  at  rest  at  time  0.  It  is  clear 
from  dynamical  considerations  that  the  solution  of  (4),  subject 
to  the  conditions  (5),  (7),  (3),  is  fully  determinate  :  and  when 
it  is  found,  (1)  oives  the  position  at  time  t  of  the  fluid-])article 
which  at  time  0  was  in  any  position  {x,  y)  ;  and  so  completes 
the  solution  of  the  problem. 

The  particular  solution  which  we  are  now  going  to  work 
out  to  represent  a  uniibrm  procession  of  waves  commencing 
at  time  0,  and  produced  and  maintained  by  the  application  of 
changing  pressure  to  the  surface  in  the  neighbourhood  of  the 
zero  of  X,  must,  as  its  appropriate  form  of  (7),  fulfil  the 
condition 

p^y^Q^  =  %{x)^m(ot  +  Y{x)  coswi       .     .     (8), 

where  ^(.r)  and  F{x)  denote  functions  which  vanish  for  all 
large  positive  or  negative  values  of  x. 

If  we  wish  to  make  only  a  single  procession,  in  the  direc- 
tion of  X  positive  for  example,  we  may  take 

S(^)  =  F(.t-iW^'0 (9). 

A  perfectly  general  formula  is  easily  (by  the  Fourier- 
Poisson-Cauchy  method)  written  down  to  expi-ess  the  value 
of  P;  and  so,  by  (1)  and  (6),  the  complete  solution  of  the 
problem  :  for  §  and  F  any  given  arbitrary  functions. 

It  is  obvious  that,  so  far  as  I)  is  concerned,  the  general 
solution  for  x  any  considerable  multiple  of  +  /,  and  exceeding 
±1  by  not  less  than  two  or  three  times  the  wave-length, 
27rg/co'\  must,  for  values  of  t  great  enough  to  have  let  the 
front  of  the  procession  pass  the  place  x,  be 

^  =  51  sin  Lyt-~(x-f)]        -h  A  cos [wf-  ^  {x-i) 

,  for  X  positive, 

i)  =  ^[sm[cot-  —(—^v+f)    — Acos    oit—^{—x+{) 

for  X  negative, 

where  *^l  and/  denote  quantities  calculable  from  the  form  of^; 
and  A  and  f  similarly  from  F.  Further,  it  is  obvious  that 
the  front  of  each  procession  will,  for  any  value  of  t  not  less 


KIO); 
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than  several  times  the  period  and  not  less  than  several  times 
the  time  one  of  the  wave-crests  takes  to  travel  through  a 
space  equal  to  I,  be  independent  of  the  particular  forms  of  ^ 
and  F.  From  the  theory  of  Stokes,  Osborne  Reynolds,  and 
liayleigh,  we  know  that  it  advances  at  half  the  speed  of  a 
wave-crest ;  but  their  theory,  so  far  as  hitherto  developed, 
does  not  teach  us  the  law  according  to  which  the  front,  as 
it  advances,  becomes  longer  and  longer  in  proportion  to  s/t, 
nor  even  the  fact  that  it  does  become  longer  and  longer.  All 
the  details  of  this  interesting  question  are  explicitly  given 
in  what  follows  :  havino;  been  found  with  great  ease  for  the 
particular  case, 

F(.i-)  =  0,  and  %{x)  =  ^  ^     ^^,  _^^, —  I      .     .      (11), 

where  h  denotes  a  length  of  any  magnitude,  which  we  shall 
take  to  be  very  small  in  comparison  with  'iirgjai^,  the  wave- 
length.    We  shall  in  fact  find  that 

^,..,  =  C+{(^!+g±^}'sin.<.     .     .     (12), 

in  the  particular  processional  case  of  the  general  equations 
(1)  .  . .  (G),  which  we  now  go  on  to  work  out. 

Remembering  Cauchy  and  Poisson's  discovery  that  every 
surface  of  particles  which  are  in  a  horizontal  plane  when  un- 
disturbed, fulfils  the  condition  of  a  free  upper-surface  (so  that 
if  all  the  water  above  it  were  annulled  the  motion  of  the  water 
remaining  below  it  would  be  undisturbed,)  in  the  case  of  free 
waves  of  infinitely  deep  water;  we  see  that  when  p,  ^0,=  const., 
we  have  also,  in  our  notation,  j)  =  const.,  for  every  constant 
value  of  y.  Hence,  looking  to  (3)  above,  we  must  find,  in 
the  case  of  free  waves, 

'dy=lie ^^^^^ 

for  every  value  of  y,  and  not  only  at  the  upper  surface,  ?/  =  0. 

Thanking  Cauchy  and  Poisson  for  this  as  a  suggestion,  but 

not  assuming  it  without  the  proof  of  it  which  we  immediately 

find  ;    and    borrowing    now    from    Fourier  *    his    celebrated 

''  instantaneous    plane-source "  t    solution    of    his    equation 

dv      ,  dh' 

~Ta.  ^^^'  thermal  conduction,  assume,  as  an  imaginary 

*   Thcorie  Anah/tigue  de  la  C/ialeur. 

t  W.  Thomson's  Collected  Papers,  vol.  ii.  p.  40. 


dt 


=  k 


116  SirW.  Thomson  on  the  Front  and  Rear  of 

type-solution  of  (4)  and  (13)  for  free  waves, 


1 


-gl2 


{h+y  +  LxY 


.^^^b+y  +  ,x) (14)^ 


where  i  denotes  \/  —  1.     Whence,  as  a  real  solution  by  adding 
the  values  of  (14)  for  t  and  —i,  and  dividing  by  V2, 

#)=  -  \  O'+y  +  ^r  cos  -^  +{r-y  -hy  sin-^  | 
where  r=l{ij +  hY  +  x^f 

Curves  representing  calculated  results  of  this  solution  for 
free  waves  were  shown  at  the  meeting  of  the  British  Associa- 
tion (Section  A)  at  Birmingham  in  September,  and  at  the 
last  meeting  (December  20)  of  the  Royal  Society  of  Edin- 
burgh. To  build  up  of  it  a  solution  for  a  uniformly  maintained 
procession  of  waves  (a  double  procession  it  shall  be,  of  equal 
and  similar  waves  travelling  in  the  two  directions  from  x  =  0) 
take 

V{t)=Vdt<i>{t) (1(3); 

Jo 
and 

P  =  -.  I  dt Bin (ot''Bit-t')=-\  dt&m(o{t-t')V{t')  . .  .{11). 

*/   0  »^  0 

Since  0(0)  as  we  have  seen,  satisfies  (13),  "Sit)  must  satisfy  it 
also.     Hence 

/~f=^ (-). 

for  all  values  of  x,  ?/,  and  t.     Now  by  differentiation  of  (17) 
we  find,  because  P(0)  =  0,  and  by  (16j, 

d? 

dt 


=  -  (^dt'  sin  at' J  P(i-0  =  -  \dt'sm(vt'(f>it-t') . .  .(19); 
and  differentiating  this,  we  find,  because  0(0)  =  (?•  +  ?/  +  h)  r~\ 


(PF  (r  +  y  +  hy   . 

dt^  ~  r 


C^  d 

sinto^—  j  dt'  Buxcot'  j-<^{t  —  t') 


fe±^%in.<- Jrf('sin.0-O^  .  (20). 
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From  this  and  the  second  form  of  (17),  we  find 

^-  =  -^^ =2 L-  sin  cot 

-j>:;„.,-o[.^>-^^].cn); 


^d!/  dt'^  7 


whence,  by  (1^)? 

dV      d^V      {r+y^hf    .       .  /ogx. 

and  therefore  finally,  by  (3)  above,  we  have,  for  the  surface 
pressure, 

lVo)  =  C  +  |^-^^^:p^|    smco^  .      .     (2o), 

as  promised  in  (12)  above. 

To   work  out  our    solution,  remember  that  dT/dt  is  the 
velocity-potential  of  the  motion  ;  and  calling  this  ^,  we  find, 

by  (19), 

^=-\\lt'smco{t-t')(}>{t')  .     .     .     .     (24); 

and  by  (22),  (3),  and  (2)  we  find 

71=— <-^  +  ^ —  Sin  (ot>       .     .     .      [^^)' 

'      g  {dt  r  ) 

What  we  chiefly  want  to  know  is  the  surface-value  of  r], 
which  we  have  denoted  by  —i)  ;  and  we  shall  work  this  out 
for  the  case  6  =  0.  But  it  is  to  be  remarked  that  the  assump- 
tion of  6  =  0  does  not  diminish  the  joenerality  of  our  problem, 
because  the  motion  at  any  depth,  c,  below  the  ujjper  surface 
with  h  =  0,  is  the  same  as  "the  motion  at  the  surface,  with  b  =  c. 

Tut  now  b  =  i)  and  ?/  =  0  in  (15) :  we  find 

^W  =  ,.-*(co.g+si„-g)=^^..i«(^  +  -)     (-26). 
Using  this  in  (24),  and  putting  a-=gl'-l-i.v,  we  find 
$=_2a/^  f  ^^^f^<^sin(.)/-2a)^|^cr)sin((7^  +  |).     .      (27), 
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Usini{  now  the  following;  notation, 

saye=\\ie^md''',  cay  6  =C dO  qo^  e""       .     (29), 

for  two  integrals  which  have  been  tabulated  bj  Airy*  through 
the  range  from  0  to  ^'^  \/ 1^  ^^e  reduce  (28)  to 


i 


The  interpretation  of  this  is  eased  by  putting  it  into  the  form 

^  =  \/  q\  Qcos(^^A— 0)^-6  j-R  cos  (^x  +  wt-f\  j  .  ..  (31), 


where 


Q=  {  [cay  {t y^£  ~'^\/fj  +  «'y(" v/^')] ' 

[™HV£+'"\/i)-"'K'"\/i)]'}*--(3^)= 

*  ''Tracts  "  (Uudulatory  Theory  of  Optics,  last  paoe). 


and 
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Now,  remembering  that  cay  (co  )  =  say  (co  )  =  \ /tt,  ^vo  see 

that  if  cDA  /-  is  large,  and  if  ^\/i~.  ~^\/  ~  is  large 
positive,  we  have 

R=0,  Q^^vr,  e=0  .  .  .,  .  (3G); 
and  therefore 

,  .         /27r        /(o'^x         \  /o_, 

""^Vy^ny-"')  •  •  •  •  (^'>  = 

w^hence,  and  by  (25)  Avith  &  =  0, 
or,  since  cox^^.v/c/)  is  A^ery  large, 

f^-^Vy^'Ky-"')  •  •  •  '^^>- 

This  represents  a  uniform  procession  of  free  waves,  of  which 
the  wave-length,  A,,  and  the  wave-velocity,  U,  are  as  follows:  — 

\  =  1-ngj(xP,     ^]=gloi (40). 

To  explain  the  meaning  of  ''  very  large  "  as  we  have  just 
now  used  it,  let 

x=n\,  which  makes  w\/-  =  ^^irn,  and  ~\/  :t^~  =1/477 ^n     (41). 

Hence  the  term  of  (38)  omitted  in  (39)  is  l/iTrx^ri  of  that 
retained.  And  the  value  of  the  E,  omitted  by  (36)  in  (37), 
is  of  the  order  1/2  V2n  of  the  Q  which  is  retained,  because 

/    \            /   /^t — \-         ^'"  (27rn) 
cay  \^)—cay  y  V  Z7ni)  = > 

2  v/  27r7i 

and  ^oy{^)-say{^^2^,)='l'jt^      .     .     .    (42), 

when  n  is  very  large. 

In  (36)  and  its  consequence  (31),  we  supposed  t  so  large 


that  tA/  ^- (UA /—  is  large  positive  :  let  us  next  suppose 

t  so  small  that  it  is  large  negative  ;  that  is  to  say,  let 

t^2coxl<j-m^'^^ (43), 
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where  m  is  a  large  positive  numeric.  Tlius,  remarking  that 
cay  [  —  6)=— cay  [6),  and  say  (  —  6)  =  —say  (d),  we  have,  by 
(43)  and  (41)  in  (32), 

Q  =  ^y'^\[coy(m)-cay(^2^i)y+[say{m)-say['y2^i)y\i    (44); 

and  therefore,  when  m  and  n  are  each  very  large,  Q=0. 
Because  n  is  large  we  still,  as  in  (36),  have  R=0  ;  and 
therefore  the  motion  is  approximately  zero,  at  any  consi- 
siderable  number,  n,  of  wave-lengths  from  the  origin,  so  long 
as  m  in  (43)  remains  large.  As  time  advances,  m  decreases 
to  0,  and  on  to  -co  :  and,  watching  at  the  place  x  —  n\^  we 
see  wave-motion  gradually  increasing  from  nothing,  till  it 
becomes  the  regular  procession  of  waves  represented  by  (39); 
and  continues  so  unchanged  for  ever  after.  When  »i=0, 
that  is  to  say,  at  the  time 

t  =  2<occlg (45), 

Q  has  attained  half  its  final  value.  The  point  .^■  where  this 
condition  is  fulfilled  at  time  t  may  be  called  the  mid-front  of 
the  procession.  It  travels  at  the  velocity  ^gjw,  or  half  the 
wave-velocity ;  which  agrees  with  the  result  of  Stokes. 

We  may  arbitrarily  define  "  the  front  ^'  as  the  succession  of 
augmenting  waves  which  pass  between  the  times  corresponding 
to  m=  -I- 10  and  ?n=  —10  (or  any  other  considerable  number 
instead  of  10).  Thus  the  time  taken  by  the  front,  in  passing 
theplace^=«\,  is  40w~''v/27rn.  The  space  travelled  by  the 
mid-front  in  this  time  is  ^Ogoy-'^  V-Zirn,  which  may,  arbitrarily, 
be  defined  as  ihe  length  of  the  front.  It  increases  in  pro- 
portion to  s/n;  and  therefore  in  proportion  to  V^,  as  said 
above.  The  effect  upon  phase  of  the  changi^rg  waves  in  the 
front  ;  due  to  the  fluctuations  of  e,  and  to  the  law  of  augmen- 
tation of  Q  from  zero  to  its  final  value  ;  is  to  be  illustrated  by 
calculations  and  graphic  representations,  which  I  hope  will  be 
given  on  a  future  occasion. 

The  rear  of  a  wholly  free  procession  of  waves  may  be  quite 
readily  studied  after  the  constitution  of  the  front  has  been 
fully  investigated,  by  superimposing  an  annulling  surface- 
pressure  upon  the  originating  pressure  represented  by  (12) 
above,  after  the  originating  pressure  has  been  continued  so 
long  as  to  produce  a  procession  of  any  desired  number  of 
waves. 
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XIV.  Note  on  a  Method  of  Determining  Coepcients  of  Mutual 
Induction.     By  Gr.  Caeey  Foster,  F.R.S.* 

THE  determination  in  absolute  measure  of  the  coefficient 
of  mutual  induction  of  two  electric  circuits  by  the  ordi- 
nary method  founded  on  the  throw  of  a  ballistic  galvanometer 
is  a  somewhat  complicated  matter,  necessarily  occupying  a 
good  deal  of  time.  But  the  process  may  be  greatly  simplified 
if  we  have  available  a  condenser  of  which  the  capacity  is 
accurately  known.  For  instance,  if  P  and  s  are  two  coils 
whose  coefficient  of  mutual  induction  is  required,  let  them 
first  be  joined  up,   as  indicated  in  fig.  1 — P  in  a  primary 

Fk.  1. 


circuit  containing  a  battery,  b,  and  make-and-break  key,  k  ; 
and  S  in  a  secondary  circuit  of  total  resistance  r  including  a 
ballistic  galvanometer  g.  Then,  on  closing  or  opening  the 
key  K,  a  momentary  deflection  of  the  galvanometer  will 
occur  in  consequence  of  its  being  traversed  by  a  quantity 
of  electricity  Q  given  by 

Q  =  M^, 
r 

where  M  is  the  coefficient  of  mutual  induction  between  p  and 
s,  and  7  the  strength  of  the  primary  current.  Next,  leaving 
the  primary  circuit  unaltered,  let  connections  be  made  as  in- 
dicated by  fig.  2,  where  C  is  a  condenser  of  known   capacity 

Fig.  2. 


C,  and  A  and  D  are  two  points  in  the  primary  circuit  sepa- 
rated by  a  resistance  R.    Then,  on  making  or  breaking  contact 

*  Commuuicated  by  the  Physical  Society  :  read  November  27,  1886. 
PML  Mag.  S.  5.  Vol.  23.  No.  U\.^Feh.  1887.  K 
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at  K,  the  galvanometer  is  traversed  by  a  quantity  Q',  such  that 

Q'  =  7CR. 

If  the  points  A  and  D  are  found  hy  trial  so  that  the  deflection 
of  the  galvanometer  is  the  same  in  both  cases,  we  have 

M  =  CRr. 
This  mode  of  working,  however,  has  the  obvious  defect  that 
the  result,  as  stated,  implies  that  the  current  in  the  battery- 
circuit  is  of  exactly  the  same  strength  during  each  part  of  the 
experiment.  As  this  cannot  be  looked  for,  it  would  be  needful 
to  include  a  measuring  galvanometer  in  the  battery-circuit,  so 
as  to  take  account  of  the  variation  of  the  current.  The  re- 
quired coefficient  is  then  obtained  in  the  form 

M  =  ^  CRr. 

But,  instead  of  making  two  separate  experiments,  as  above, 
it  is  simpler  to  adopt  an  arrangement  of  apparatus  which  is 
very  nearly  a  combination  of  the  two  arrangements  just 
described.  A  single  experiment  then  takes  the  place  of  two, 
and,  instead  of  having  to  reproduce  a  particular  deflection  of 
the  galvanometer,  we  have  to  adjust  a  resistance  so  as  to 
prevent  deflection.  The  connections  will  be  understood  by 
reference  to  fig.  3,  where,  so  far  as  the  reference-letters  used 

FiR-.  3. 


in  the  previous  figures  recur,  they  have  the  meanings  already 
given  to  them.  The  observation  consists  in  adjusting  a  set 
of  resistance-coils  at  r,  between  the  galvanometer  and  the 
coil  s,  until  there  is  no  throw  of  the  galvanometer  on  making 
or  breaking  contact  at  k. 

Let  the  resistances  A s f e,  age,  ad  be  represented  by 
p,  q,  r  respectively,  and  the  corresponding  currents  by  x,  y,  z. 
Further,  let  the  current  in  the  battery  and  primary  coil  be 
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denoted  by  7,  the  coefficient  of  self-induction  of  the  coil  s  by 
L,  and  the  potentials  at  the  points  a  and  e  by  A  and  E 
respectively. 

When  the  battery-current  has  attained  its  steady  value,  it 
is  evident  that  the  currents  x  and  y  will  both  be  nothing,  and 
therefore  that  A  =  E,  and  that  the  charge  of  the  condenser 
will  be  G'yr.  But  if  there  has  been  no  throw  of  the  galvano- 
meter-needle, the  average  value  of  the  current  y  during  the 
whole  time  of  establishment  of  the  battery-current  has  been 
=  0.  Consequently,  the  total  quantity  conveyed  by  the  cur- 
rent X  has  been  equal  to  the  charge  of  the  condenser,  or 


f 


xdt  =  C'yr. 


But,  if  the  average  strength  of  the  current  y  =  0,  the  average 
difference  of  potentials  A— E  =  0,  and  the  effective  electro- 
motive force  in  the  conductor  p  is  that  due  to  the  mutual 
induction  of  the  coils  p  and  s  (for  the  integral  value  of  the 
electromotive  force  of  self-induction  must  vanish).     Hence 


{\■dt=^' 

Jo  P  Jo 


In  order  that  the  galvanometer-current  y  may  be  zero  at 
every  instant,  as  well  as  on  the  average,  during  the  establish- 
ment of  the  primary  current,  it  is  essential  that  the  coefficient 
of  self-induction,  L,  of  the  coil  s  should  be  equal  to  the 
coefficient  of  mutual  induction  M.  This  may  be  proved 
as  follows: — Since,  in  the  case  supposed,  M'e  have  always 
A  — E  =  0,  we  may  M'rite 

^  dx      ,,  f/7 

But  x  =  'y—z   (since  y—Q,  always),  consequently  the  instan- 
taneous value  of  the  current  x  is 

and  the  simultaneous  charge  of  the  condenser  is 

Qrz=  I  \vdt  =  ^^  r(M-L)7-f-L^], 

or 

(M-L)7=  (C/>/— L)^. 

But,  since  it  has  been  already  proved  that  M  =  C>)r  when  the 

k  2 
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average  current  tbrough  the  galvanometer  vanishes,  the  last 
equation  becomes 

(M-L)7=  (M-L)^, 
wliich  requires  either  (1)  that  7  =  2;  (that  is,  that  the  primary 
current  has  ])ecome  steady),  or  (2)  that  M  — L  =  0. 

When  the  last-mentioned  condition  is  satisfied,  we  ought  to 
be  able  to  replace  the  galvanometer  between  the  points  A  and 
E  by  a  telephone,  and  to  employ  a  rapid  make-and-break  ^. 

By  using  a  pair  of  coils  of  known  and  invariable  coefficient 
of  mutual  induction,  the  experimental  process  described  above 
may  atibrd  a  ready  way  of  determining  the  capacity  of  a 
condenser;  but  for  this  purpose  the  method  does  not  appear 
to  possess  any  advantage  over  the  well-known  methods  of 
De  Sauty  and  Sir  AVilliam  Thomson  for  determining  the 
capacity  of  condensers  by  comparison  with  a  known  standard, 
more  especially  as  a  known  condenser  is  more  frequently  at 
hand  than  a  pair  of  coils  of  known  coefficient  f. 

The  limit  of  accuracy  attainable  in  measurements  by  the 
method  here  described  depends  essentially  upon  the  sensi- 
tiveness of  the  galvanometer  employed;  but  with  a  given 
galvanometer,  the  method  is  susceptible  of  various  degrees  of 
accuracy  according  to  the  relative  values  given  to  the  two 
variable  resistances  p  and  r. 

These  should  be  so  adjusted  that,  for  a  given  value  of  the 
difference  C^?'— M,  that  is,  for  a  given  error  in  the  adjustment 
of  the  product  of  the  resistances  p  and  r,  the  quantity  of  elec- 
tricity traversing  the  galvanometer  may  be  as  great  as  possible. 
This  requires  that  the  resistances  should  fulfil  the  condition 

r  ~  r" 
where   r'  is  the    resistance  between   A  and   D   through    the 
primary   coil    and    battery.     Let   X    and    Y   stand    for   the 

*  Experiments  in  this  direction,  made  since  tlie  reading  of  this  paper 
before  the  Physical  Society  by  Mr.  F.  Womack,  have  not  yet  led  to  a 
fully  satisfactory  result. 

t  Since  this  paper  was  read,  Professor  Roiti,  of  Florence,  has  kindly 
sent  me  a  copy  of  a  paper  commimicated  by  him  to  the  Royal  Academy 
of  Sciences  of  Turin  (Memoirs  of  the  Academy,  series  ii.,  vol.  xxxviii.),  in 
■which  he  describes  a  method,  very  similar  to  that  indicated  in  the  text, 
for  the  absolute  measurement  of  the  capacity  of  condensers,  using  for  the 
purpose  a  pair  of  coils  whose  coefficient  of  mutual  induction  is  accu- 
rately known  from  their  dimensions  and  relative  positions.  The  chief 
difference  between  Professor  Roiti's  arrangement  and  that  given  in  this 
paper  is  that,  instead  of  inserting  the  galvanometer  between  the  points 
marked  a  and  E  in  fig.  3,  he  includes  it  in  the  branch,  afe,  containing 
the  secondary  coil.  Between  a  and  e  he  places  a  contact-key  h,  which, 
as  well  as  the  key  k,  is  opened  and  closed  mechanically,  the  two  keys 
being  moved  by  cranks  attached  to  the  same  axle  at  right  angles  to 
each  other. 
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integrals  ^^ xdt  and  J"  ydt  respectively,  that  is,  for  the  total 

currents  through  the  secondary  coil  and  through  the  galvano- 
meter. Then,  equating  the  integral  values  of  the  electromotive 
force  between  a  and  e  derived  by  considering  the  paths 
AGE  and  A  F  E,  respectively,  we  get 

1  J-  r  +  r 

E  being  here  the  electromotive  force  of  the  battery  B. 
Again,  the  final  charge  of  the  condenser  is 

X  +  Y=CE-  " 


r  +  r' 

Eliminating  X  from  these  two  equations, 
Y  E 


Cpr-M       {r  +  r'){p  +  q)' 
and  this  is  to  be  as  great  as  possible. 

The  denominator  on  the  right  may  be  written 


pr(l  +  —  +  iL  +  £L)  ; 
''     V         r        p       pr  J 


the  last  term  inside  the  bracket  is  the  product  of  the  second 
and  third,  and  may  be  taken  as  constant,  since  q,  the  resistance 
of  the  galvanometer,  and  r' ,  the  resistance  of  the  part  of  the 
circuit  containing  the  primary  coil,  are  practically  determined 
bv  the  apparatus  employed,  while  pr  has  the  constant  value 
M/C.  Hence,  Y/(Cpr— M)  is  greatest  when  {p  +  qXr  +  r') 
is  least,  or  when  p>lq  =  vli'',  which  is  identical  with  the  con- 
dition of  maximum  sensibility  given  above*. 

In  conclusion,  I  may  give  a  few  numerical  results  as 
examples  of  the  applicability  of  the  method  ;  they  are  derived 
from  experiments  made  in  the  laboratory  of  University  College, 
London,  by  Mr.  F.  Womack,  B.Sc. 

A.  Small  Induction- Coil  (without  iron  core).  Approximate 
dimensions  : — Primary  :  length  H'S  cm. ;  moan  radius  2  cm.; 
wire.  No.  20  B.W.G.  ;  resistance  1*65  ohm.  Secondary  : 
length  10'4  cm.  ;  radius,  inside  2*55  cm.,  outside  3'83  cm. ; 
wire.  No.  30  B.W.G.  ;  resistance  194  ohms.  Battery,  2 
Groves.  Condenser,  4*926  microfarads  (by  direct  measure- 
ment with  ballistic  galvanometer).  The  secondary  coil  could 
slide  endways  while  remaining  coaxal  with  the  primary.  The 
first  measurements  were  made  with  the  centres  of  the  primary 
and  secondary  as  nearly  coincident  as  possible,  so  as  to  give  a 
maximum  coefficient  of  induction.  The  following  are  the 
results  obtained  : — 

*  For  the  mathematical  theory  of  the  method,  so  far  as  it  is  given 
above,  I  am  prreatly  iudobted  to  my  friend  Dr.  A.  II.  Fison. 
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Ohms. 

Product  pr 


r.        p  (=secondary  coil+resistaiice-box).         (absolute  units), 

15  194  +  217  6165x10^8 

14  +247  6174 

13  +282  6188 

12  +322  6192 

11  +367  6171 

10  +428  6170 

9  +490  6156 

8  +576  6160 

7  +688  6174 

6  +835  6174 


Mean  value  of  M/C     =     6172-4  x  10^' 
Hence 

M  =  4-926  X  10-15  X  6172  x  1018  =  3-0403  x  10^. 
In  these  experiments  the  value  of  q/r  was  about 
135/(1-65 +  -6)  =  60. 
Hence  the  greatest  sensibility  would  be  with  ^p  =  60r.     This 
condition  was  nearly  fulfilled  with 

r=10    and    jo  =  194  +  423  =  617. 
In  the  same  way  i^Q  values  of  M  were  obtained  for  the 
same  pair  of  coils  after  displacing  the  secondary  coil  endways 
through   various   distances.      The  following  are  the  results 
obtained  : — 


Distance  between 

centres  of  coils. 

Value  of  M. 

centim. 

0-55 

304-0  x  10^ 

1-55 

292-4 

2-55 

270-5 

3-55 

246-4 

4-55 

215-9 

5-55 

187-8 

6-55 

158-4 

7-55 

127-2 

8-55 

97-3 

9-55 

71-1 

10-55 

49-7 

11-55 

33-0 

12-55 

23-3 

13-55 

16-5 

14^5 

12-35 

15-55 

9-48 

These  values  are  represented  graphically  in  the  curve  (fig.  4), 
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3        4        0        6         7         8        9       10       11       12       13       14      15      16 
Ab8cisE8ex2=Di8tances  between  centres  of  Coils. 

where  ordinates  denote  values  of  M  and  abscissae  distances 
between  the  centimes  of  the  coils. 

B.  Induction- Coil,  by  Apps,  capable  of  giving  a  7-inch 
spark  in  air  (presented  to  the  University  College  Laboratory 
by  Mr.  J.  Rose-Innes,  B.Sc).  Length  of  secondary  coil 
21  cm.,  diameter  (measured  outside  velvet  covering)  ll"3cm. 
Resistance  of  primary  wire  =  0*278  ohm  (atl6°"5);  resistance 
of  secondary  wire  7^94  ohms  (at  16°'5).  Battery,  1  Grove. 
q  —  l2>b'Q;  /  =  0'58  (about).     Condenser,  4'926  microfarads. 

Ohms. 


^ 

pr 

?•. 

r- 

(absolute  units). 

27 

7394  +  1550 

2-415  X  W^ 

28 

+  1250 

2-420 

29 

+   940 

2-417 

30 

+   650 

2-413 

31 

+   390 

2-413 

32 

+    150 

2-414 

Mean 

value  of  M/C      = 

=     2-415x10-^ 
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Hence 

M=4-926  X  10-15  X  2-415  x  10^^ 
=  1-1896x109. 

As  a  further  test  of  the  accuracy  of  tlie  method,  the 
secondary  wires  of  Apps's  coil  and  of' the  small  coil  (A)  were 
connected  in  circuit  with  each  other  and  with  a  galvanometer, 
and  the  two  primaries  were  connected  so  that  the  battery- 
current  was  divided  between  them,  as  shown  in  fig.  5.     The 

Fitr.  r,. 


connections  being  arranged  so  that  the  induced  electromotive 
forces  opposed  each  other,  it  was  possible,  by  the  proper 
adjustment  of  the  resistances  of  the  branches  containing  the 
two  primary  coils,  to  prevent  the  galvanometer  being  deflected 
when  the  battery-circuit  was  made  or  broken.  When  this  adjust- 
ment is  made,  it  is  evident  that  the  ratio  of  the  resistances  of 
the  two  primary  circuits  is  the  same  as  the  ratio  of  the  two  co- 
efficients of  mutual  induction.  In  this  way,  39'45  was  obtained 
as  the  ratio  of  the  coefficients  ;  whereas  the  condenser  method 

described  above  gives   „  ,       ■  =  39'13,  giving  a  difference  of 

about  1  per  cent.  As,  however,  the  current  in  the  primary 
of  the  smaller  coil  has  to  be  about  forty  times  as  strong  as 
that  in  the  large  coil  in  the  comparison  experiments,  in  order 
that  the  induced  electromotive  forces  may  balance — and  as, 
moreover,  the  resistance  of  the  copper  wire  of  the  former  was 
a  comparatively  large  fraction,  at  least  one  sixth  or  one  seventh, 
of  the   whole  resistance  in  circuit  with  it,  while  the  copper 
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resistance  of  the  larger  primary  coil  was  not  much  more  than 
one  fifteen-hundredth  of  the  whole  resistance  in  circuit  with  it 
— the  ratio  of  the  resistances  was  no  doubt  somewhat  disturbed 
by  the  unequal  heating  of  the  two  primary  circuits,  and  was 
in  reality  rather  less  than  what  was  inferred  from  the  marked 
values  of  the  coils  used.  That  this  was  the  case  was  shown 
by  the  fact  that  the  apparent  ratio  decreased  progressively 
from  40'3  to  39'45^  as  the  strengh  of  the  testing  current  was 
diminished  from  its  first  value  to  rather  less  than  one  sixth. 
A  better  arrangement  of  the  apparatus  would  have  been  to 
put  the  two  primary  wires  in  series  with  the  battery,  and  to 
have  connected  the  two  secondaries  in  parallel  circuit ;  but 
the  matter  was  not  thought  important  enough  to  require  a 
repetition  of  the  measurements. 

The  method  of  measuring  coefficients  of  mutual  induction 
described  in  this  paper  may  perhaps  be  of  use  in  the  experi- 
mental study  of  dynamo-electric  machines,  whose  whole  action 
depends  upon  the  variation  of  the  coefficient  of  mutual  induc- 
tion between  the  field-magnet  coils  and  the  armature  coils,  as 
the  latter  take  various  positions  during  the  course  of  a 
revolution. 


XV.  On  the  Nature  of  Liquids,  as  shown  hy  a  Study  of  the 
Thermal  Properties  of  Stable  and  Dissociable  Bodies.  By 
William  Ramsay,  Ph.D.,  and  Sydney  Young,  D.Sc* 

THE  fundamental  concept  of  Chemistry,  as  well  as  of 
Physics,  is  the  molecular  and  atomic  constitution  of 
matter.  This  concept  serves  to  represent  to  the  chemist  the 
definite  composition  of  compounds,  and,  to  some  degree,  the 
nature  of  isomerism,  while  all  attempts  to  realize  and  explain 
the  progress  of  chemical  change  depend  on  its  adoption. 
This  concept  also  furnishes  to  the  physicist  the  means  of 
conceiving  the  relations  of  heat,  light,  magnetism  and  elec- 
tricity to  matter  ;  and  where  the  action  of  one  of  these  agents 
involves  not  merely  a  change  in  the  form,  but  also  in  the 
nature  of  the  matter,  the  problem  becomes  of  deep  interest 
to  both  chemist  and  physicist.  The  action  of  heat  on  matter, 
from  the  physical  side,  involves  an  increased  molecular 
motion,  tending  to  separate  individual  iiiolecnles  from  each 
olher,  on  the  one  hand  ;  or,  on  the  other,  if  this  separation  be 
opposed  by  confining  walls,  to  increase  the  momentum  and 
number  of  impacts  on  those  walls,  and  therefore  to  raise  the 
pressure.     But  this   increased   molecular   motion   is  accom- 

*  Coniraunicated  by  the  Physical  Society  :  read  December  11,  1886. 
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panied  by  greater  internal  vibration,  which  eventually  leads, 
in  almost  all  cases,  to  a  simplification  or  rearrangement  of  the 
molecules,  involving  chemical  change.  When  increased 
molecular  motion  is  imparted  to  gases  at  temperatures  much 
above  their  points  of  condensation,  and  at  moderate  pressures, 
the  problem  is  a  comparatively  simple  one  ;  and  has  been 
solved  with  great  success  by  Clausius,  Maxwell,  Thomson, 
and  others,  from  the  physical  side,  and  from  the  chemical  side 
by  Pfaundler,  Naumann,  and  Willard  Gibbs.  But  near  their 
condensing  points,  and  also  at  high  pressures,  Boyle's  and 
Gay-Lussac's  laws  no  longer  hold,  owing  partly  no  doubt  to 
the  mutual  attraction  of  the  molecules,  and  also  to  the  fact 
that  the  absolute  size  of  the  molecules  is  no  longer  insigni- 
ficant relatively  to  the  space  which  they  occupy.  Both  these 
causes  of  deviation  may  be  relegated  to  the  class  "  physical," 
inasmuch  as  the  mutual  attraction  alluded  to  is  not  confined 
to  any  small  number  of  molecules,  but  is  exercised  by  each 
molecule  on  all  its  neighbours,  and  limited  in  absolute  amount 
only  by  the  relative  masses  of  the  attracting  molecules 
and  by  their  distances  from  each  other.  But  it  is  also  con- 
ceivable that  this  attraction  may  be  wholly  or  in  part  of  a 
chemical  nature,  tending  towards  the  formation  of  complex 
molecules,  resulting  from  combination  of  two  or  more  simple 
molecules.  Now  as  this  deviation  from  the  simple  gaseous 
laws  occurs  both  with  what  are  commonly  termed  "  stable  " 
and  with  "  dissociable  "  substances,  it  is  of  importance  to 
enquire  whether  the  abnormality  of  the  vapour-density  of 
stable  substances  is  at  all  due  to  chemical  association  of  mole- 
cules ;  and  how  much  of  the  abnormality  of  dissociable  sub- 
stances is  to  be  ascribed  to  purely  physical  attraction  of  the 
molecules  for  each  other,  due  to  mere  propinquity. 

At  any  temperature  below  the  critical  one,  when  the  volume 
of  gas  is  decreased,  pressure  rises  until  a  certain  maximum  is 
attained,  when  it  becomes  constant,  and  change  of  state 
occurs.  It  is  conceivable,  on  the  one  hand,  that  the  liquid 
condition  is  a  purely  physical  one,  and  that  a  liquid  consists 
of  molecules  similar  in  all  respects  to  those  of  its  gas,  but, 
OMang  to  their  closer  proximity,  exhibiting  that  form  of  at- 
traction which  is  known  as  cohesion.  And  on  the  other  hand, 
it  has  been  advanced  by  Naumann  and  others  that  the  gaseous 
molecules,  in  changing  to  liquid,  form  molecular  groups  of 
definite  complexity,  exercising  cohesive  attraction  on  each 
other  ;  and,  according  to  this  view,  the  problem  is  both  a 
physical  and  a  chemical  one.  According  to  the  first  view,  if 
heat  be  imparted  to  a  liquid,  work  is  done  in  expansion 
against  pressure,  and  in  overcoming  cohesion  ;  and,  according 


the  Nature  of  Liquids.  131 

to  the  second  view,  additional  work  is  done  in  dissociating  the 
complex  molecules  into  their  simpler  constituents,  and  in 
imparting  increased  velocity  and  internal  motion  to  those 
constituent  molecules  (see  "  Evaporation  and  Dissociation," 
part  i.,  Trans.  Koy.  Soc.  1886,  Part  I.). 

When  a  substance,  such  as  chloral  hydrate  or  ammonium 
chloride,  passes  from  the  solid  or  liquid  into  the  gaseous  state, 
the  physical  change  is  obviously  accompanied  by  a  chemical 
one,  for  dissociation  into  simpler  molecules  occurs.  There  is 
an  obvious  analogy  between  evaporation  and  such  cases  of 
dissociation  ;  and  we  have  recently  undertaken  experimental 
work  to  test  whether  this  analogy  is  a  real  one. 

In  part  i.  of  this  series  of  papers  the  phenomena  attending 
the  volatilization  of  such  solids  as  dissociate  wholly  or  partially 
on  their  passage  from  the  solid  to  the  gaseous  state  have  been 
studied.  There  are  two  ways  of  measuring  the  vapour- 
pressure  of  a  stable  substance,  which  have  been  termed  by 
Regnault  the  statical  and  the  dynamical  respectively.  The 
first  consists  in  measuring  the  pressure  exercised  by  the 
vapour  of  the  substance  kept  at  a  uniform  temperature  ;  and 
the  second  in  measuring  the  highest  temperature  attainable 
by  the  substance  at  given  pressures,  when  evaporation  freely 
takes  place.  It  has  been  shown  by  Eegnault,  and  by  nume- 
rous other  observers,  that  these  methods  give  identical  results 
with  liquids,  and  by  ourselves  with  solids  (Trans.  Roy.  Soc. 
Part  I.  1884,  p.  37).  But  in  the  case  of  the  majority  of  the 
dissociable  bodies  examined,  the  results  of  the  two  methods 
were  not  identical;  indeed,  in  many  cases  in  which  dissociation 
is  complete,  or  nearly  so,  the  temperature  of  volatilization  is 
independent  of  pressure.  With  nitrogen  peroxide,  acetic 
acid,  and  ammonium  chloride,  however,  the  two  methods 
gave  identical  results.  This  method,  therefore,  cannot  be  re- 
garded as  a  means  of  deciding  the  question  of  the  analogy 
between  evaporation  and  dissociation,  unless,  indeed,  two 
kinds  of  chemical  combination  be  conceived,  one  of  which 
may  be  termed  "molecular  combination"  as  distinguished 
from  "  atomic  combination.'^ 

In  parts  ii.  and  iii.  the  thermal  behaviour  of  stable  liquids 
has  been  investigated,  as  exemplified  by  alcohol  and  ether. 
For  a  complete  account  of  these  researches  reference  must  be 
made  to  the  original  papers  (Trans.  Roy.  Soc.  1886,  Parti.*). 
We  are  here  concerned  chiefly  with  the  densities  of  the 
saturated  vapours,  and  with  the  heats  of  vaporization.  We 
found,  with  alcohol,  that  the  density  of  the  saturated  vapour 
was  normal  at  temperatures  below  40°  or  50°,  and  remained 
•  The  constants  for  ether  will  be  published  shortly. 
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normal  down  to  a  temperature  of  13°,  the  lowest  temperature 
at  which  observations  could  be  made.  With  ether  the  vapour- 
densitj  was  approachinfr  normality  at  13°,  and  from  the  form 
of  the  curve  would  have  doubtless  become  normal  at  a  lower 
temperature.  In  both  cases,  with  increase  of  temperature 
and  corresponding  increase  of  pressure,  the  density  of  the 
saturated  vapour  increased  towards  the  critical  point  Avith 
great  rapidity,  until  at  the  critical  point  the  weight  of  unit 
volume  of  the  saturated  vapour  was  equal  to  that  of  the 
liquid. 

At  the  critical  point  the  heat  of  vaporization  of  a  stable 
liquid  is  theoretically  zero  ;  below  that  temperature  we  found 
it  to  increase  with  alcohol  and  with  ether  as  the  temperature 
fell;  with  ether  the  increase  was  found  to  be  continuous  to  the 
lowest  observed  temperature  13° ;  whereas,  with  alcohol,  it 
becomes  practically  constant  below  about  20°.  Our  calculated 
numbers  correspond  well  with  direct  measurements  by  various 
observers  at  the  boiling-points  under  atmospheric  pressure. 
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Vapoiir-density  (H=  \  sit  IP  and  p  milliiu.). 
Alcohol. 

With  acetic  acid  the  results  were  very  different.  With 
rise  of  temperature  above  150°  the  density  of  the  saturated 
vapour  increased,  as  with  other  liquids  ;  but  below  that  tem- 
perature (at  which  the  vapour-density  was  50"06,  the  calcu- 
lated density  being  30)  the  vapour-density,  instead  of  con- 
tinuing to  fall,  rose  more  and  more  rapidly  with  fall  of 
temperature,  until  at  20°  the  vapour-density  was  approxi- 
mately 59,  and  apparently,  from  the  form  of  the  curve,  was 
continuing  to  rise  more  and  more  rapidly,  with   fall   of  tem- 
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perature  (see  figs.  2  &  3) .     It  may  be  mentioned  that  direct 
observations  by  Bineau  at  20°  give  nearly  the  same  vahie. 

Fig.  2. 


Vapoiir-density  (H=l  at  t°  and  jj  millim.). 
Acetic  Acid. 

The  curve  representing  heats  of  vaporization  of  acetic  acid 
at  various  temperatures  also  differs  entirely  in  form  from  those 
of  alcohol  and  ether,  for  it  exhibits  a  maximum  at  110°,  and 
decreases  both  with  rise  and  with  fall  of  temperature.  It  is 
difficult  to  draw  any  conclusion  from  a  comparison  of  our 
measurements  of  this  quantity  at  the  boiling-point  under  at- 
mospheric pressure  with  those  of  other  observers  ;  but  it  may 
be  stated  that  our  result  differs  far  less  from  the  observation 

Fig.  3. 
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of   Favre   and   Silbermann  than   theirs    does   from    that  of 
Berthelot  (see  fig.  3). 
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It  appears  to  us  that  these  results  negative  the  "  chemical  " 
explanation  of  the  constitution  of  liquids,  or,  to  confine  our- 
selves to  known  cases,  of  the  liquids  alcohol  and  ether.  The 
molecules  of  these  li((uids  cannot,  we  think,  be  regarded  as 
complex,  consisting  of  gaseous  molecules  in  chemical  combi- 
nation with  each  other,  as,  for  example,  w(C2H60),  where  /i  is 
any  definite  number.  We  believe,  rather,  that  the  physical 
explanation  of  the  nature  of  liquids  is  the  correct  one,  and 
that  the  difference  between  liquids  and  gases  lies  merely  iij 
the  relative  proximity  of  their  molecules. 

The  chief  argument  for  this  view  is  that  it  is  difficult  to 
conceive  that  the  rise  of  vapour-density  of  acetic  acid,  both 
at  high  and  at  low  temperatures,  can  be  due  to  the  same 
cause,  under  conditions  so  radically  different ;  for  at  high 
temperatures  we  have  conditions  unfavourable  to  chemical 
combination,  but  owing  to  the  necessarily  high  pressure,  the 
molecules  are  in  close  proximity  ;  whereas,  at  low  tempera- 
tures, the  conditions  are  favourable  to  chemical  combination, 
while  the  molecules,  owing  to  the  corresponding  low  pres- 
sures, are  very  far  apart.  Now  we  have  shown  that,  with 
alcohol  and  with  ether,  a  rise  of  density  does  not  accompany 
fall  of  temperature  ;  indeed,  the  saturated  vapour  of  alcohol, 
at  low  temperatures,  obeys  the  laws  of  Boyle  and  Gay-Lussac; 
while  the  rise  of  vapour-density  at  high  temperatures  is  com- 
mon to  all  bodies.  But  with  acetic  acid,  the  lower  the  tem- 
perature the  higher  the  density  of  its  saturated  vapour — a  fact 
which  indicates  the  formation  of  complex  molecules  ;  at  high 
temperatures,  however,  it  forms  no  exception  in  behaviour  to 
ordinary  liquids. 

We  have  shown  that  with  stable  substances  there  is  proof 
of  the  absence  of  complex  molecules  in  their  vapours ;  but  it 
might  be  asserted  that  in  the  passage  from  the  gaseous  to  the 
liquid  state,  combination  might  occur.  That  this  cannot  be 
the  case,  is  evident  from  a  consideration  of  the  behaviour  of 
liquids  near  their  critical  point.  For  the  specific  volumes  of 
liquid  and  gas  just  below  the  critical  point  are  nearly  equal; 
and  were  the  liquid  to  consist  of  congeries  of  gaseous  mole- 
cules, there  would  necessarily  be  fewer  molecules  in  unit 
volume  of  the  liquid  than  in  unit  volume  of  the  gas — an  im- 
probable conception. 

It  is  impossible  to  decide  from  our  experiments  whether 
the  higher  limit  of  vapour-density  of  acetic  acid  is  GO  ;  and 
the  difficulty  of  measuring  small  pressures  with  sufficient 
accuracy  renders  an  answer  to  this  question  apparently  im- 
possible ;  but  it  is  a  remarkable  circumstance  that  our  observa- 
tions, as  well  as  those  of  Bineau,  should  so  closely  approximate 
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to  this  limit.  Although  the  curves  representing  the  density 
of  the  saturated  vapour  in  figs.  1  and  2  apparently  point  to  a 
vapour-density  greater  than  (30,  yet  a  trend  in  the  curve  is 
not  impossible  ;  and  it  is  conceivable  that  at  lower  tempera- 
tures than  those  represented^  the  density  might  remain  normal 
foraHgO,. 

If  there  is  a  definite  limit  to  the  vapour-density  of  acetic 
acid,  then  the  following  considerations  will  hold.  It  has  been 
pointed  out  in  our  paper  on  acetic  acid,  that  condensation 
took  place  before  pressure  ceased  to  rise  ;  and  the  same  phe- 
nomenon was  observed  with  chloral  ethyl-alcoholate,  where 
dissociation  is  known  to  occur.  Now  with  alcohol  and  with 
ether  absolutely  no  sign  of  this  behaviour  was  observable  ; 
condensation  occurred  the  moment  the  vapour-pressure  was 
reached,  but  not  till  then.  This  behaviour  corresponds  to  that 
of  a  mixture.  If  an  indifferent  gas,  to  take  an  extreme 
instance,  is  compressed  along  with  the  vapour  of  a  conden- 
sable liquid,  pressure  continues  to  rise  after  condensation  has 
commenced,  until  the  gas,  if  possible,  has  been  dissolved,  or 
has  itself  condensed.  On  the  other  hand,  if  a  small  quantity 
of  liquid  of  high  boiling-point  be  present  along  with  a  large 
quantity  of  liquid  of  low  boiling-point,  the  liquid  of  higher 
boiling-point  separates  out  first,  on  reduction  of  volume, 
while  pressure  continues  to  rise.  This  was  indeed  noticed 
with  an  impure  sample  of  ether;  and  the  absence  of  this 
behaviour  affords  proof  of  the  homogeneity  of  a  liquid. 

Supposing  the  vapour  of  acetic  acid  to  consist  of  molecules 
of  two  different  degrees  of  complexity,  it  is  probable  that  the 
more  complex  would  be  first  condensed,  and  that  pressure 
would  rise  until  the  less  complex  molecules  had  also  con- 
densed. This  was  in  fact  observed.  But  below  a  certain 
temperature  the  substance  would  consist  almost  wholly  of 
more  complex  molecules,  and  the  phenomenon  would  then  be 
less  visible.  This  is  indeed  the  case  with  the  isothermals  at 
50°  and  at  78°*4.  At  higher  temperatures  the  phenomenon 
becomes  evident.  That  this  behaviour  is  not  the  effect  of  im- 
purity has  been  proved  by  the  fact  that  the  vapour-pressures 
at  low  temperatures,  measured  by  the  statical  and  by  the 
dynamical  methods,  were  identical. 

Formulae  representing  the  dependence  of  dissociation  on 
pressure  and  temperature  have  been  proposed  from  thei'mo- 
dynamical  considerations  by  Prof.  Willard  Gibbs*.  The 
formula  is  for  acetic  acid 

1     2-073(D-2-073)        3520    ^.  ,,  ^.^^ 

^°S -{4^-Dr- =  r+273  +  ^^^^^^-^^^^^- 

*  American  Joui'ual  of  Science  and  Arts,  1870,  p.  277. 
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The  numbers  2*073  and  4-146  are  the  densities  referred  to 
air  of  the  molecules  C2H4O2  and  C4H8O4  respectively;  D  is 
the  observed  density;  and  3520  and  11-340  are  constants 
deduced  from  the  determinations  of  Cahours  and  Bineau. 
This  formula,  of  which  the  constants  in  its  author's  opinion 
can  claim  only  approximate  correctness,  is  quite  inadequate 
to  represent  actual  facts  at  high  temperatures  and  high 
pressures  where  cohesion  becomes  marked.  For  example,  it 
gives  at  a  temperature  of  280°  for  the  density  of  the  saturated 
vapour  35-13  instead  of  the  observed  number  62-62. 

If  our  opinion  be  correct,  and  if  the  abnormal  density  of 
saturated  vapours  and  of  vapoui-s  near  their  saturation-points 
and  also  above  their  critical  points,  at  high  pressures,  of  stable 
substances,  be  due  to  mere  molecular  proximity,  and  not  to 
any  form  of  molecular  combination ;  then  a  dissociating  sub- 
stance must  exhibit  a  vapour-density  which  may  be  partly 
due  to  this  cause.  With  such  a  substance  as  ammonium 
chloride,  which,  we  have  shown,  is  almost  completely  disso- 
ciated at  280°,  the  products  of  dissociation  (hydrogen  chloride 
and  ammonia)  are  under  such  conditions  of  temperature  and 
pressure  that  they  would  probably  behave  as  perfect  gases ; 
the  relatively  few  molecules  of  ammonium  chloride  which 
remain  undecomposed  in  the  gaseous  state  are  under  such  low 
pressure,  that  their  density  is  probably  normal  for  the  formula 
NH4CI ;  and  in  this  case  it  is  probable  that  the  chemical 
factor  alone  determines  the  vapour-density.  But  with  acetic 
acid  the  increase  of  density  al)ove  150°  is  evidently  wholly 
due  to  the  physical  cause  ;  while  the  abnormality  is  partly 
due  to  a  physical,  partly  to  a  chemical,  cause.  It  is,  how- 
ever, impossible  in  this  case  to  ascertain  at  what  temperature 
the  physical  cause  begins  to  operate.  It  is  evidently  to  be 
wished  that,  from  a  study  of  the  behaviour  of  stable  substances, 
some  general  law  could  be  discovered  which  would  embrace 
all  instances  of  physical  abnormality  ;  and  many  attempts 
have  been  made  in  this  direction,  but  as  yet  with  only  partial 
success.  Willard  Gibbs,  on  the  other  hand,  has  attacked  the 
problem  from  the  chemical  side  ;  and  we  have  shown  that  his 
formula  ceases  to  apply  when  the  physical  change  becomes 
predominant. 

Messrs.  E.  and  L.  Natanson*  have  recently  published  a 
research  on  the  vapour-densities  of  nitric  peroxide  (N2O4  or 
NOg),  which,  taken  in  conjunction  with  experiments  of  ours 
on  the  vapour-pressures  of  that  body  (Phil.  Trans.  1886, 
Part  L),  atfords  a  striking  confirmation  of  the  correctness  of 
our  views.  They  give  an  isolated  observation  at  — 12°-6; 
*  Wiedemann's  Annalen,  1886,  p.  606, 
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and  isothermals  at  0^,  21°,  49°-7,  73°-7,  99°-8,  129°-9,  and 
151°'4.  The  limit  of  pressure  was  800  millim.  Now  the 
boiling-point  of  nitric  peroxide  is,  from  our  measurements, 
21°"8;  hence  the  densities  of  the  saturated  vapour  are  de- 
ducible  from  only  the  first  three  of  the  Messrs.  Natansons' 
isothermals.  We  have  plotted  their  results  on  curve-paper ; 
this  has  shown  us  the  regularity  and  trustworthiness  of  their 
observations ;  and  by  continuing  the  curves  in  the  direction 
in  which  they  run  until  they  intersect  the  straight  lines 
denoting  vapour-pressures  at  the  temperatures  at  which  their 
measurements  were  made  (using  for  this  purpose  the  vapour- 
pressures  determined  by  us),  the  density  of  the  saturated 
vapour  is  determined  with  but  small  error. 
The  Natansons'  numbers  are  as  follows : — 


Temp. 

Pressure. 

Density. 

Temp. 

Pressure. 

Density. 

-12-6 

millim. 
115-4 

millim. 
62-54 

o 
21 

millim. 
491-60 

millim. 
38-74 

0-0 

37-96 

35-84 

516-96 

39-01 

86-57 

38-,59 

553-50 

39-15 

172-48 

40-71 

639-17 

39-64 

250-66 

41-90 

At  — 12°*6  the  vapour-pressure  of  nitric  peroxide  is  125  mm. 
The  density  of  the  saturated  vapour  must  therefore  be  a  little 
above jf2 '54.  Now  the  theoretical  density  of  NgO^  is  46.  It 
may  be  that  the  higher  density  is  due  to  experimental  error; 
but  from  graphic  representation  of  the  Natansons'  results 
this  appears  improbable.  If  the  measurement  is  correct,  it 
would  imply  that  the  chemical  combination  of  molecules  of 
NOq  is  not  complete  when  the  molecular  complexity  is  repre- 
sented by  the  formula  (N02)2,  but  may  extend  to  (^03)3,  or 
even  further.  At  0°  the  vapour-pressure  is  255  millim.;  again 
the  density  found  by  the  Natansons  must  be  nearly  that  of 
saturation.  At  21°  the  vapour-pressure  is  about  700  millim. ; 
and  a  prolongation  of  the  curve  constructed  from  the  above 
numbers  would  cut  the  line  representing  the  large  alteration 
of  volume  with  no  rise  of  vapour-pressure  at  a  vapour-density 
of  about  40.  It  is  evident,  then,  that  with  nitric  peroxide,  as 
with  acetic  acid,  the  density  of  the  saturated  vapour  rises  with 
fall  of  pressure  and  temperature.  Now  it  is  known  that  nitric 
peroxide  dissociates,  for  the  physical  properties  (colour,  &c.) 
change,  on  change  of  (NOg),^  into  n(N02) ;  and  the  similarity 
of  behaviour  between  nitric  peroxide  and  acetic  acid  renders 
Phil.  Mag.  S.  5.  Vol.  23.  No.  141.  Feb,  1887.  L 
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the  dissociation  of  acetic  acid  from  (C2H402)n  into  n{  C2H4O2) 
no  longer  conjectural. 

If  it  be  granted  that  our  thesis  is  proved,  that  the  molecules 
of  stable  liquids  are  not  more  complex  than  those  of  their 
gases,  it  follows  that  the  difference  between  liquids  and  gases 
is  one  of  degree,  not  of  kind  ;  is  quantitative,  and  not  quali- 
tative. 

University  College,  Bristol, 
November  18,  1886. 


Erbata  in  article  in  January  number : — Page  G2,  lines  5  and  4  from  bot- 
tom, {or  p=a-\-bu*  +  ciSf  rea,d\og  p  =  a-\-biie,^-\-c/i( ;  for  p  =  rt 4-7W  read 
log  p=a-\-bxt.  Same  correction  on  p.  64,  fifth  line  below  table  ;  and 
p.  68,  line  1.  P.  64,  line  3  below  table,  for  25'54  millim.  read  26'o4 
miUim.     P.  68,  line  1,/or  log  =0-5784772  read  log  6=0-6784772. 


XVI.    On  the  Atomic  Weights  of  Silver  and  Copper. 
By  W.  N.  SHAW,'jf.^.* 

IN  the  table  of  atomic  weights  given  by  Landolt  and  Born- 
stein  in  their  Physikalisch-Chemische  Tahellen,  p.  1,  that 
of  copper  is  quoted  as  63'18  from  L.  Meyer  and  K.  Seubert, 
and  as  63-17  from  Clarke.  These  numbers  give  the  chemical 
equivalent  of  dyad  copper  as  31'59  and  31"585,  respectively. 
If  we  take  the  value  of  the  atomic  weight  of  silver  as  1 07*66, 
we  get  for  the  ratio  of  the  chemical  equivalents  of  silver  and 
copper  3-4080  or  3'4086. 

The  atomic  weight  of  silver  is  given  as  one  of  those  whose 
accuracy  is  of  the  first  order,  with  a  possible  error  less  than 
•05  ;  that  of  copper  is,  on  the  other  hand,  placed  in  Class  III., 
for  which  the  possible  error  may  reach  0-5.  The  possible 
limits  assigned  by  this  to  the  ratio  of  the  chemical  equivalents 
are  3*381  and  3'435.  The  principal  determinations  of  the 
atomic  weight  of  copper  are  by  Berzelius,  Erdmann  and  Mar- 
chand  and  Hampe  ;  and  the  methods  used  may  be  called  strictly 
chemical.  Hampe  used  an  electric  current  to  extract  all  the 
copper  from  a  solution  of  the  metal,  and  further  tried  to  de- 
termine the  ratio  of  the  equivalents  by  comparing  the  electro- 
lytic deposits  of  silver  and  copper  in  the  same  circuit ;  but  he 
abandoned  the  method  as  unsatisfactory.  I  have  communi- 
cated to  the  Electrolysis  Committee  of  the  British  Association 
the  details  of  a  number  of  experiments  carried  out  at  the 
Cavendish  Laboratory  under  my  direction,  designed  to  deter- 
mine the  amount  of  copper  deposited  in  cells  with  different 
current-densities  from  a  nearly  saturated  solution  of  copper 

*  Communicated  by  the  AutliDr. 
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sulphate,  and,  if  possible^  to  establish  some  formula  of  correc- 
tion by  which  the  deposit  of  copper  at  any  current-density 
could  be  reduced  to  that  at  a  standard  density.  The  results 
show  that  the  amount  of  copper  deposited  tends  to  a  maximum 
value  when  the  current-density  reaches  the  highest  limit  with 
which  it  will  give  coherent  deposits,  this  limit  being  about 
•13  ampere  per  square  centimetre.  The  amount  of  deposit 
does  not,  however,  vary  appreciably  from  this  until  the 
current-density  is  below  '025  ampere  per  square  centimetre. 
For  current-densities  less  than  "02  and  down  to  '0014  the 
amount  of  deposit  can,  with  fair  concordance  between  the 
results  of  different  experiments^  be  reduced  to  that  at  the 

higher  current-densities  by  multiplying  by  a  factor  1  H ^ — , 

where  d  is  the  current-density  ;  although  it  is  possible  that  a 
slightly  diff'erent  value  may  have  to  be  assigned  to  the  nume- 
rator of  the  fraction  when  all  the  circumstances  of  the  state 
of  the  solution,  temperature,  and  other  variables  are  taken 
into  account. 

The  fact  that  the  amount  of  deposit  tends  to  a  limiting 
value  for  high  current-densities,  but  not  for  low  ones,  has  led 
me  to  examine  the  results  of  adopting  this  as  a  method  of 
determining  the  atomic  weight  of  copper  from  that  of  silver. 
And  the  first  result  that  appears  is  that  the  ratio  of  the  che- 
mical equivalents  of  silver  and  copper  is  given,  as  the  mean 
of  fifteen  final  experiments  with  current-densities  above  '025, 
as  3-39983  ;  which  differs  so  Httle  from  3-4000  that  this  value 
may  be  adopted  as  the  true  ratio  within  the  limits  of  error  of 
the  experiments.  The  amounts  of  copper  deposited  were 
generally  speaking,  about  1  gramme,  and  were  weighed  to 
O'l  milligramme.  The  greatest  error  from  the  mean  of  the 
fifteen  experiments  is  '0058,  or  nearly  "2  per  cent. ;  while  the 
mean  error  is  '00175,  or  less  than  '06  per  cent. 

The  ratio  has  been  determined  experimentally  by  Lord 
Rayleigh  in  three  experiments  with  platinum  bowls,  quoted 
in  the  paper  by  himself  and  Mrs.  Sidgwick  in  the  Philoso- 
phical Transactions,  Part  II.  1884,  p.  458.     His  results  are 

1  3'4()'s  I  ^^^^^^  current-density  about  '012  ampere  per  square 
centimetre,  and  3*404  with  a  current-density  about  '026. 
And  the  subject  was  brought  to  the  notice  of  readers  of  the 
Philosophical  Magazine  by  the  paper  by  Mr.  T.  Gray,  last 
November.  Mr.  Gray's  number  for  the  ratio  is  3'4013,  when 
the  current-density  is  '02  amper(^  per  square  centimetre.  The 
number  that  I  have  here  given  is  derived  from  experiments 
with  platinum-wire  cathodes,  generally  with  higher  curront- 

L2 
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densities,  and  is  correspondingly  lower.  At  any  rate  the 
results  point  to  a  limiting  value  for  the  ratio  differing  very 
little  from  3-4000. 

Now  if  the  atomic  weight  of  copper  be  taken  to  be  63' 18, 
as  determined  by  purely  chemical  methods,  the  ratio  would 
be,  as  stated  above,  3'4080.  This  is  the  ratio  obtained,  as  the 
result  deduced  from  the  experiments  I  am  referring  to,  when 
the  current-density  is  "0085  ampere  per  square  centimetre. 
The  variation  with  current-density  is,  however,  quite  con- 
tinuous through  that  value  ;  and  there  seems  to  be  no  good 
reason  for  supposing  that  there  are  a  number  of  secondary 
actions  which  exactly  balance  each  other  at  that  value.  More- 
over the  number  3'400  lies  well  within  the  possible  limits 
3*381  and  3*435,  assigned  in  Landolt  and  Bornstein's  table. 

Accepting,  then,  the  value  of  the  ratio  of  the  chemical 
equivalents  of  silver  and  copper  as  3*4000,  it  follows  that  the 
ratio  of  the  atomic  weight  of  silver  to  that  of  copper  is  17  :  10; 
and  if  the  atomic  weight  of  silver  be  107*66,  the  atomic  weight 
of  copper  is  63*333.  These  two  numbers  are  evidently  thirds 
of  whole  numbers,  and  we  get  the  following  numerical  rela- 
tions, which  are  somewhat  remarkable  : — 

17  X  lit 
— n — ) 


Ag  = 

107*66  = 

323 
3 

Cu  = 

63*33  = 

190 
3 

Ag. 
Cu' 

17 
"10 

There  are  many  lines  of  speculation  which  start  from  the 
grouping  of  whole  numbers  suggested  by  these  results.  For 
instance,  if  we  refer  the  atomic  weights  to  a  unit  which  is  one 
third  of  the  weight  of  the  hydrogen  atom,  the  numbers  for 
silver  and  copper  are  whole  numbers  resolvable  into  factors. 
The  resolution  of  the  numbers  into  factors  may  correspond  to 
the  different  valencies  of  the  elements  :  thus  the  only  possible 
valencies  for  silver  would  be  1,  17,  and  19  ;  for  copper,  1,  2, 
5,  and  19.  The  several  groups  might  then  be  regarded  as 
practically  separate  atoms,  each  associated  with  the  same 
charge  of  electricity  in  electrolysis  as  is  always  associated  with 
a  monad  atom.  The  valencies  1  for  silver  and  1  and  2  for 
copper  do  actually  occur.  If  the  atomic  weight  of  oxygen 
referred  to  this  unit  be  regarded  as  48,  the  number  of  possible 
valencies  would  be  very  great ;  and  the  same  may  be  said  of 
carbon,  with  the  atomic  weight  36  referred  to  the  same  unit. 


Foundations  of  the  Kinetic  Theory  of  Gases.  141 

If  a  compound  of  silver  with  a  valency  17  or  19,  or  one  of 
copper  with  a  valency  of  19,  were  known,  this  suggestion 
might  become  a  somewhat  plausible  hypothesis  ;  in  their 
absence  it  must,  I  fear,  be  regarded  merely  as  an  idle  specu- 
lation. The  only  reaction  of  silver  that  has  occurred  to  me 
as  likely  to  give  any  evidence  of  such  a  compound  is  its 
behaviour  with  oxygen  when  melted.  I  have  not,  however, 
been  able  to  find  the  composition  of  the  compound  or  mixture 
given  more  accurately  than  by  the  statement  that  silver  gives 
out  twenty- two  times  its  volume  of  oxygen  when  it  is  nearly  at 
the  point  of  solidification.  Taking  this  rough  statement  of 
the  composition  and  assuming  values  for  the  density  of  the 
silver  and  oxygen,  the  formula  for  the  compound  works  out 
to  be  Ag490,  which  is  sufficiently  near  to  AgO^i^  to  make  one 
wish  that  the  composition  were  more  accurately  known. 

It  is  perhaps  merely  a  remarkable  coincidence  that,  taking 
the  atomic  weight  of  potassium  as  39*1,  and  that  of  sodium  as 
23,  the  ratio  of  the  two  gives 

K       17  ., 

5^  =  j^  exactly; 

or  the  same  as  the  ratio  of  the  atomic  weights  of  silver  and 
copper  ;  and  in  the  absence  of  more  complete  certainty  in  the 
determinations  of  atomic  weights  it  may  be  unwise  to  speculate 
about  the  matter. 

Cavendish  Laboratory, 
December  1886. 


XVII.    On  the  Foundations  of  the  Kinetic  Theory  of  Gases. 
Part  II,     By  Professor  Tait*. 

IN  a  former  paper  (of  which  a  brief  abstract  appeared  in 
the  Philosophical  Magazine  for  April  1886,  p.  343,  and 
which  has  since  been  printed  in  full  in  Trans.  Roy.  Soc. 
Edin.)  I  showed  that  the  recovery  of  the  "special"  state  by 
a  gas  supposed  to  consist  of  equal  hard  spheres  takes  place,  at 
ordinary  pressures  and  temperatures,  in  a  period  of  the  order 
of  10~9  seconds,  at  highest. 

This  forms  the  indispensable  preliminary  to  the  present 
investigation.  For  it  warrants  us  in  assuming  that,  except 
in  extreme  cases  in  which  the  causes  tending  to  disturb  the 
"  special  "  state  are  at  least  nearly  as  rapid  and  persistent  in 

*  Abstract  of  Papers  read  to  the  Royal  Society  of  Edinburgh,  Decem- 
ber G,  1880,  and  .Januarj-  7,  1877.  Communicated  at  the  instance  of  Sir 
W.  Thomson. 
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their  action  as  is  the  tendency  to  recovery,  a  local  "  special " 
state  is  maintained  in  every  region  of  the  space  occupied  by  a 
gas  or  gaseous  mixture.  This  may  be,  and  in  the  cases  now 
to  be  treated  is,  accompanied  by  a  common  translatory  motion 
of  the  particles  (or,  of  each  separate  class  of  particles)  in  the 
region — a  motion  which  at  each  instant  may  vary  conti- 
nuously from  region  to  region,  and  may  in  any  region  vary 
continuously  with  time. 

A  troublesome  part  of  the  investigation  is  the  dealing  with 
a  number  of  com])licated  integrals  which  occur  in  it,  and 
Vy'hich  (so  far  as  I  know)  can  be  treated  only  by  quadratures. 
All  are  of  the  form 


J" 

Jo 


where  v  is  that  fraction  of  the  whole  number  of  particles  of 
one  kind  per  cubic  unit  whose  speeds  (relatively  to  those  of 
the  same  kind,  in  the  same  region,  as  a  lohoJe)  lie  between  v 
and  v  +  dv  ;  and  1/e  is  the  mean  free  path  of  a  particle  whose 
speed  is  v.  Throughout  the  paper  regard  has  been  had  to  the 
fact  that  e  must  be  treated  as  a  function  of  r.  So  long  as  the 
particles  are  of  the  same  kind,  or  at  least  of  equal  mass  if 
of  different  diameters,  such  integrals  are  easy  to  evaluate  ; 
but  it  is  very  different  when  the  masses  differ  in  two  mixed 
gases.  In  what  follows,  the  merely  numerical  factor  of  the 
expression  above  will  be  denoted  by  C^,  so  that  the  value  of 
the  expression  is,  when  the  masses  and  diameters  are  equal, 
Cr/nirs^h''^^,  and  the  introduction  of  different  diameters  merely 
introduces  another  factor.  Here  S/2h  is  the  mean  square  speed, 
n  the  number  of  particles  per  cubic  unit,  and  s  their  common 
diameter. 

When  the  masses  are  unequal  there  will,  in  general,  be 
different  mean  free  paths  for  particles  of  two  different  kinds, 
and  the  integrals  cannot  be  simplified  in  the  above  way.  In 
this  case  the  integrals  will  be  expressed  as  j    ,.,  2^r- 

(1)  In  the  first  part  of  the  paper  I  showed  that  the  Virial 
equation  is,  for  egital  hard  spheres  exerting  no  molecular 
action  other  than  the  impacts, 

nP^/2  =  I  j9  ( V  -  2n7rs73), 
where  w  is  the  number  of  particles,  P  the  mass  of  one,  s  its 
diameter,  v'^  the  mean-square  speed,  ^  the  pressure,  and  V  the 
volume.  The  quantity  subtracted  from  the  volume  is  four 
times  the  sum  of  the  volumes  of  the  spheres  ;  and  I  pointed 
out  that  this  expression  exactly  agrees  in  form  with  Amagat's 
experimental  results  for  hydrogen,    which    were    conducted 
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through  wide  ranges  of  pressure,  and  between  18°  C.  and 
100°  C. 

In  a  mixture  of  equal  numbers  of  two  kinds  of  particles,  of 
diameters  s^,  s.2,  I  find  that  for  /  in  the  above  formula  we 
must  put 

^(s,'  +  2s'  +  s,% 

where  s=(si  +  S2)/2.  Thus  the  "ultimate  volume"  is  in- 
creased if  the  sizes  of  the  particles  differ,  though  the  mean 
diameter  is  unaltered. 

(2)  For  the  coefficient  of  viscosity  in  a  single  gas  the  value 
found  is 

Sirns^  >/  A       V  h  ' 

where  p  is  the  density,  and  X  the  mean  free  path.  The  pro- 
duct p\  is  the  same  at  all  temperatures,  so  that  the  viscosity 
is  as  the  square  root  of  the  absolute  temperature. 

(3)  The  steady  linear  motion  of  heat  in  a  gas  is  next 
considered,  temperature  being  supposed  to  be  higher  as  we 
ascend,  so  as  to  prevent  complication  by  convection.  It  is 
assumed,  as  the  basis  of  the  inquiry,  that  : — 

Each  horizontal  layer  of  the  gas  is  in  the  "  special "  state, 
compounded  with  a  vertical  translation  which  is  the  same  for 
all  particles  in  the  layer. 

The  following  are  the  chief  results: — 

(a)  Since  the  pressure  is  constant  throughout,  we  have 

Fn 

so  that  7i/h  is  constant. 

(b)  Since  the  motion  is  steady,  no  matter  passes  (on  the 
whole)  across  any  horizontal  plane.  This  gives  for  the  speed 
of  translation  of  the  layer  at  x, 


""I  "(ji^h-^^!"}^^' 


(c)  Equal  amounts  of  energy  are  (on  the  whole)  transferred 
across  unit  area  of  each  horizontal  plane,  per  unit  of  time. 
The  value  is 


-I 


By  the  above  value  of  p,  and  its  consequence  as  to  the  ratio 
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n/h,  these  expressions  become 

Since  E  is  constant,  by  the  conditions,  we  see  that  a  also 
must  be  constant.     Hence,  as  At  (where  r  is  absolute  tempe- 

rature)  is  constant,  we  have  t^  -t-  constant,  or 

t^  =  A  +  Ba', 

which,  when  the  terminal  conditions  are  assigned,  gives  the 
steady  distribution  of  temperature.  The  motion  of  the  gas  is 
analogous  to  that  of  liquid  mud  when  a  scavenger  tries  to 
sweep  it  into  a  heap.  The  broom  produces  a  general  transla- 
tion which  is  counteracted  by  the  gravitation  due  to  the 
slope,  just  as  the  translation  of  the  gas  is  balanced  by  the 
greater  number  of  particles  escaping  from  the  colder  and 
denser  layers  than  from  the  warmer  and  less  dense. 

In  thermal  foot-minute-centigrade  measure,  the  conductivity 
of  air,  at  one  atmosphere  and  ordinary  temperatures,  appears 
from  the  above  expressions  to  be  about 


V 


2^3-10-= 


or  about  1/28,000  of  that  of  iron.     No  account,  of  course,  is 
taken  of  rotation  or  vibration  of  individual  particles. 

(4)  In  the  case  of  diffusion,  in  a  long  tube  of  unit  section, 
suppose  that  we  have,  at  section  a-  of  the  tube,  n^  P,s  and 
^2  1*2^  P®^'  cubic  unit,  with  translational  speeds  a^  and  a2, 
respectively.  If  G,  be  the  whole  mass  of  the  first  gas  on  the 
negative  side  of  the  section,  it  is  shown  that  the  rate  of  flow 
of  that  gas  is 

Obviously 

f=P,,,&C. 

The  motion  of  the  layer  of  P^s  at  x  is  (if  approximately  steady) 
given  by  the  equation 


d  /Pi?iA  8  2      Mh-i  +  h^)     P,P2     .  s 
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where  the  right-hand  side  depends  on  the  colHsions  between 
the  two  kinds  of  gas  in  the  layer,  s  being  the  semi-sum  of  the 
diameters.     From  these  we  obtain 

dt        Vlbs^   ^Trhih^ihi  +  h^)    p      on"-  V   d.v^ 

In  the  special  case,  when  the  masses  and  diameters  are 
equal  in  the  two  gases,  the  diffusion-coefficient  (the  multiplier 

of    ,  J  above)  has  the  value 

It  is  therefore  inversely  as  the  density,  and  directly  as  the 
square  root  of  the  absolute  temperature.  And  in  the  case  of 
two  infinite  vessels,  connected  by  a  tube  of  length  I  and  sec- 
tion S,  and  containing  two  gases  whose  particles  have  equal 

masses  and  diameters,  the  rate  of  flow  of  either  is  j-yj  I "785 

in  7nass  per  unit  of  time. 

Other  cases  are  treated  ,  and  among  these  it  is  shown  that 
with  equal  masses,  and  constant  semi-sum  of  diameters,  differ- 
ence of  diameters  favours  diffusion. 


XYIII.  On  the  Amount  of  the  Elevations  attrihdahle  to  Com- 
pression through  the  Contraction  during  Cooling  of  a  Solid 
Earth.     %  Rev.  0.  Fisher,  if. A,  i^.  6^.5. * 

IT  is  now  thirteen  years  since  I  first  published  in  the 
'  Transactions  of  the  Cambridge  Philosophical  Society'!, 
and,  at  a  later  date,  in  my  '  Physics  of  the  Earth's  Crust'  |, 
an  attempt  to  estimate  the  mean  height  of  the  elevations 
which  compression,  resulting  from  the  contraction  due  to 
cooling,  might  give  rise  to  upon  the  earth  considered  as  a  solid 
globe. 

A  remark  from  my  friend  Mr.  Davison,  who  is  working  on 
this  subject,  has  suggested  to  me  that  the  investigation  I  have 
given  is  not  quite  satisfactory ;  and  I  now  offer  the  following 
as  an  improvement. 

If  we  are  to  attribute  the  corrugations  which  we  meet  witli 
in  tlie  earth's  crust  to  compression  arising  from  the  secular 
cooling  of  a  solid  globe,  we  must  assume,  as  I  have  tacitly 

*  Communicated  by  the  Author. 

t  Vol.  xii.  pt.  2.     Read  Dec.  1, 1873. 

;  Macmillan's,  1881. 
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done  in  my  former  work,  that  the  matter  in  each  layer  retains 
its  horizontal  extension  during  the  settlement  into  its  present 
position.  On  this  supposition  the  corrugations  will  clearly  be 
influenced  by  the  sphericity  of  the  surface.  But  if  we  make 
use  of  Sir  W.  Thomson's  expression*  for  the  temperature  at 
any  depth,  we  must  recollect  that  he  neglects  the  sphericity. 
Still  it  seems  probable  that  his  law  of  cooling  for  an  infinite 
plain  will  be  sufficiently  applicable  to  the  globe  to  make  the  fol- 
lowing of  some  value.  For  it  is  evident  that  the  temperature- 
curve  for  the  sphere  will  be  of  a  similar  character,  though  not 
exactly  of  a  similar  form  ;  the  more  rapid  escape  of  heat  to- 
wards the  convex  surface  causing  the  ordinates  to  decrease 
somewhat  more  rapidly  as  the  free  surface  of  the  sphere  is 
approached. 

Let  a  layer  of  the  globe  at  a  distance  /  descend,  by  cooling 
of  the  matter  beneath  it,  to  the  distance  z  from  the  centre  C. 
Then  our  assumption,  that  this  layer  retains  its  horizontal 
extension,  necessitates  that  we  suppose  the  voluminal  con- 
traction to  take  place  wholly  in  the  vertical  dimension. 

Let  E  be  the  coefficient  of  voluminal  contraction.  If,  then, 
the  layer  in  question  has  fallen  through  6°  since  it  solidified, 
we  must  have 

dz={l-W)dz; 

or  dz'={l  +  ^d) dz,  app roximately . 

The  volume  of  this  layer  on  first  solidifying  was 

^TTz'^dz'. 

And,  after  cooling,  the  thickness  of  this  layer  has  contracted 
to  dz,  but  has  retained  its  horizontal  extension.  Its  volume 
therefore  becomes 

^.irz'^dz. 

Also,  the  proper  volume  of  the  spherical  layer  of  the  same 
thickness  at  this  depth  is 

47r  z^  dz. 

And  the  difference  between  these  volumes  will  be  the  contri- 
bution to  the  surface -corrugations  from  this  particular  layer. 
Call  the  volume  of  the  whole  corrugations  ^irrVi ;  we  then 
shall  have 

^TTT^^rdz  =  4:7rz'^dz—4:7rz'^dz. 
dz 

But  since  ever}'  layer  beneath  the  one  in  question  has  cooled 

*  Trans.  Roy.  Soc.  Ediu.  vol.  xxiii.  pt.  1,  p.  157.     Also  Nat.  Phil. 
Appendix  D ;  and  Phil.  Mag.  4th  series,  vol.  xxv.  p.  1  (1863). 
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through  ^,  and  contracted  in  the  vertical  dimension  only, 


,dh 


=z+Eyedz, 

•   0 

=  2^Et   6dz,  neglecting  E^ 


Diagram  of  teDiperature-ciirve,  adapted  from  Sir  W.  Thomson's  paper. 
0_ g        Y 
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O  X  the  depth  below  the  sixrface  =  x.  N  P  the  excess  of  temperature 
above  the  temperature  of  the  surface  =v.  O  Q  the  excess  of  the  melt- 
ing temperature  above  that  of  the  surface  =  V.  P  w  the  temperature 
through  which  matter  at  the  depth  x  has  cooled  =:  6.     O  a  =  a. 

Let  a;  be  the  depth  of  the  layer  under  consideration  from 
the  surface  at  0.  Then,  using  Sir  W.  Thomson's  notation, 
we  shall  have 

e  =  Y-v, 
or  7  px    ,2 

^  =  V-     \    e-a^da; 

V 

V  being  the  temperature  of  solidification,  and  h  =  j — y—;  and 

2    *'  TT 

a  a  depth,  which  may  be  determined  at  once  (without  know- 
ing the  conductivity  or  the  time  of  cooling)  by  means  of  the 

dv        2V'    _£! 
formula    -j~  =  — -=  e  «-'  from  the  temperature-rate  near  the 
dx      a  n^'jr 
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surface,  which,  taken  at  1°  Fahr.  per  51  feet,  gives 

51      a  Y^^' 

If  we  follow  Thomson  in  assuming  7000°  Fahr.  for  the  tem- 
perature of  solidification  (a  very  high  value)  this  gives 

a =420832  feet, 

and  at  twice  this  depth,  ^=V  x0"00468;  below  which  the 
cooling  will  be  small.  Let  us  then  separate  the  integral  into 
two  portions  at  the  point  A,  at  the  depth  2a  ;  and 


'•i-KC>J.>- 


wherefore 


the  second  integral  being  the  contribution   to  the  surface- 
corrugations  from  matter  below  A. 

Setting  this  aside,  since  z^r—x,  .'.  dz=-—dx  ;  and,  sup- 
posing 6  now  expressed  in  terms  of  x  as  above,  reversing  the 
order  of  the  limits, 

dh  r2« 

r2|^  =  -2(r-A')E|     Odx-, 

h=  -^Ul-  ^-)  (  r\?A/^  + const. 
The  integral  begins  at  A,  where  x=2ia  and  A  =  0  ; 

•••"=Tr(-^)(^->' 

oives  the  mean  height  of  the  corrugations  formed  out  of  the 

o  o  o 

compression  of  the  matter  down  to  the  depth  2a,  which,  with 
the  assumed  constants,  will  be  about  160  miles. 

If  we  substitute  for  6  the  value  given  above,  expand  the 
exponential  and  integrate  between  the  limits  (see  '  Physics  ' 
&c.  p.  63  et  seq.),  putting  E  =0-0000215*,  7'  =  20902500 
feet,  the  above  gives 

A  =  933  feet. 

The  effect  of  the  contraction  below  A  need  not  be  considered, 
being  at  most  not  two  feet. 

The  value  obtained  for  li  implies  that,  if  all  the  elevations 
which  would  have  been  produced  by  compression,  through 
the  contraction  of  the  earth  cooling  as  a  solid,  were  levelled 

*  This  is  the  coefficient  of  contraction  obtained  from  Mallet's  experi- 
ments on  slag.     See  '  Physics  '  Ike.  p.  68. 
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down,  they  would  Ibrm  a  coating  of  about  900  tbet  in  thickness 
above  the  datum  level,  which  would  be  the  surface,  had  the 
matter  of  the  crust  been  perfectly  compressible  so  that  com- 
pression would  not  have  corrugated  it. 

The  value  obtained  for  this  quantity  in  my  former  work 
was  866  feet. 

Practically,  these  two  numbers  do  not  materially  differ ;  and 
they  show  that,  if  we  take  into  consideration  the  land  and  the 
ocean-basins,  the  existing  inequalities  of  the  surface  are  greater 
than  can  be  accounted  for  by  the  theory  of  compression 
through  contraction  by  cooling  of  a  solid  globe,  even  upon  the 
too  highly  favourable  suppositions  made  in  the  present  paper. 
The  strictly  geological  arguments  against  this  theory  stand 
upon  their  own  merits. 

The  result  of  the  above  emendation  of  the  demonstration  in 
my  '  Physics  of  the  Earth^s  Crust '  is  therefore  simply  to 
confirm  the  arguments  I  have  built  upon  the  less  satisfactory 
calculation  given  in  chapter  vi.  of  that  book. 


XIX.  Silk  V.  Wire.     By  R.  H.  M.  Bosanquet. 

To  the  Editors  of  the  Philosophical  Magazine  and  Journal. 
Gentlemen, 

N  a  note  in  the  December  number  of  the  Philosophical 
Magazine  for  1886,  entitled  "  Silk  v.  Wire,  or  the  '  Ghost' 
in  the  Galvanometer,"  I  mentioned  reasons  for  distrusting 
silk,  and  alluded  amongst  other  things  to  the  way  in  which  it 
untwists  when  stretched.  Condensation  of  expression  has  its 
inconveniences,  and  in  the  January  number  for  1887  Mr. 
Gray  infers  that  I  used  a  twisted  silk  thread,  b}^  which,  I 
presume,  he  means  an  artificially-twisted  silk  thread  ;  but 
that  is  not  so.  The  thread  used  was  prepared  from  suspension- 
silk  supplied  by  Elliott  Brothers.  This  consists  of  a  small 
number  of  fibres  more  or  less  aggregated  together,  and  pre- 
sents no  appearance  of  twist.  This  is  picked  to  pieces  until 
the  substance  desired  is  left.  It  is  then  fine  enough  to  be 
hardly  visible. 

I  abandoned  the  use  of  cocoon-fibres  and  very  small  needles 
years  ago  in  consequence  of  the  impossibility  of  accurately 
determining  the  error  introduced  by  the  fibre. 

I  made  at  one  time  a  great  many  observations  on  silk  fibres 
of  various  descriptions.  The  jihenomenon,  to  which  1  alluded 
in  speaking  of  the  untwisting  when  stretched,  may  be  de- 
scribed as  structural  twist :  it  has  shown  itself  as  follows,  in 
all  silk  fibres  I  have  ever  examined. 
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It'  a  small  weight  with  a  pointer  is  suspended  from  a  silk 
fibre,  and  it  is  brought  to  rest  and  left  covered  under  glass, 
the  position  will  continue  slowly  to  change  for  some  days. 
This  is  what  I  regard  as  a  consequence  of  structural  twist.  It 
and  the  taking  of  set  combined  lead  to  the  phenomenon  of  the 
change  of  zero  in  galvanometers,  leaving  the  "  ghost  ^'  out  of 
consideration  for  the  present. 

With  me,  sensitiveness  is  far  from  being  the  first  require- 
ment in  galvanometers.  The  elimination  of  elements  of  an 
inconstant  character  stands  first.  Now,  when  we  so  greatly 
diminish  the  moment  of  the  needles  as  to  admit  of  the  pro- 
perties of  the  silk  suspension  causing  changes  of  the  zero,  which 
is  admittedly  the  case,  we  have  a  demonstration  that  changes 
depending  on  the  silk  are  able  to  influence  the  results.  The 
increase  in  the  length  of  the  silk,  according  to  my  experience, 
increases  some  at  least  of  the  irregular  effects  instead  of  dimi- 
nishing them.  By  the  elimination  of  the  silk  we  can  obtain 
instruments  quite  sufficiently  sensitive  for  practical  purposes, 
and  entirely  free  from  errors  which  I  regard  as  introduced  by 
an  incorrect  identification  of  refinement  with  accuracy. 

Since  my  former  note  was  written  I  have  wound  a  pair  of 
coils  for  the  galvanometer  in  question,  consisting  of  about 
500  turns  of  16  B.W.G.  By  employing  a  cement  of  shellac 
varnish  thickened  with  red  lead  I  was  able  to  wind  these  solid 
without  any  frame,  and  so  to  get  all  the  thick  wire  into  the 
same  space  as  before.  I  thus  obtain  nearly  the  same  delicacy 
as  with  the  old  silk  suspension.  The  clearness  of  the  indica- 
tions, as  compared  with  those  of  the  old  galvanometer,  is 
evidenced  by  the  facility  with  which  the  thermoelectric  cur- 
rents, arising  from  the  binding-screws  of  the  circuit,  are 
identified,  a  considerable  deflection  being  produced  by  laying 
the  finger  on  the  brass  binding-screw.  With  the  silk  such 
effects  were  not  so  easily  isolated,  movements  often  continuing 
even  though  the  circuit  was  not  joined  up. 

Mr.  Gray  deprecates  going  back,  "  something  like  half  a 
century,"  to  galvanometers  with  large  needles.  I  doabt 
whether  the  older  experimenters  realized  the  advantages  of 
wire  suspension.  But  I  have  always  wondered  that  so  little 
weight  is  now  attached  to  the  deliberate  opinion  of  Gauss, 
that  accuracy  in  such  measurements  is  to  be  best  attained  by 
enlarging  the  dimensions  of  the  apparatus.  In  this  matter  I 
am  occasionally  tempted  to  think  that  the  old  is  better. 
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XX.  An  Account  of  Gauchy^s  Theory  of  Beflection  and  Refrac- 
tion of  Light.  By  James  Walkek,  M.A.,  Demonstrator  at 
the  Clarendon  Laboratory,  Oxford*. 

THE  theory  of  reflection  and  refraction  of  ligbt  holds  snch 
an  important  place  among  the  problems  of  Optics  which 
await  their  solution  that  it  is  advantageous  to  have  a  clear 
idea  of  the  work  which  has  been  previously  done  in  the  subject. 

The  theory  advanced  by  Green  has  been  so  thoroughly 
discussed  by  Lord  Rayleigh  and  Sir  W.  Thomson  that  all 
questions  connected  with  it  may  be  considered  as  completely 
settled.  But  this  is  by  no  means  the  case  with  Cauchy's 
work  on  the  subject;  and  some  account  of  it  may  be  of  in- 
terest, even  though  the  theory  cannot  be  said  to  contribute 
much  towards  a  solution  of  the  problem. 

Several  "  reproductions  ^^f  of  Cauchy's  work  have  indeed 
appeared  in  French  and  German,  but  in  most  of  them  the 
elegance,  and  therewith  the  clearness,  of  Cauchy's  method 
have  been  given  up  ;  while  they  leave  in  more  or  less  ob- 
scurity the  reasoning  which  led  him  to  enunciate  his  "principle 
of  continuity,"  and  make  no  mention  of  a  point  of  considerable 
interest,  viz.  the  mistake  which  originally  led  to  his  adoption 
of  a  theory  involving  the  strange  assumption  of  a  negative 
value  for  the  coefficient  of  compressibility  of  the  gether. 


Cauchy,  at  different  periods,  gave  three  distinct  theories  of 
reflection  :  the  first  two,  however,  require  only  a  passing- 
notice,  as  they  were  afterwards  rejected  by  him  as  in  no 
respect  affording  a  complete  solution  of  the  problem. 

The  first  theory  was  published  in  the  Bulletin  de  Ferussac 
of  1^)30.  It  rested  on  the  true  dynamical  basis  of  the  equality 
of  pressures^  at  the  interface  of  the  media  ;  but  was  vitiated 
by  the  neglect  of  the  pressural  waves,  which  nmst  take  part 
in  the  act  of  reflection  and  refraction.  The  method  led,  on 
the  assum])tion  of  the  equality  of  the  density  of  the  aether  in 
the  two  media,  to  the  formulae  given  by  Fresnel  §. 

The  second  theory  was  based  on  a  method  of  obtaining  the 

*  Commuuicated  by  the  Physical  Society:  read  December  1],  188G. 

t  A.  V.  Etlin<^ahauseii,  Pof^g.  Ann.  1.  }).  409;  Sifzh.  dcr  Wien.  Akad. 
xviii.  p.  369.  Beer,  Pogg.  Ann.  xci.  pp.  iJ()8,  407,  5()1 ;  xcii.  p.  402. 
Eisenlohr,  Pogg.  Ann.  civ.  p.  .'>46.  Priot,  Liouv.  Joxni.  (2nd)  xi.  p.  .'JOo; 
xii.  p.  185.     Limdqui.st,  Pogg.  Ann.  clii.  pp.  177,  398,  rA'S. 

t  Cauchy's  reasons  for  rejecting  the  principle  of  the  equality  of  pres- 
sures at  the  inttjrface  are  given  in  C'onipte.s  liendus,  xxviii.  p.  GO. 

§  Cauchy,  Meviuire  sur  la  Di.sjwrsiun,  §  10. 
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equations  of  condition  at  the  interface,  which  was  given  in  a 
lithographed  memoir  published  in  1836.  This  method  assumes 
a  change  in  the  equations  of  motion  near  the  interface  to  a 
distance  comparable  with  the  radius  of  the  sphere  of  activity 
of  a  molecule,  and  leads  to  the  following  theorem  : — 

^'Etant  donnesdeux  milieux  ou  deux  systcmes  de  molecules 
separes  I'un  de  I'autre  par  le  plan  de  yz,  supposons  que  des 
equations  d^equilibre  ou  de  mouvement  generalisees  de  maniere 
a  subsister  pour  tous  les  points  de  Fun  et  de  I'autre  systeme 
et  meme  pour  les  points  situcs  sur  la  surface  de  separation, 
Fon  puisse  deduire  une  equation  de  la  forme 

ii,  ©  designant  deux  quantites  finies,  mais  variables  avec  les 
coordonnees  icy  z.     On  aura,  pour  a'=0, 

da      dn'  , 

dx      dx 

en  admettant  que  Ton  prenne  pour  premier  et  pour  second 
membre  de  chacune  des  formules  les  resultats  que  fournit  la 
reduction  de  .?;  a  zero,  dans  les  deux  valeurs  de  la  fonction 

da 

-5-    ou  «^  relatives  aux  points  interieurs  du  premier  et  du 

second  systeme." 

The  equations  of  condition  resulting  from  the  application  of 
this  theorem  were  published  in  Cauchy's  memoir  on  Dispersion 
in  the  same  year*.  They  express  that  the  linear  dilatation  of 
the  sether  normal  to  the  interface  is  the  same  for  both  the 
media,  and  that  the  rotations  in  the  three  coordinate  planes 
of  a  particle  at  the  interface  is  the  same,  whether  the  particle 
is  considered  as  belono-ino;  to  the  first  or  second  medium. 

The  method  of  deducing  these  conditions  was  given  in  a 
memoir  presented  to  the  French  Academy  on  October  29, 
1838t.  This  memoir  has  never  been  published ;  and  all  we 
know  is  that  the  method  involved  the  assumption  that  the 
velocity  of  propagation  of  the  pressural  waves  is  very  great 
compared  with  that  of  the  distortional  waves!]:.  In  1842  Cauchy 
showed  that  these  conditions  lead  to  Fresuel's  formulaB§. 

1\iQ  jinal  theory  was  published  in  detail  (|  in  the  years  1838 
and  1839,  and  is  contained  in  the  8th  and  9th  volumes  of 
the  Comptes  Rendtis,  and  in  the  Exercises  d^ Analyse  et  de 

*  Mem.  sur  la  Dispersion,  §  10.  t  Comptes  Rendus,  vii.  p.  751. 

X  Ibid.  X.  p.  905.  §  Ihid.  xv.  p.  418. 

II  The  idea  seems  to  be  prevalent  that  we  are  indebted  to  the  German 
reproductions  for  our  knowledge  of  the  details  of  Cauchy's  method. 
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Physique.  Later  volumes  of  the  Camples  Rendus  contain 
re-statements  of  it ;  and  in  1850  an  extension  of  the  method 
was  made  to  rotatory  isotropic  media*  and  to  anisotropic 
mediaf  ;  but  this  later  work  was  never  completed. 

II. 

Cauchy's  final  method^  of  determining  the  conditions  at  the 
interface  of  the  media  depended  on  tinding  the  relations 
which  must  exist  between  the  known  values  of  the  displace- 
ments in  the  interior  of  the  medium,  and  the  values,  consistent 
with  the  conditions  of  the  problem,  which  these  displacements 
take  when  the  change  in  the  form  of  the  equations  of  motion 
near  the  interface  is  taken  into  account. 

Ti'eating  the  aether  as  an  isotropic  elastic  solid,  for  which 
the  density  is  p,  and  the  coefficients  of  compressibility  and 
rigidity  are  k,  n,  the  equations  of  motion  are 

d^  d8  ,     ^2^ 

d^r)  ^S_L      r-72  I  (1\ 


where 


.d^^        dS 


B=^l  +  p  +  '^,     nnd  m  =  k  +  in. 
dx      dy      dz 


Sir  W.  Thomson§  has  shown  that  all  possible  solutions  of  these 
equations  are  included  in 

f.     d(f>  d(f)  ^     d(b 

dx  dy  d 

where  <p,n,v,w  are  some  functions  of  x,  y,  z,  t  and  u,  v,  lo  such 

that  - — h  ^^  4-  -^  =  0  ;  further  that,  making  these  substitu- 
dx      dy      dz  ° 

tions,  equations  (1)  may  be  replaced  by 

d'ho        „, 
p~j^,=nVho. 

So  that  there  are  two  modes  of  waves  possible  :  a  condensa- 

*  C.  R.  xxxi.  pp.  IGO,  225.  t  Ihicl.  xxxi.  pp.  257,  297. 

J  Ibid.  viii.  pp.  374,  432,  459.  §  Baltimore  Lectures,  p.  22. 

Phil.  Macj.  S.  5.  Vol.  23.  No.  141.  Feb.  1887.  M 
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tional  wave,  propagated  with  velocity  \J  ,  and  for  which 

the  velocity-potential  is  ^  ;  and  a  distortional  wave,  propa- 
gated with  the  velocity  \/ -,  and  for  which  the  components 

of  the  displacement  are  u,  v,  w. 

Let  the  interface  of  the  media  be  the  plane  of  yz,  and  sup- 
pose the  first  medium  on  the  side  of  positive  a*. 

Considering  only  plane  waA'es,  which  have  the  same  period 
of  vibration  27r/&)  and  the  same  trace  hy  +  cz  =  0  on  the  inter- 
face of  the  media,  the  values  of  (f),  u,  v,  lo  satisfying  the 
equations  may  be  taken  as 

V  — 1  V  — 1 

A{ax-\-by+cz—Mt)^ —\        ,  k        (  —  aj:+by  +  cz—a}t)^—l 

6  +  i\i  €  < 


M=  A  e'"'  -"^^   -'■    '    + 


^_  -Q  ^(a.v+bi/  +  cz-o,t)V^  jg    ^(-i,x+bi/+cz-wt)^^'^ 

__  Q      (a.T  +  by+cz—u>t>  -^^i        ,  Q      (-ax  +  by  +  cz-ojt)^ -] 

where 

\    m-\-n  V      71 

and  A,  B,  C  ;  A,,  B^,  Cy  are  connected  by  the  relations 

Aa  +  B6  +  C6'  =  0,     -A;a  +  B,6  +  CyC  =  0. 
The  corresponding  values  of  ^,  ?/,  ^  are  accordingly 

y.^Q^ax-Vby-\-cz-,at)'J'^.     r\X—ax-^by^cz-uii)'J-\,-r>        {x„a+by  +  cz-ut)'J^\ 

Now  within  the  medium  the  displacements  are  those  due  to 
the  distortional  waves  alone,  and  hence  the  values  of  ^,  r],  ^ 
are 

*  The  V  —  1  is  inserted  foi-  coiiTenience. 


K2) 
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c. A     {ax  +  by  +  cz—<at)^  —  \.      *      (  —  ai+hy  +  cz—iat^'^—X   "^ 

y r^   (ax+ly+cz-tat)'-^ -\     ,    Q    (—ax+by+cz-ut^\^^l  . 

whence,  comparing  these  values  with  equations  (2), 

Near  the  interface,  and  for  values  of  x  less  than  the  small 
quantity  e,  the  differential  equations  change  form  by  the 
addition  of  terms  whose  coefficients  are  functions  of  x,  which 
vanish  when  x  exceeds  the  small  quantity  e.  These  additional 
terms  may  be  reduced  to  linear  functions  of  ^,  rj,  ^,  and  their 
differential  coefficients  with  respect  to  wf,  since  the  equations 
will  still  be  satisfied  by  taking  the  displacements  proportional 
to  the  same  exponential  g(*^+''^-<"'^   -'^ 

We  require  now  to  determine  the  values  of  ^,  r),  ^  which 
satisfy  these  altered  equations. 

Cauchy's  method  of  doing  this  depends,  as  v.  Ettings- 
hausenj  has  pointed  out,  on  the  method  of  the  variation  of 
parameters  :  by  this  method  the  constants  A,  Ay, , . .  are 
treated  as  functions  of  x  ;  and  a  first  condition  imposed  upon 

them  is  that  -^5  -7-?  ~r-  must  remain  unaltered  in  form,  so  that 
ax  ax  ax 

'^S   _  J  K        (ax  +  by+cz-<ut)^f^l         a         (-cu:Jrby  +  cz-i^t)^^l 

^-i^oe  -A,ae 


■f-  Hija^i  c  -\-  fuiPi^  e  f  V  —  i, 


dr] 
dx 


=  \  J3q/«-^+*.!'+'''^-<-')^-i_]3^  (-"^+%-i<^^-o'0^-i 


+  Byy^//"""+*^+^^-'-'>^'-'-Cyya/6^-''""+*^+^"-"'^^-'}v  -1, 


K4) 


"b    _    SQ^(ax  +  hy  +  cz-u)t)^ -I  ^^r^        (-ax+by+cz-mf)'J  —  I 


dx 


+  BiiUife 


(,a,,x  +  by  +  cz—iot) 


''-'-C,a,ce^-""'^''+''-'-''^'^-'\^-l.^ 


Consider  now  any  one  of  the  parinneters,  say  B^^;  its  value 
deduced  from  equations  (2)  and  (4)  is  of  the  form 

\  (ix        ax         dx/ 

Differentiating  this  equation  with  respect  to  x,  and  substitu- 

t   To7n,  cit.  p.  401. 


*  C.  R.  viii.  p.  4  to. 
X  Pogg.  Ann.  1.  p.  409 
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fVit     ^2„      fl'iy 

ting  for  -T-|'  -r^'  -f\  ^^'^"^  ^t*^  changed  differential  equations, 

all  the  terms  will  cancel  out  except  those  which  depend  on 
the  change  of  form;   and  we  shall  have 

dx       \    ^  dx  dx         dxj 

where  L,  M, . . .  vanish  for  finite  values  of  x. 

Now  the  values  of  ^,  77,  ?  will  differ  but  slightly  from  those 
given  by  (3),  so  that  this  last  expression  may  be  written 

"1^  =  (AL  +  BM  + . .  .),^'^-«^')-'^  +  (A,L  +  B^M  + . . .) ,-(«+''"^-^-'^ 

whence  the  variable  part  of  B^^  is 

B^^=  r(AL  +  BM  + . .  Oe^"-''")'^'"^/.?; 

+  \  (A,L  +  B,M  + .  .  .)e-^'^^''-'^''^-'da'. 

Similnr  values  are  obtained  for  the  parts  of  A,  A^, . . .  which 
depend  on  x.     NowL,  M, . . .  vanish  for  finite  values  of  x  ; 

so  that  if  1   L  dx,  \    M  dx, .  . .  are  very  small  relatively  to 


\,  jw-,  V, , .  .*,  the  variable  part  of  B^^  may  be  neglected  if 
—  {a  +  a,i)\/  —  },  (a  — ay,)\/— 1  have  no  real  positive  part  ;  so 
that  those  among  the  coefficients  A,  A^,  . .  .  Avill  remain  un- 
altered, when  the  change  in  the  medium  near  the  interftice  is 
taken  into  account,  which  have  the  coefficient  of  x  in  their 
exponential  factor  with  a  real  part  not  less  tluniihat  of  av— 1. 
In  the  present  case  this  will  be  so  for  all  the  parameters 
except  B^^ ;  and  hence,  calling  ^,  rj,  ?  the  corrected  values 
of  ^,  rj,  ^,  we  have 

— T>   (ax-^by  +  cz-03t)\'^\    .    td     (-«r+6y+cz-wO  v'^    r    "O    f    {a„x-\-by  +  cz—at)^'  -i 

Y  _n    {az+bj-^cz-iat)'^^    .r^    {-ax-^by  +  cz-i^i)^'^l    ,-Q   ^la,,x+by-\-cz-bit)s.' -i 

*  Tliis  necessitates,  first,  that  tlie  coefficients  of  tl:e  added  terms  in 
tbe  altered  differential  eqnatioiis  are  all  finite,  and  their  product  by  e 
A-ery  small ;  secondly,  that  the  thickness  of  the  modified  layer  is  small 
compared  with  the  wave-length  {Comptes  Re^idus,  viii.  p.  439;  ix.  p.  5). 
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dx 


^'^  =|Bae^"^^'^+''^-"'^^'-'-B,a. 


dx 


d^ 


+ 


6^/0/6^""^+'^+^^-"'^^- '  ,V  - 1, 


dx         >^"^ 


.)0  v^  -  1 


^  (— aj+ Jy+cr  — a)<)  V  —  1 


oi'j  if 

^^     V,   ^    ) 

f/'  ^/'  ^/   r  ^^^  ^^®  components  of  the  displacements  m  the 


that 


r  incident  ~i 

^  reflected   >-  wave,  0,  v,  I  are  such 

(_pressnral  J 

^=^+^  +  'i£/,     dv^^dv_^dvj_^cjvu^     dl^d^_^d^,^d^,^ 
dx      dx      dx       dx       dx      dx      dx       dx       dx      dx      dx      dx 

In  the  same  way,   for  the  second  medium  the    corrected 
Takies  of  the  displacements  are  such  that 

cW_d^       d^        dr[_(lr[       drff_       d^_d^      d^ 
dx       dx        dx        dx      dx       dx       dx      dx      dx 
where 

p]  J  w/  !■  are  the  components  ofthe  displacements  in  the -J  pj-esgural  f^^^'*'®- 
Finally^  assuming* ,  that  for  x  =  (), 

f_y    -^J   y-_vT      c?|_f/|'       d^_d^'       dj_dj 

i;-^,v-v,^-^,    ^^-^^,    dx~dx'    dx~dx'     ^^-^ 
we  have  as  the  interfacial  conditions^  that  for  x=0, 
f +!,  +  !,- r  +  r',  V  +  V>  +  Vn=v'  +  V", 


dx     dx     dx       dx      dx '    dx     dx      dx      dx      dx ' 

dx      dx      dx       dx      dx ' 
*  C.  It.  ix.  p.  94. 


M6) 


158  Mr.  J.  Walker  on  Cauchy's  Theori/  of 

These  equations  express  Cauchy's  principle  of  the  continuity 
of  the  motion  of  the  tether,  according  to  which  the  incident 
wave  passes  into  the  reflected  and  refracted  waves  "  sans 
transition  brusque." 

Judging  from  the  liistorical  sequence  of  Cauchy's  papers, 
there  can  be  little  doubt  that  he  enunciated  this  principle  as 
the  physical  interpretation  of  the  result  arrived  at  by  reason- 
ing analogous  to  the  above  ;  it  is,  however,  impossible  to 
agree  with  v.  Ettingshausen  that  "  Cauchy  hat  diese  Gleich- 
ungen  (G)  anfanglich  aus  Grriinden  gerechtfertigt,  die  sich 
auf  das  Verfahren  der  Variationen  der  Constanten  zuriick- 
fiihren  lassen  {'*  as  the  principle  is  already  involved  in  the 
assumptioji  (5)t. 

All  that  the  above  analysis  really  leads  to,  and  all  that 
CauchyJ  claimed  to  have  established  by  it,  is  the  necessity  for 
including  the  pressural  waves  in  the  problem  of  reflection  anJ 
refraction. 

Since  the  true  dynamical  equations  of  condition,  given  by 
the  equality  of  displacements  and  pressures,  are  that  for  ct'  =  0, 

f=f',       v=rf,       f=?,  1 

it  is  clear,  as  has  been  often  pointed  out,  that  Cauchy's 
assumption  involves  that  of  the  identity  of  the  statical  pro- 
perties of  the  £ether  in  the  two  media.  Lundquist§,  however, 
considers  that  "  Cauchy  has  established  his  principle  of  con- 
tinuity by  the  aid  of  analysis,  the  exactitude  of  which  it  is 
not  easy  to  contest  ;'"  and  hence  that  this  result,  combined 
with  the  dynamically  exact  conditions  (7),  proves  "  the  legiti- 
macy of  Green's  assumption  of  the  equality  of  the  compres- 
sibility and  the  rigidity  of  the  sether  in  the  two  media. '■" 
Cauchy  himself  did   not  see  that  this  was  involved  in  his 

*  Sitzb.  do-  Wien.  Akad.  xviii.  p.  371. 

t  I  do  not  think  Canchy  contemplated  a  continuous  rapid  transition 
of  one  medium  into  the  other  (cf.  C.  R.  x.  p.  847)  ;  neither  does 
V.  Ettingshausen  in  his  paper.  Supposing  the  assumption  justihed  on 
these  grounds,  yet,  as  von  der  Miihl  has  pointed  out,  the  former  assump- 
tion respecting  the  coefficients  of  the  additional  terms  in  the  modified 
equations  precludes  the  assumption  of  a  hnite  change  in  the  statical  pro- 
perties of  the  media  {Matt.  Ann.  v.  p.  477). 

X   C.  R.  X.  p.  347.  '  §  Pogg.  Ann.  clil  p.  185. 
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conditions  ;  and  so  in  what  follows  the  compressibilities  and 
rigidities  of  the  two  media  will  be  considered  as  unequal. 

III.* 

Taking,  as  before,  the  interface  of  the  media  as  the  piano 
of  yz,  and  the  first  medium  on  the  side  of  positive  x,  let  the 
axis  of  z  be  parallel  to  the  plane  of  the  waves,  so  that  the 
plane  of  .ry  is  the  plane  of  incidence  ;  then,  H  ^  v  ^  ^i^<i  0'  v'  ^' 
denote  the  components  of  the  displacements  in  the  first  and 
second  medium  respectively,  ^  »7  ^,  ^' v'  ^'  "^^'iH  be  independent 
of  z. 

(1)  Let  the  incident  vibrations  be  perpendicular  to  the 
plane  of  incidence. 

The  general  equations  of  motion  are  in  this  case 

cP^       /cPtcn\        ,cP^        JcP^'cPn 

and  the  principle  of  continuity  gives  for  the  interfacial  con- 
ditions that  for  w  =  0, 

'         dx      dx' 
Assuming 

we  get  at  once 

f^     a  +  a!  ^^      a  —  a' 

yy  =  — — ,        0,= 


.-.  C,= 


2a    '  ^^       2a    ' 

a  —  a'  sin(i  —  ?•) 


a  +  a'  sin(i  +  r)* 

since 

b      ,       .       h      . 

—  =  tan  I ,     -/  =  tan  r  ; 

a  a 

where  ^,  r  are  the  angles  of  incidence  and  refraction. 

(2)   Let  the  incident  vibrations  be  in  the  plane  of  incidence. 
The  equations  of  motion  in  the  first  medium  are 


< 


"    cP^  d/d^      dv\        /cP^      d'^\ 

PdP^'"'  dx[da^+  d-^rid^^-^  dfP 

i      d^t)  d  fdP      dr)\        (d'^if)       cPriX 

*   C.  R.  viii.  p.  OS-) ;  ix.  pp.  1,  59,  91,  G7G,  726,  727  ;  x.  p.  347.     Ex. 
d'An.  et  de  Phys.  i.  pp.  133,  212. 
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Using  Green's*  method  of  separating  the  distortional  and 
condensational  parts  of  the  solution,  and  assuming 


^     dx  "^  chj  ' 


d(h 


dyfr 
dx' 


the  equations  of  motion  become 

df-  ~-^  \dx'  ^  difP      de  ~^  \dx'  ^  df  /' 
where 

g'2=z(77l  +  n)/p,       ry'^=7l/p. 

Similar  equations  apply  to  the  second  medium. 
The  principle   of   continuity  gives  for  the  interfacial   con- 
ditions that  for  x  =  0, 


d(f)       dyfr 
dx       dy 


d^      d^ 
dx       dy 


d^ 

dy 


df_d^ 
dx       dy 


V.2  +   .U,^,.~  .7^2    + 


dx^ 

d^ 


dxdy 

_d?f 
dx'^ 


dx' 
d^c}>' 


(8) 


(9) 


dxdy      dx'^       dxdy       dx-    J 

Since  these  equations  are  true  for  all  values  of  y,  we  may 
differentiate  with  respect  to  it,  and  hence,  by  means  of  the 
equations  of  motion,  replace  (9)  by 

/  di'  ~^'2   ^^i  J     ^2  ^^2  -y2   ^^2  •  •     •     •     (^«) 

It  may  here  be  noted,  that  if  we  take  the  general  equations 
of  condition  (7)  and  assume  the  equality  of  the  rigidities  of  the 
aether  in  the  two  media  with  no  assumption  respecting  the 
compressibilities,  we  get,  instead  of  (9a), 


d^<^_  ,f4/        ^_   ,d''^Jr' 


P'd^=P 


df' 


de 


=p 


de 


{%) 


Assume 


</,  ^B,/""'+*^-'"')^'-^ 


I  /  __     (a'x  +  bt/—at)s^-  1^ 

*  Collected  Works,  p.  261. 


(  — ax+fy  — wO'^  — 1 
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The  equations  of  motion  give 

ty2  =  ^2/^2  ^^2^  ^^2  (^^^2 +  ^2-)  ^^2(^,^/2  ^  ^2)  ^^'2^,j//2  _^^2^  . 

whence 

«//=     ^\/l-  ^  •  V^-l^=     ^«0/\/^  say; 


9 


a"^-h^i-  ^,.s/-l=-h/'V^, 


say. 


the  negative  sign  being  taken,  as  the  second  medium  corre- 
sponds  to  negative  x. 

From  equations  (8)  and  (9a)  vve  get 


h^,-a(A-A;)=hW  -a' , 
-  B  =  —  B'^ 

1,(A  +  A,)=i. 
The  last  two  of  these  equations  give 
A  +  A/=  --72  ^A^^j 


(10) 


where  /x  is  the  refractive  index,  and 


a"^  +  h- 


T>      .V Ti'f 


B''  =  /^o'B 


say. 


Substituting  in  the  first  two  of  equations  (10),  we  get 
(w,,B,,  +  u"^")  V  :^1  =  1  _  ^2^ 


whence 


B"  = 


and 


/^o  "//  +  ** 


A-A,=  -  +  -(B,-B'0 


h 
a       a 


=:^'  +  ^(^2_l)M\/-l, 


where 


M  = 


_    /C-1 


/*o  "//  +  " 
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Hence 

a       a 

a^  +  A^  -^  a^  a    a^  +  U' 

=  0^£:±^!!+^(^=P^(.-  +  <,)  =  21^'-'-~^,  say; 
(W-i^)-K„;4-a)M^-i  y. 

Then  R,  R^  denote  the  amplitudes  of  the  incident  and 
reflected  vibrations,  and  S,  8^  the  difference  of  phase  between 
the  incident  and  refracted,  the  reflected  and  refracted  waves 
respectively. 

Hence,  if  a  is  the  azimuth  with  respect  to  the  plane  of  inci- 
dence of  the  incident  vibration,  the  reflected  vibration  will  in 
general  be  elliptical  with  a  difference  of  phase  h—h  between 
the  components  in  and  perpendicular  to  the  plane  of  incidence  ; 
and  if  this  difterence  of  phase  is  destroyed,  the  azimuth  /3  of 
the  resulting  rectilinear  vibration  will  be  given  by 

cot/3  =  R/C^. 

(11) 


Hence 

cot/3  ,;,_g^v-i_...  K-^'')-/>(fl^  +  »)Mv/^ 


and 


cota^  {aci^V^)^b{c^-a)lsW -l' 


cot^/3_  {aa'-V'Y^W[i>!  +  a)m 


cot2  a        (aa'  +  6^)  2  +  U"  [a! -a)  ^M^ 

_  cos^  (^^  +  r)  +  M^  sin^  {%  +  r) , 
cos^  (i  —  r)  +  M^  sin^  {i  —  r)' 
also 

,       ,^      r.x_  M{tan  (^  +  y^)  +  tan(^'  — r)} 
tan  (^6,     6; -  1  _ M2  tan  {%  +  r)  tan  {% - r)' 

Total  Reflection^. 

If  /jb  is  less  than  unity,  we   may  write  ^  =  sin  I,  and  we 

get 

a''^=  -,.,  cos^  r=i  -rrj-sin  (l  —  i)  sin  (l  +  i). 
*  C.  R.  ix.  p.  764;  XXX.  p.  465. 
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Hence,  if  i>l,  the  value  of  a'  becomes  imaoinary,  and  the 
refracted  ray  will  die  out  as  it  leaves  the  refracting  surface. 
Writing 

U  =  sin^  (^'  — I)  sin  (i  +  I), 

we  must  substitute  in  the  formulse  obtained  above 


r'—    — 


27r 


a'  = 


U.  V-1, 


the  negative  sign  being  taken,  as  the  second  medium  is  on  the 
side  of  negative  x. 

Substituting  this  value,  we  find  that  the  reflection  is  total 
both  for  the  vibration  in  the  plane  of  incidence,  and  for  the 
vibration  perpendicular  to  the  plane  of  incidence,  and  for  the 
difference  of  phase  between  the  components  of  the  reflected 
ray  we  get  from  (11) 

cot/3     r^ -sW-y  _ s"^  ^  (s^"  ^  +  ^^^)  +  <^Q^  ^  (^^  ^"^  t  +  U)  v^^ . 
cot  a  '  sini(sini+UM)— cosi(Msini  +  U)  V  —1 

whence 

S^  — S_  cos^•{Msin  ^  +  sin*  (t  — I)  sin^  C^'  +  I)} 
2         sin  i  {sin  i  +  M  sin*  (i  —  I)  sin*  (^  + 1) } 

M^-^+sin*(i-I)sin*(i  +  I) 
sm  I  V         /  \         / 

— ^-^. .  cos  I. 


sm  I 


if  the  square  and  higher  powers  of  the  small  quantity  M  are 
neglected. 

Cauchy  has  sin^  i  instead  of  sin^  I  in  the  numerator  of  the 
last  expression ;  the  correct  formula  was  first  given  by 
Beer*. 

iv.t 

Before  proceeding  further,  it  will  be  as  well  to  discuss  the 
value  of  the  expression  denoted  above  by  M. 

Cauchy,  not  seeing  that  his  equations  of  condition  involved 
the  assumption  of  the  identity  of  the  statical  properties  of  the 
aether  in  the  two  media,  adopted  tha  following  relations, 

m  +  ?i  =  —  e^n,     m'  +  ii'  =  —  e'"/i', 

where  e,  e'  are  vcrj'  small  numerics. 

*  Pogg.  Ann.  xci.  p.  274.  t   C.  It.  ix.  pp.  091,  727. 
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These  relations  give 

^  _m  +  n  p'      _    2  e^ 


V  {m  +  n)s\n  I        V 


(??i  +  n)  sin^  i       V  e^  sin^  i      e  sin  i 

e  sni  r 
Hence 

M= f =esin  i  — e'sinr  =  E  sin  i, 


if  E  =  e- -*. 
/^ 

No  attempt  has  been  made,  so  far  as  1  am  aware,  to  indi- 
cate the  reasons  which  led  to  Cauchy's  adoption  of  the  above 
remarkable  relations  between  the  coefficients  of  compressibility 
and  rigidity  of  the  aither  in  a  medium. 

In  order  to  find  a  relation  between  the  coefficients,  Canchy 
considered  the  condition  which  must  be  fulfilled  if  the 
incident  light  is  completely  ])olarized  by  reflection. 

This  condition  is  that  M  =  0,  giving  since 


flQ^Ull  +  ll"  1  — W^y?t"' 

where  u,i,  u"  are  both  positive,  that 

//             P  P' 

n.,  =  u",  or  — ' =  — j— — I. 

"  VI  +  n       in'  +  n 

In  his  first  memoir  on  the  subject,  Cauchyf,  forgetting  to 
take  into  account  the  fact  of  the  media  being  on  different  sides 
of  the  plane  of  yz,  wrote 

where  m"  is  positive. 
Hence  he  obtained 

/to  "//  — ^*  l  +  ?/|,?t 

where  ii^^,  ii"  are  both  positive,   giving  as  the  condition   for 
complete  polarization 

i(^i  =  2i"  =  cc> ,  or  m  +  7i=:0  =  m' +  n'. 

*   C.  H.  xxviii.  p.  64.     Originally  Caucty  took  e  =  0. 
t  Ibid,  ix.  p.  94.     £x.  d'A7i.  et  de  Phys.  i.  p.  167. 
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He  then  argued  that  incomplete  polarization  must  be  due 
to  the  fact  that  these  expressions  diflFer  sh"ohtl_y  from  zero,  and 
that  their  value  must  be  negative,  in  order  that  the  pressural 
Avaves  should  be  insensible  at  a  distance  from  the  interface  for 
all  angles  of  incidence. 

In  a  memoir  published  in  1840  and  in  the  Exercifes 
cV Analyse  et  de  PJiysique* ,  this  mistake  was  corrected,  and  the 
true  condition  p/{m  +  n)  =  p'/(^ni' +  n')  y\-as  given;  but,  appa- 
rently led  astray  by  his  original  mistake  and  by  a  desiret 
(afterwards  given  up,  Compt.  Rend,  xxviii.  p.  125)  to  make 
complete  polarization  depend  on  the  properties  of  the  refracting 
medium  alone,  and  not  on  any  relation  between  the  two 
media,  he  still  adopted  the  solution 

m  +  rt  =  0  =  in'  +  n' ; 

though  he  mentioned  J  also  the  true  solution,  viz.  that  the  coeffi- 
cient of  compressibility  of  the  gether  is  infinite,  and  the  wave- 
lengths of  the  pressural  waves  in  the  two  media  are  equal. 

Assuming  that  the  aether  is  incompressible,  the  polarization 
of  the  reflected  ray  will  be  elliptical  when  the  wave-lengths  of 
the  pressural  waves  are  unequal,  and  we  get 


M 


=(^-)A^-0^ 


where  X-^y,  X"  are  the  wave-lengths  of  the  pressural  waves  in 
the  two  media.  This  is  Eisenlohr's  suggestion ;  but  the 
form  in  which  he  made  it  does  not  show  that  it  involves  the 
absolute  incompressibility  of  the  sether.  If  X/y/A,"  =  X/A,',  we 
get  Green's  formula.  Eisenlohr§  says  that  this  assumption 
is  absolutely  untenable  :  it  is,  however,  as  Green  shows,  a 
direct  consequence  of  the  assumption  made  by  him,  and  in- 
volved in  Cauchy's  conditions,  viz.  the  identity  of  the  statical 
properties  of  the  aether  in  the  two  media. 

Further  than   that,  if  we  assume  only  the  equality  of  the 
rigidities,  the  equations  of  condition  become  (8),  (96) ;  whence 

and  if  the  sether  is  incompressible, 

/"-     +1 

•   C.  JR.  X.  p.  357.    Rv.  d'An.  et  de  Phtjs.  i.  p.  233. 
t  C.  R.  ix.  p.  727.  X  Ibid.  x.  p.  358. 

§  Pogg.  Ann.  civ.  p.  358. 
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Haugliton^s*  suggestion  that  the  coefficient  of  compressi- 
bility is  very  great,  but  not  infinite,  does  not  help  matters; 
so  that  it  Avould  a])pear  that  the  only  way  to  escape  the  diffi- 
culty is  by  one  of  Lord  Rayleigh'sf  suggestions  : — 

(1)  That  ''although  the  transition  between  the  two  media 
is  so  sudden  that  the  principal  waves  of  transverse  vibrations 
are  affected  nearly  in  the  same  way  as  if  it  were  instantaneous, 
yet  we  may  readily  imagine  that  the  case  is  different  for  the 
surface-waves,  whose  existence  is  almost  confined  to  the  layer 
of  variable  density/' 

(2)  That  "  the  densities  concerned  in  the  propagation  of  the 
so-called  longitudinal  waves  are  unknown,  and  may  possibly  not 
be  the  same  as  those  on  which  transverse  vibrations  depend." 

Eisenlohr  %  gives  another  (it  appears  entirely  empirical) 
value  for  M  :  it  involves,  as  Cauchy's,  a  negative  value  for 
the  coefficient  compressibility  of  the  gether,  and  leads  to 
formulae  closely  agreeing  with  experiment  j  as,  however,  they 
contain  a  third  disposable  constant,  this  close  agreement  is 
hardly  to  be  wondered  at. 

V. 

Cauchy's  formnlje  for  metallic  reflection  were  originally 
published  on  April  15, 1839§,  and  thus  were  obtained  from  his 
second  set  of  equations  of  condition,  in  which  the  pressural 
waves  were  neglected.  The  formula  were  'republished  on 
January  17,  1848||,  and  apparently  no  attempt  was  made  to 
obtain  equations  in  which  the  influence  of  the  pressural  waves 
was  included. 

Cauchy  considers  the  peculiarities  of  metallic  reflection  to 
be  due  to  a  complex  value  of  the  refractive  index. 

Writing 

we  get 

a'2=^  (^V^^~'-sin2  0=  TT-UV"^^,  say; 

A.  A, 

whence 

U^sin  2u  =  eH\n  2e,     cot  2k -e=  cot  e  cos  ^2  tan-i^-^j.(12) 
Substituting 

27r  „     ,-,  277         .      ,       27r   .     . 

a'= —  U<?"^     ',     a=-;— cosz,     b=^    sm  z, 

A.  A.  A/ 

*  Phil.  Mag.  [4]  vi.  p.  81.  t  Ihid.  xlii.  pp.  96,  97. 

X  Pogg.  Ann.  civ.  p.  356.  §    C.  B.  viii.  p.  553. 

II  Ibid.  xx\i.  p.  86. 
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in  the  values  of  OJO,  A^A,  and  making  M  =  0,  we  get  at  once 
Cauchy's  well-known  formula. 

Making  these  same  substitutions  in  (11),  we  get 


i(V— 1 


cot /3   ^yrr  _  sin^^^-cos^'Ue"      ' 


whence 


cot  a  sin^  t  — cos  i  Ue""^-! ' 

.        2U  sin  u  cos  i  sin^  i       .       ,      /^  ,        ,  U  cos  t\ 

tan  A  =  — ^-x-. — TT9 o-^^  =sin  ?/  tan    2  tan"'  — ^-r-r-  ), 

snr  z  —  U  "^  cos^  z  \  siu.^  I  J 

cot^  /3 sin**  1  +  cos^  z  U^  —  2  sin^  i  cos  i  U  cos  u 

cot*  a      sin*  i  +  cos^  i  U^  -f  2  sin'^  i  cos  i  U  cos  u ' 

=  C0t('»/r-45°), 

where 

coti!r  =  cos  71  sin  I  2  tan~^     .   „  .■ ), 
\  sm^  I  / 

or,  if  a  =  45°, 

cot  2j8=cos  w(  sin  2  tan~'     .  ^  •  )• 
V  sin^  t  / 

At  the  polarizing  angle  I,  for  which  A  =  7r/2,  we  have 

U  =  tan  I  sin  I,     tc  =  2/3, 

where  /3  is  the  azimuth  of  the  reflected  vibrations,  when  the 
incident  vibrations  are  in  an  azimuth  45°  with  respect  to  the 
plane  of  incidence. 

These  values  substituted  in  equations  (12)  give  the  values 
of  the  constants  6,  e,  and  then  these  same  equations  serve  for 
the  determination  of  ?<,  U  for  any  other  angle  of  incidence. 

While  the  above  equations  can  at  the  best  be  only  considered 
incomplete,  objections  have  also  been  made  to  the  complex 
value  of  the  refractive  index  involved  in  them. 

Lord  Rayleigh's  criticism*  that  the  real  part  of  fM^  should 
be  positive,  while  the  results  of  experiment  substituted  in 
Cauchy^s  equations  give  a  value  of  yu,^  with  its  real  part  nega- 
tive, seems  not  so  much  an  argument  against  Cauchy's  idea, 
as  an  "argument  against  the  attempt  to  account  for  the 
effects  on  a  purely  elastic  solid  theory  "  f. 

The  value  of  /x^  resulting  from  Sir  W.  Thomson's  theory  of 
light  is  a  real  negative  quantity  ;  this  value  substituted  in 

•  Phil.  Mag.  [4]  xliii.  p.  .325. 

t  Eisenlohr,  Wied.  Jiu).  i.  n.  204  ;  Glazebrook,  Brit.  Assoc.  Report, 
1885,  p.  197.  ^ 
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Green's  equations  gives  the  reflection  total  at  all  angles  of 
incidence.  For  this  result  there  is  no  experimental  evidence 
at  present,  except  in  the  case  of  silver.  The  same  will  result 
from  Lord  Rayleigh's  extension  of  Green's  theory,  unless,  as 
seems  scarcely  j)robabl(>,  the  refractive  index  of  the  pressural 
waves  is  a  complex  quantity. 


VI. 

In  August  1850*  Cauchy  published  the  outlines  of  the 
result  of  applying  his  method  to  the  case  of  reflection  at 
the  surface  of  an  isotropic  medium  which  possesses  rotatory 
power. 

The  displacements  in  the  upper  medium  are  taken  as 

and    those   in  the   lower  medium,  since   there  Avill   be    two 
refracted  waves  circularly  polarized  in  opposite  directions, 

y_  A  '5g(a,'x+6y-(o<)v^~l     _|_  ^^l^(a^x+hy-^t)>/^l       ^  -Qtf^ll g{a"x  +  by-,^t)'^^l ^ 
^l-  _X^la^lgW^+by~o.t}V-l_J^^I^^J^(a,'x+by-o>t)^-i  _^  l^ltl,g{a"x+by-u>t)^-l^ 

^'=:—  Y^^.  Ai'— e(°i'^+*^-"')^^-i+  y/ITi  A2'^e(°2'^+*^-"'>"^-i. 

Substituting  these  values  in  the  equations  of  condition  re- 
sulting from  the  principle  of  continuit}',  we  get 

biA  +  A-A^'-Al)=B"a"-B„a", 
-(A-A,)a  +  A,\'  +  A,'a,'  =  b{B"-B,), 
b{(A-A,)a-A,'a,'-A,'a,'\={B'a"^-B,af), 
-  {A  +  A,)a^  +  A,'a,'^  +  A,a,'^  =  h{B"a"-B„a>'),  |_ 

(C-C,)a  =  (-^-,«/Ai'+  ^,a/A2')  V^l. 
*  C.  M.  ixxi.  pp.  160,  225. 
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The  last  two  of  these  equations  give 

2c(0  =  (  («  +  u/)  A  A/  -  {a  +  a/)  ^,  A/ 1  v^^,      ! 

2aO,=  |(a-a2')^,A2'-(a-a/)  A^A/|v/^. 
From  the  first  and  fourth  we  get 


A  +  A,=  ^,A,'+^A,', 


(15) 


and  from  the  second  and  third 


a"2 + y^ 


a/  +  62 


whence,  writing  as  before, 


fio'a,i-a" 


b=-M.\/-l, 


where  M  is  the  coefficient  of  ellipticity,  and  eliminating  B^^  B" 
between  the  first  two  of  equations  (13), 

{a-Mb  V^)A-(a  +  MZ>  \/^)A,=  (ai'-M^>  V^)Ai' 

+  (a2'-Mb^^)A,', 
and  from  (15) 

2aA  =  UiAi'  +  U2A2',     2aA,=  ViAi'  +  V2A2',     .     (16) 
where 

\]^={{aa/  +  b^)+Mb{a/-a)  V^}  |^ 

=~  {cos(i-ri)  +  Msin  (i-r,)  V^}  '^^^^, 


sin  r, 


Vi={(fl<-62)-M^(a/  +  a)  V-1 


tti  —a 

0^  +  62 


=  ^{cos  (i  +  7',)-Msin  (z  +  /'i)  V-D'-^^^-'J^' 
and  U2  Vg  are  similar  expressions    with  (2)   written  instead 

First,  consider  the  case  in  which  the  incident  vibrations 

are  perpendicular  to  the  plane  of  incidence- 
Then  A  =  0,  and  equation  (15)  and   the  first  of  equations 

(16)  give 

K=  ^.  Ai'  +^,A>,     UiAi'  +  U2A2'=0, 
Phil.  Maij.  S.  5.  Vol.  23.  No.  141.  Feb.  1887.  N 
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whence  from  (14) 

2a\/-lC, 


-,(«-a2')Ui  +  A(«-«i')U2 


unci  writing  for  Ui,  Ug,  a,  a^,  a^',  b  their  values  in  terms  of 
the  angles  of  incidence  and  refraction, 


ri  —  r^ 


sin2tsiu^-^'.[cos2R-Msin2R^-l] 

D  fsin'-^  (i  +  R)  -  sin^^  ^^^2 j 


V'l— 9'o 


D  sin  (i  -  R)  sin  {i  +  R)  +  D'  sin^  ii^^ 

, ^ _  Q  . 

D[sin\i  +  R)-sin2^'] 

where  

D  =  cos(z-R)  +  Msin(t-R)^-l, 

D'=  cos(z  +  R)-Msin  (t  +  R)  V^, 

R  =  -^-K—^,  the  mean  angle  of  refraction. 

Omitting  squares   and  products  of  the  small  quantities 
M,  sin  ^-^ — ^,  the  formulse  become 

sni  2^  sm  — ^ —  .  cos  2R 

^''"~  '^"-^  [cos  (^•-R)  +  Msin(^-R)  V^]  sin^  (i  +  R)    ' 

p  _     sin  (^— R)  p 
^^~~sin(i  +  R)^' 

Hence  the  reflected  ray  will  be  in  general  elliptically  pola- 
rized, except  for  an  angle  of  incidence  such  that  the  angle  of 
mean  refraction  is  7r/4,  in  which  case  the  reflected  ray  will  be 
plane-polarized  with  vibrations  perpendicular  to  the  plane  of 
incidence.  In  all  cases  the  component  perpendicular  to  the 
plane  of  incidence  is  practically  the  same  as  if  the  medium 
had  no  rotating  power,  the  other  component  being  very  small. 
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Next  consider  the  case  in  which  the  incident  vibrations  arc 
in  the  plane  of  incidence. 

Then  0  =  0,  and  from  equation  (14) 

,_V   g  +  gg'     .  , 
and  hence 


Cy  \l   \.2 


^'  -,  ak  V^ 


\i  Xg 


r^,fa  +  g,')Ui+^(a  +  a/)U2 

Ag    '  Aj 


Whence 


sin  2i  sin  -^^^ 


W  sin  (i  +  R)  sin  {i  -  R)  +  D  sin^  '-^^^ 

A,=  —^ ^~.A; 

J)Un'  {i  +  B.)-  sin'''-^ 

or,  to  the  same  degree  of  approximation  as  in  the  former  case, 


sm 


.   _  cos  (i  +  R)  —  M  sin  {i  +  R)  V"^    ^Min?!    a 
'"cos  (i-R)  +Msin  (i-R)  V^  'sin  (^  +  R)  ' 

Hence  the  reflected  ray  will  bo  in  general  ellipticallj 
polarized,  the  component  of  the  vibration  in  the  plane  of 
incidence  being  practically  the  same  as  if  the  refracting 
medium  had  no  rotating  power,  the  component  of  the  vibration 
perpendicular  to  the  plane  of  incidence  being  extremely  small. 
At  the  polarizing  angle  for  which  R  +  i=7r/2,  the  reflected 
vibration   is  plane-polarized,  and  the  vibrations  will  be  at  an 

N2 
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a/iinuth  with  respect  to  the  plane  of  incidence  given  by 


•    t\—r2 
sin-'-^— 
tan  /3  =  tan  2i . ^ 

VII. 

In  the  same  year  (1850)  Cauchy  extended  his  method  to 
the  problem  of  crystalline  reflection :  the  complete  solution 
was  oiven  in  a  memoir  presented  to  the  French  Academy  on 
SeptSraber  IG,  1850*. 

This  memoir  was  never  published,  though  it  was  announced! 
to  appear  in  the  23rd  volume  of  the  Memoires  cle  I'Academie  ; 
and  we  have  only  slight  indications  of  Cauchy's  manner  of 
dealing  with  the  problem. 

In  accordance  with  the  results  of  his  theory  of  double 
refraction,  Cauchy  does  not  suppose  the  vibrations  to  be 
necessarily  strictly  transversal  and  longitudinal^.  In  order 
to  eliminate  the  amplitudes  of  the  latter  vibrations,  he  assumes 
as  an  approximation  the  strict  transversality  of  the  former, 
and  thus  obtains§  four  equations  between  the  quasi-transversal 
amplitudes,  which  contain  three  coefficients,  whose  values  are 
known  when  coordinate  axes  are  taken  depending  on  the  re- 
fracting surface  and  the  plane  of  incidence. 

A  second  memoir  |1  is  devoted  to  the  determination  of  the 
value  of  these  coefficients,  when  fixed  directions  in  the  crystal 
are  taken  as  the  axes.  The  value  of  this  determination  is 
lessened  by  the  fact,  that  at  the  very  commencement  an 
approximation  is  made  depending  on  the  peculiar  relation 
between  the  coefficients  of  elasticity,  which  we  have  considered 
above. 

This  is  all  that  has  been  published,  except  some  notes  indi- 
cating a  few  of  the  results  of  his  analysis  ;  it  is,  however, 
prohaUe*^  that  Cauchy  first  obtained  a  solution  on  the  assump- 
tion of  the  strict  transversality  of  the  luminous  vibrations, 
and  then  proceeded  to  apply  corrections  to  the  values  thus 
obtained,  and  it  is  possible**  that  he  adopted  in  the  solution 
MacCuUagh's  idea  of  uniradial  directions. 

There  is  no  need  to  enter  further  into  this  part  of  Cauchy's 
work,  as  Briotft  has  employed  both  these  methods  in  his  excel- 
lent adaptation  of  Cauchy's  theory  to  the  problem  of  Crystalline 
Reflection. 

*  a  R.  xxxi.  p.  422.  t  Tom.  cit.  p.  609. 

X  Tom.  cit.  pp.  258,  299.  §   Totn.  cit.  p.  257. 

II  Tom.  cit.  p.  297.  H   Tom.  cit.  p.  160. 

**  Tom.  cit.  p.  532.  ff  Lioxiv.  Jmirn.  [2]  xii.  p.  185. 
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XXI.   On  the  Self-induction  of  Wires. — ^^Part  VI. 
By  Olivek  Heaviside*. 

THE  most  important  as  well  as  most  frequent  application 
of  Mr.  S.  H.  Christie's  differential  arrangement,  known 
at  various  times  under  the  names  of  Wheatstone's  parallelo- 
gram, lozenge,  balance,  bridge,  quadrangle,  and  quadrilateral, 
is  to  balance  the  resistances  of  four  conductors,  when  sup- 
porting steady  currents  due  to  an  impressed  force  in  a  fifth, 
and  is  done  by  observing  the  absence  of  steady  current  in  a 
sixth.  But  its  use  in  other  ways  and  for  other  purposes  has 
not  been  neglected.  Thus,  Maxwell  described  three  ways  of 
usino-  the  Bridoe  to  obtain  exact  balances  with  transient  cur- 

•  ••11 

rents  (these  will  be  mentioned  later  in  connection  with  other 
methods);  Sir  W,  Thomson  has  used  it  for  balancing  the 
capacities  of  condensers f;  and  it  has  been  used  for  other 
purposes.  But  the  most  extensive  additional  use  has  been 
probably  in  connection  with  duplex  telegraphy  ;  and  here, 
along  with  the  Bridge^  we  may  include  the  analogous  differ- 
ential-coil system  of  balancing,  which  is  in  many  respects  a 
simplified  form  of  the  Bridge. 

On  the  revival-  of  duplex  telegraphy  some  fifteen  years  ago, 
it  was  soon  recognized  that  "  the  line"  required  to  be  balanced 
by  a  similar  line,  or  artificial  line,  not  merely  as  regards  its 
resistance,  but  also  as  regards  its  electrostatic  capacity — ap- 
proximately by  a  single  condenser ;  better  by  a  series  of  smaller 
condensers  separated  by  resistances ;  and,  best  of  all,  by  a  more 
continuous  distribution  of  electrostatic  capacity  along  the 
artificial  line.  The  effect  of  the  unbalanced  self-induction 
was  also  observed.  This  general  principle  also  became  clearly 
recognized,  at  least  by  some, — that  no  matter  how  complex  a 
line  may  be,  considered  as  an  electrostatic  and  electromag- 
netic arrangement,  it  could  be  perfectly  balanced  by  means 
of  a  precisely  similar  independent  arrangement ;  that,  in  fact, 
the  complex  condition  of  a  perfect  balance  is  identity  of  the 
two  lines  throughout.  The  great  comprehensiveness  of  this 
principle,  together  with  its  extreme  simplicity,  furnish  a  strong 
reason  why  it  does  not  require  formal  demonstration.  It  is 
sufficient  to  merely  state  the  nature  of  the  case  to  see,  from 
the  absence  of  all  reason  to  the  contrary,  that  the  principle  is 
correct. 

Thus,  if  ABiC  and  ABgO  be  two  identically  similar  inde- 
l)endent  lines  (which  of  course  includes  similarity  of  environ- 

*  Communicated  by  the  Author. 

t  Journal  S.  T.  E.  and  E.  vol.  i.  p.  394. 


174  Mr.  0.  Heaviside  on  the 

ment  in  the  electrical  sense  in  similar  parts),  joined  in  parallel, 
having  the  A  ends  connected,  and  also  the  0  ends,  and  we  join 
A  to  0  b}'^  an  external  independent  conductor  in  which  is  an 
impressed  force  <?,  the  two  lines  must,  from  their  similarity, 
be  equally  influenced  by  it,  so  that  similar  parts,  as  Bi  in 
one  line  and  Bg  in  the  other,  must  be  in  the  same  state  at  the 
same  moment.  In  particular,  their  potentials  must  always  be 
equal,  so  that,  if  the  points  B^  and  132  be  joined  by  another 
conductor,  there  will  be  no  current  in  it  at  any  moment,  so  far 
as  the  above-mentioned  impressed  force  is  concerned,  however 
it  vary.  The  same  applies  when  it  is  not  mere  variation  of 
the  impi'essed  force  e,  but  of  the  resistance  of  the  branch  in 
which  it  is  placed.  And,  more  generally,  Bi  and  B2  will  be 
always  at  the  same  potential  as  regards  disturbances  origina- 
ting in  the  independent  electrical  arrangement  joining  A  to  C 
externally,  however  complex  it  may  be. 

There  is,  however,  this  point  to  be  attended  to,  that  might 
be  overlooked  at  first.  Connectin g  the  brido;e-conductor  from 
Bi  to  B2  must  not  produce  current  in  it  from  other  causes 
than  difference  of  potential ;  for  instance,  there  should  be,  at 
least  in  general,  no  induction  between  the  bridge-wire  and  the 
lines,  or  some  special  relation  will  be  required  to  keep  a  balance. 
This  case  might  perhaps  be  virtually  included  under  similarity 
of  environment. 

If  we  had  sufficiently  sensitive  methods  of  observation,  the 
statement  that  one  line  must  be  an  exact  copy  of  the  other 
would  sometimes  have  to  be  taken  literally.  But  the  word 
copy  may  practically  be  often  used  to  mean  copy  only  as 
regards  certain  properties,  either  owing  to  the  balance  being 
independent  of  other  properties,  or  owing  to  our  inability  to 
recognize  the  effects  of  differences  in  other  properties.  Thus, 
in  the  steady  resistance-balance,  we  only  require  ABj  and  AB2 
to  have  equal  total  resistances,  and  likewise  BiC  and  B2C  ; 
resistances  in  sequence  being  additive.  But  evidently,  if  the 
balance  is  to  be  kept  w^hilst  Bi  and  Bg  are  shifted  together 
from  end  to  end  of  the  two  lines,  the  resistance  must  be 
similarly  distributed  along  them. 

If,  now,  condensers  be  attached  to  the  lines,  imitating  a  sub- 
marine cable,  though  of  discontinuous  capacity,  we  require 
that  the  resistance  of  corresponding  sections  shall  be  equal,  as 
well  as  the  capacities  of  corresponding  condensers,  in  order 
that  we  shall  have  balance  in  the  variable  period  as  well  as  in 
the  steady  state;  and  the  two  properties,  resistance  and  ca- 
pacity, are  the  elements  involved  in  making  one  line  a  copy 
of  the  other. 

In  case  of  electromagnetic  induction,  again,  if  ABjC  and 
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ABjC  each  consist  of  a  number  of  coils  in  sequence,  they  will 
balance  if  the  coils  are  alike,  each  for  each,  in  the  two  lines, 
and  are  similarly  placed  with  respect  to  one  another.  But 
the  lines  will  easily  balance  under  simpler  conditions,  coeffi- 
cients of  self-induction  being  additive,  like  resistances  ;  and 
it  is  only  necessary  that  the  total  self-inductions  of  AB^  and 
AB2  (including  mutual  induction  of  their  parts)  be  equal,  and 
likewise  of  BiO  and  B2C.  Again,  if  a  coil  cii  in  the  branch 
ABj  have  another  coil  hi  in  its  neighbourhood  (not  in  either 
line,  but  independent),  and  a^  be  a  copy  of  Oi,  in  the  branch 
AB2,  we  can  complete  the  balance  by  placing  a  coil  62  which 
is  a  copy  of  hi  in  the  neighbourhood  of  the  coil  a^,  so  that  the 
action  between  a^  and  hi  is  the  same  as  that  between  a^  and  Ag* 
But  it  is  not  necessary  for  hi  and  h^  to  be  copies  of  one  another 
except  in  the  two  particulars  of  resistance  and  self-induction; 
whilst  as  regards  their  positions  w'ith  respect  to  tii  and  a2,  we 
only  require  the  mutual  induction  of  ui  and  6^  to  equal  that  of 
tt2  and  62. 

(Jn  the  other  hand,  if  hi  be  a  piece  of  metal,  not  a  coil  of 
fine  wire,  that  is  placed  near  the  coil  «!,  many  more  specifica- 
tions are  required  to  make  a  copy  of  it.  The  piece  of  metal 
is  not  a  linear  conductor  ;  and,  although  no  doubt  only  a  small 
number  (instead  of  an  infinite  number)  of  degrees  of  freedom 
allowed  for  would  be  sufficient  to  make  a  practical  balance, 
yet,  as  we  have  not  the  means  of  simply  analyzing  pieces  of 
metal  (like  coils)  into  a  few  distinct  elements,  we  must  generally 
make  a  copy  of  hi  by  means  of  a  similar  piece  of  the  same 
metal,  h^,  and  place  it  with  respect  to  a^^  as  hi  is  to  Oi,  to  secure 
a  good  balance.  But  very  near  balances  may  be  sometimes 
obtained  by  using  quite  dissimilar  pieces  of  metal,  dissimilarly 
placed. 

So  far,  copy  signifies  equality  in  certain  properties.  But 
one  line  need  be  merely  a  reduced  copy  of  the  other.  It  is 
only  when  we  inquire  into  what  makes  one  line  a  reduced  copy 
of  another,  that  we  require  to  examine  fully  the  mathematical 
conditions  of  the  case  in  question.  In  the  state  of  steady  tiow 
the  matter  is  simple  enough.  If  ABi  has  n  times  the  resist- 
ance of  AB2,  then  must  BjO  have  n  limes  the  resistance  of 
B2C  to  keep  the  potentials  of  B^  and  B2  equal.  If  condensers 
bo  connected  to  the  lines,  as  before  mentioned,  we  require, 
first,  the  resistance-balance  of  the  last  sentence  applied  to 
every  section  between  a  pair  of  condensers  ;  and  next,  that 
the  capacity  of  a  condenser  in  the  line  ABjC  shall  be,  not 
n  times  (as  patented  by  Mr.  Muirhead,  1  believe),  but  Ijn  of 
the  capacity  of  the  corresponding  condenser  in  the  line  AB2C*. 
*  "On  Duplex  Telegraphy,"  Phil.  Mag.  January  187G. 
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If  the  lines  are  representable  by  resistance,  self-induction, 
electrostatic  capacity,  and  leakage  conductance  (R,  L,  S,  K 
of  Parts  IV.  and  V.,  per  unit  lengths),  one  line  will  be  a 
reduced  copy  of  the  other  if,  when  li  and  L  in  the  first  line 
are  n  times  those  in  the  second,  S  and  K  in  the  second  are 
n  times  those  in  the  first,  in  similar  parts. 

After  these  general  remarks,  and  preliminary  to  the  con- 
sideration of  the  quadrilateral,  let  us  briefly  consider  the 
general  theory  of  the  conjugacy  of  a  pair  of  conductors  in  a 
connected  system,  when  an  impressed  force  in  either  can  cause 
no  current  in  the  other,  either  transient  or  permanent.  The 
direct  way  is  to  seek  the  full  differential  equation  of  the  cur- 
rent in  either,  when  under  the  influence  of  impressed  force  in 
the  other  alone.  Let  V  =  ZC  be  the  differential  equation  of 
any  one  branch,  C  being  the  current  in  it,  V  the  fall  of 
potential  in  the  direction  of  0,  and  Z  the  differential  operator 
concerned,  according  to  the  notation  of  Parts  III.,  IV.,  and 
V.  If  there  be  impressed  force  e  in  the  branch,  it  becomes 
e  + V  =  ZC.  We  have  SV  =  0  in  any  circuit,  by  the  potential 
property;  therefore  Se=SZO  in  any  circuit.  Also  the  cur- 
rents are  connected  by  conditions  of  continuity  at  the  junctions. 
These,  together  with  the  former  circuit  equations,  lead  us  to  a 
set  of  equations  : — 

FO2    =/21^1+/22^2+...>       ....        (IC) 


^^i} 


Ci,  Cg, . . .,  being  the  currents,  and  ei,  e^^,...  the  impressed 
forces  in  branches  1,  2,  &c.  ;  F  being  common  to  all,  and  it 
and  the/'s  being  differential  operators.  We  arrive  at  similar 
equations  when  the  differential  equation  of  a  branch  is  not 
merely  between  the  V  and  C  of  that  branch,  but  between 
those  of  many  branches  ;  for  instance  when 

Vi  =  ZnCi  +  Zi202  +  ...     .     •     .     .     (2c) 
is  the  form  of  the  differential  equation  of  branch  1. 

Now  let  there  be  impressed  force  e  in  one  branch  only,  and 
0  be  the  current  in  a  second,  dropping  the  numbers  as  no 
longer  necessary.     We  then  have 

FC=/(.) (3c) 

Conjugacy  is  therefore  secured  by /(c)  =0,  making  C  inde- 
pendent of  e.  Therefore  f{e)  ■=  0  is  the  complex  condition  of 
conjugacy.     If,  for  example, 

f{e)  =  aQe  +  aie  +  a2e  +  . ..,    ....     (4c) 
where  the  a's  are  constants,  functions  of  the  electrical  con- 
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stants  concerned,  then,  to  ensure  conjugacy,  we  require 

aQ  =  0,  ai  =  0,  ^2  =  0;  &c.  .  .  .  (5c) 
separately  ;  and  if  these  as,  cannot  all  vanish  together  we 
cannot  have  conjugacy. 

What  C  may  be  then  depends  only  upon  the  initial  state  of 
the  system  in  subsiding,  or  upon  other  impressed  forces  that 
we  have  nothing  to  do  with.  As  depending  upon  the  initial 
state,  the  solution  is 

Q  =  tKev'; (6c) 

the  summation  being  with  respect  to  the  p's,  which  are  the 
roots  of  F(p)=0,  p  being  put  for  djclt  in  F;  and  the  A 
belonging  to  a  certain  p  is  to  be  obtained  by  the  conjugate 
property  of  the  equality  of  the  mutual  electric  to  the  mutual 
magnetic  energy  of  the  normal  systems  of  any  pair  of  ^^^s. 

As  depending  upon  e,  the  impressed  force  in  the  conductor 
which  is  to  be  conjugate  to  the  one  in  which  the  current  is  C, 
let  e  be  zero  before  time  i  =  0,  and  constant  after.  Then, 
by  (3c), 

r,_f{d/dt)e_^  f{p)e 

=  Co-2^6P^       (7c) 

if  Co  is  the  final  steady  current,  and  F'  =  dFldp,  the  summa- 
tion being  with  respect  to  the  ^^'s. 

If  there  is  a  resistance-balance,  ao=0,  Co  =  0,  and 

G  =  tM2,,. (8,) 

Now,  subject  to  (4c),  calculate  the  integral  transient  cur- 
rent 

Cdt  =  S  .jWn 

=  value  0^  f[p)elpF{p)  when  p  =  0, 

=  «i/Fo, (9c) 

if  Fq  is  thep  =  0  value  of  F.     If  then  «i  =  0  also,  we  prove 
that  the  integral  transient  current  is  zero. 
Supposing  both  ao  =  0,  ai  =  0,  then 

therefore  pF' 


j; 
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and  therefore 


02 


(10c) 


(lie) 


(12c) 


Thus,  if  a^^O  also,  we  have 

\    dl  \   Qdt  =  0.    . 

Jo        Jo 

Similarly,  if  03  =  0  also,  then 

r  dt  ^\it  rc(/^=o, 

Jo        Jo       *^" 

and  so  on.     The  physical  interpretation  of  ao  =  0  and  a,  =  0  is 
obvious,  but  after  that  it  is  less  easy. 

If  F  contain  inverse  powers  of  p,  the  steady  current  may 
be  zero.  But  in  spite  of  that,  it  will  be  found  that  to  secure 
perfect  conjugacy  for  transient  currents,  we  must  have  a  true 
resistance-balance,  or  that  relation  amongst  the  resistances 
which  would  make  the  steady  current  zero,  if  we  were  to 
allow  the  possibility  of  a  steady  current  by  changing  the 
value  of  other  electrical  quantities  concerned.  I  will  give  an 
example  of  this  later. 

I  have  elsewhere*  pointed  out  these  properties  of  the  func- 
tion F,  in  the  case  where  there  is  no  mutual  induction,  or 
V  =  ZO  is  the  form  of  the  differential  equation  of  a  branch. 
Let  n  points  be  united  by  |n  (?i  — 1)  conductors,  whose  con- 
ductances are  K12,  K13,  &c.,  it  being  the  points  that  are 
numbered  1,  2,  &c.     Then  the  determinant 

K1I5   -^127    •  •  V   ^M)i 


K21,  K 


22j 


K, 


K,a,  K„2. 


•J    -t»-ilJ! 


is  zero,  and  its  first  minors  are  numerically  equal,  if  any  K 
with  equal  double  suffixes  be  the  negative  of  the  sum  of  the 
real  K's  in  the  same  row  or  columnt.  Remove  the  last  row 
and  column,  and  call  the  determinant  that  is  left  F.  It  is  the 
F  required,  and  is  the  characteristic  function  of  the  combina- 
tion, expressed  in  terms  of  the  conductances.  If  every  branch 
have  self-induction,  so  that  Il  +  L(f?/d^)  takes  the  place  of 
K~^,  then  F  =  0  is  the  differential  equation  of  the  combination, 
without  impressed  forces,  and  F  =  U  is  always  the  differential 
equation  subject  to  the  condition  of  no  mutual  induction.     In 

*  <  Electrician,'  Dec.  20,  1884,  p.  106. 
t  As  in  Maxwell,  vol.  i.  art.  280. 
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the  paper  referred  to  cores  are  placed  in  the  coils,  giving  a 
special  form  to  K. 

When  K  is  conductance  merely,  the  characteristic  function 
contains  within  itself  expressions  for  the  resistance  between 
every  two  points  in  the  combination,  which  can  therefore  be 
written  down  quite  mechanically.  For  it  is  the  sum  of  pro- 
ducts each  containing  first  powers  of  the  K's,  and  therefore 
mav  be  written 

F=K,2Xi2  +  Ya2=K23X23  +  Y23=...,.     .     (14c) 
where  X23,  ¥33  do  not  contain  Kjsj  ^^^  -^12?  Y12  do  not  contain 
K12.     (It  is  to  he  understood  that  the  diagonal  K^,  K22J  •  •  •  ? 
is  got  rid  of.) 
Then 
E.'i2  =  Xi2/'Yi2  =  resistance  between  points  1  and  2,')  ,-,  r  \ 
Ii'23  =  X23/Y23=         „  „  „      2  and  3,1  (1^^) 

&c.,  it  being  understood  that  these  resistances  are  not  E12, 
R23,  &c.,  but  the  resistances  complementary  to  them,  the  com- 
bined resistance  of  the  rest  of  the  combina'tion  ;  thus,  if  ^12  be 
the  impressed  force  in  the  conductor  1,  2,  the  current  (steady) 

in  it  is  .  ^ 

p     _  ^12  ^12  /-I  a  \ 

^n  —    I)      ,    Y     Y      ~   rj      ,   u/    •     •      •      (J-'JC) 

■"'12  "t"  -^12/  -"■  12  -"'12    '    -Li-  12 

The  proof  by  determinants  is  rather  troublesome,  using  the 
K's,  but,  in  terms  of  their  reciprocals,  and  extending  the 
problem,  it  becomes  simple  enough.  Thus  if  we  turn  K  to 
li""^  in  F^  and  then  clear  of  fractions,  we  may  write  F  =  0  as 

Ej2X'i2  +  Y'i2  =  0,       R23X'23+Y'23  =  0,    &C.,       .       .        {11  c) 

where  X'12,  Y'12,  do  not  contain  R12 ;  &c.  From  this  we  see 
that  the  differential  equation  of  the  current  C12  in  1,  2,  sub- 
ject to  6x2  only,  is 

(Rl2  +  I^'2l)Oi2  =  ^12, (18c) 

if  R'2i  =  Y'i2/X.'i2«  For  this  make  the  dimensions  correct, 
and  that  is  the  only  additional  thing  required,  when  we 
observe  that  it  makes  the  fixed  steady  current 

Oi2  =  W(Rl2  +  l^'2l); (19c) 

so  that  R'21  is  the  resistance  complementary  to  Rri2. 

Although  it  is  generally  best  to  work  in  terms  of  resist- 
ances, yet  there  are  times  when  conductances  are  preferable, 
and,  to  say  nothing  of  conductors  in  parallel  arc,  the  above 
is  a  case  in  point,  as  v/ill  be  seen  by  the  way  the  characteristic 
function  is  made  up  out  of  the  K's.  There  is  also  less  work 
in  another  way.  Thus,  hi{ii  —  l)  conductors  uniting  n  points 
give  ^(ji— l)(/t  — 2)  degrees  of  freedom  to  the  currents.  It 
is  the  least  number  of  branches  in  which,  when  the  currents 
in  them  are  uiven,  those  in  all  the  rest  follow.     Thus,  if  10 
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conductors  unite  5  points,  the  currents  in  at  least  6  conductors 
must  be  given,  and  no  four  of  them  should  meet  at  one  point. 
The  remaining  conductors  are  n—\  in  number,  or  one  less 
than  the  number  of  points,  and  n—1  is  the  degree  of  the 
characteristic  function  in  terms  of  the  conductances.  Now 
put  F  =  0  in  terms  of  the  resistances,  by  multiplying  by  the 
product  of  all  the  resistances.  It  is  then  made  of  degree 
^{)i  —  \){n  —  i)  in  terms  of  the  resistances,  which  is  the  num- 
ber of  current  freedoms.  If  ft  =  4,  the  degree  is  the  same, 
viz.  three,  whether  in  terms  of  conductances  or  resistances; 
but  if  n=5,  it  is  of  the  sixth  degree  in  terms  of  resistances 
and  only  of  the  fourth  in  terms  of  the  conducjtances ;  and  if 
w=6,  it  is  of  the  tenth  degree  in  terms  of  the  resistances,  but 
only  of  the  fifth  in  terms  of  the  conductances,  and  so  on;  so 
that  F  becomes  enormously  more  complex  in  terms  of  resist- 
ances than  conductances. 

When  every  branch  has  self-induction,  Z  =  R-|~Lj9,  and  the 
degree  o?  p  in  F  =  0  is  the  number  of  freedoms,  so  that  there 
are  n  —  1  fewer  roots  than  the  number  of  branches.  It  is  the 
same  when  there  is  mutual  induction.  The  missing  roots 
belong  to  terms  in  the  solutions  for  subsidence  from  an  arbi- 
trary initial  state  which  instantaneously  vanish,  producing  a 
jump  from  the  initial  state  to  another^  which  subsides  in  time. 

On  the  other  hand,  if  every  branch  (without  self-induction) 
is  shunted  by  a  condenser  of  capacity  Si,  Sg,  &c.,  K  becomes 
K  +  Sp,  so  that  the  degree  of  |)  in  F  =  0  is  the  same  as  that 
of  K,  or  ^(n— l)(w— 2)  fewer  than  the  number  of  con- 
densers ^. 

Coming  next  to  the  Wheatstone  quadrilateral  self-induction 
balance,  let  there  be  six  conductors,  1,2,  &c.,  uniting  the  four 


points  A,  Bi,  Bg,  C  in  the  figure, 
lines  referred  to  in  the  beginning, 
and    L    the   inductance    of    a 
branch  in  which  the  current  is 
C,    reckoned    positive   in    the 
direction  of  the  arrow,  and  the 
fall  of  potential  V  in  the  same 
direction  ;  thus  Ri,  Lj,  Vi,  Ci  ^ 
for  the  first  branch.     The  six 
branches  may  be  conjugate  in 
pairs,  thus  :   1  and  4,  or  2  and 
3,  or  5  and  6.     In  the  follow- 
ing 5  and  6  are  selected  always, 
the    battery   or    other   source 
being  in  6,  and  the  telephone 

*  *  Electrician,'  Jan.  1, 1883,  p.  147. 


ABiC  and  ABgC  are  the 
Let  R  be  the  resistance 
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or  other  indicator  iu  5.  Mutual  inductances  will  be  denoted 
by  M  ;  thus,  Mjg  Cj  is  the  electromotive  impulse  iu  2  due  to 
the  stoppage  of  the  current  Ci  in  1  ;  similarly  Mjg  C2  is  the 
impulse  in  1  due  to  stopping  Cg. 

Deferring  mutual  induction  for  the  present,  though  not 
confining  self-induction  to  be  of  the  electromagnetic  kind 
only,  but  to  include  electrostatic  if  required,  the  condition  of 
conjugacy  is  that  the  potentials  at  B^  and  B2  be  always 
equal.     Therefore 

Vi  =  V2,      and      V3  =  V,;     ....     (20c) 

so,  if  V  =  ZC, 

ZiCi  =  Z2C2,     and     Z3C3=ZA-     •     •     •     (^Ic) 

But,  by  continuity,  Ci  =  C3,  and  C2  =  C4  at  every  moment 
(including  equality  of  all  their  differential  coefficients)  ;  so 
that  (21c)  becomes 

ZiCi  =  Z2C2,       Z30i  =  Z4C2;     ....     (22c) 
consequently 

ZiZ,-Z2Z3  =  0=/ (23c) 

is  the  complex  condition  of  conjugacy.  This  function  is  the 
/  of  the  previous  investigation. 

When  the  self-induction  is  of  the  electromagnetic  kind, 
Z  =  R  +  L^-> ;  so  that,  arranging  /  in  powers  of  p, 

0=  (RiRi-K^R.)  +  (RiL,-hR4i-i-R2L3-R3L2)y^+  (L,L,-  L2L3)//.    (24c) 

Therefore,  if  ■«  =  L/R,  the  time-constant  of  a  branch,  we  have 
three  conditions  to  satisfy,  namely, 

RiR4=R2R3,       "I        (25c) 

Xi+x^  =  ii'2-\'Xz,      y {^Qc) 

LiL4=L2L3.        I       (27c) 

"  If  the  first  condition  is  fulfilled,  there  will  be  no  final 
current  in  5  when  a  steady  impressed  force  is  put  in  6.  This 
is  the  condition  for  a  true  resistance  balance. 

'^  If,  in  addition  to  this,  the  second  condition  is  also  satis- 
fied, the  interval  extra  current  in  5  on  makino-  or  breakinu;  6 
is  zero,  ])Osides  the  steady  current  being  zero,  (25c)  and  {'M\g) 
together  therefore  give  an  ai)proximate  induction  balance 
with  a  true  resistance  balance. 

"  If,  in  addition  to  (25c)  and  {2Qc),  the  third  condition  is 
satisfied,  the  extra  current  is  zero  at  every  moment  during 
the  transient  state,  and  the  balance  is  exact  however  the  im- 
pressed force  in  6  vary. 
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"  Practically,  take 

Kj  =  R2,     and     Lx  =  L2;     .     .     .     .     (28c) 

that  is,  let  branches  1  and  2  be  of  equal  resistance  and  induct- 
ance. Then  the  second  and  third  conditions  become  identical; 
and,  to  get  perfect  balance,  we  need  only  make 

R3=R4,     and     L3=L4 (29c) 

"  This  is  the  method  I  have  generally  used,  reducing  the 
three  conditions  to  two,  whilst  preserving  exactness.  It  is 
also  the  simplest  method.  The  mutual  induction,  if  any,  of 
1  and  2,  or  of  3  and  4,  does  not  influence  the  balance  when 
this  ratio  of  equality  Ri  =  R2  is  employed  (whether  Li  =  L2  or 
not)  ^.  So  branches  1  and  2  may  consist  of  two  similar  wires 
wound  together  on  the  same  bobbin,  to  keep  their  tempera- 
tures equal."  f 

Of  the  eight  quantities,  four  R's  and  four  L's,  only  five 
can  be  stated  arbitrarily,  of  which  not  more  than  three  may 
be  R's,  and  not  more  than  three  may  be  L^s.  We  may  state 
the  matter  thus  : — There  must  first  be  a  resistance-balance. 
Then,  if  we  give  definite  values  to  two  of  the  L's,  the  cor- 
responding time-constants  become  fixed,  and  it  is  required 
that  the  other  two  time-constants  shall  be  equal  to  them  ; 
thus 

either  a'i  =  a'3     and     x2  =  cVi, 

or  else        cci  =  W2     and     a^^  =  a:^. 
Thus  the  remaining  two  L's  become  usually  fixed.     In  fact, 
eliminating   R^  and    L^  from  (26c)  by  (25c)  and  (27c),  the 
second  condition  may  be  written 

Suppose  Ri,  R2,  R3  given,  then  R4  is  fixed  by  (2.5c). 
Two  of  the  inductances  may  then  be  given,  fixing  the 
corresponding  time-constants.  If  these  inductances  be  L, 
and  L2,  then  we  must  have  (unless  ,%\  =  a'2) 

cVi  =  it'3,       .^'2  =  il'4. 

But  if  Lj  and  L3  be  given,  then  we  require  (unless  a'j  =  cI'3) 

,27^^  ^'2,      ^r3  =  ,:l'4. 

These  two  cases  present  a  remarkable  diftereuce  in  one 
respect.     The  absence  of  current  in  5  allowing  us  to  remove  5 

*  The  words  in  the  (  )  should  be  cancelled.  The  independence  of  Mj^ 
and  M34,  which  is  exact  when  Li=L2,  L3  — L4,  and  sensibly  true  when 
the  inequalities  are  small,  becomes  sensibly  untrue  when  the  inequalities 
L,  — L^  and  L.,— L4  are  great. 

t  '  Electrician/  April  30,  1886,  p.  489. 
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altogether,  we  see  by  (18c)  that  the  differential  equation  of  Cq  is 

12    ,(Z,  +  Z3)(Z,  +  Z,)|^ 
'-  t^«+Z,+Z,+Z3+Z,  /^^' 

manipulating  the  Z's  like  resistances.  The  absence  of 
branch  5  thus  reduces  the  number  of  free-subsidence  systems 
to  two.     Now,  if  we  choose  Wi  =  .V2,  we  shall  make 

(Li  +  L3)/(Ri  +  R3)  =  {L,  +  L,)/{R,  +  U,), 
or  the  time-constants  of  the  two  branches   1  +  3  and   2  +  4 
equal.     Then  one  of  the  /^'s  is 

R1  +  R3 

and  this  is  only  concerned  in  the  free  subsidence  of  current 
in  the  circuit  ABiCBgA.    Consequently  the  second  /),  which  is 

_(R:  +  R3)R2  +  Re(Ri  +  R2) 

^'         (Li  +  L2)R2  +  L6(Ri  +  R2)' 

is  alone  concerned  in  the  setting-up  of  current  by  the  im- 
pressed force  in  6  ;  and  the  current  divides  between  ABiC 
and  ABgC  in  the  ratio  of  their  conductances,  in  the  variable 
period  as  well  as  finally.  In  fact,  the  fraction  in  the  above 
equation  of  Gq  will  be  found  to  contain  Zj  +  Z3  as  a  factor  in 
its  numerator  and  denominator,  thus  excluding  the  jh  root, 
so  far  as  e  is  concerned.  On  the  other  hand,  if  we  choose 
^^  =  ^3,  we  do  not  have  equality  of  time-constants  of  ABjO 
and  ABgC,  so  that  there  are  two  p's  concerned,  which  are  not 
those  given  ;  and  the  current  Cg  does  not,  in  the  variable 
period,  divide  between  AB^C  and  AB2C  in  the  ratio  of  their 
conductances,  but  only  finally. 

In  the  above  statement  it  was  assumed  that  when  L^  and 
L2  were  chosen,  it  was  not  so  as  to  make  a'i  =  .2.'2.  When  this 
happens,  however,  it  is  only  the  ratio  of  L3  to  L4  that  becomes 
fixed,  for  we  have  a;z=X4^  =  anything. 

Similarly,  when  Lj  and  L3  are  so  chosen  that  Xi  =  Xs,  we 
shall  have  a'2  =  ^v^  =  anything,  so  that  only  the  ratio  of  L2  to 
hi  is  fixed. 

And  if  L3,  L4  be  so  chosen  that  cV^^x^,  then  it'i  =  iV2  =  any- 
thing, only  fixing  the  ratio  of  L^  to  L2.  But  should  a's  not 
=  iV.i,  then  we  require  l^■l  =  .^'3  and . ^2  =  . 1-4,  thus  fixing  Li  and  L2. 

And  if  L2,  L4  be  so  chosen  that  .V2=^x^,  then  .rx  =  .i'3=  ^my- 
thing,  only  fixing  the  ratio  of  Ri  to  R3.  But  if  so  that  X2  not 
■—x^,  then  A'i  =  A'2  and  a;^  =  A-i  fix  Li  and  L3. 

There  are  yet  two  other  pairs  that  may  be  initially  chosen, 
and  with  somewhat  different  results.  Let  it  be  Lj  and  L4  that 
are  chosen  ;  if  not  so  as  to  make  a;i  =  iVi,  there  are  two  ways 
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of  fixing  L2  and  L3,  viz.  either  by  Xi  =  w-i  and  a'2  =  a'4,  or  by 
x^  =A'2  and  a?3=A'4  ;  but  if  so  that  Xi  =  a;4  in  the  first  place,  then 
they  must  also  =,v^  =  a;^. 

Similarly  the  choice  of  Lg  and  L3  so  as  not  to  make  tVg  =  A'3 
gives  two  ways  of  fixing  Lj  and  L4,  by  vertical  or  by  hori- 
zontal equality  of  time-constants,  as  before  ;  whilst  X2  =  tV-i 
produces  equality  all  round. 

The  special  case  of  all  four  sides  equal  in  resistance  may  be 
also  noticed.  Balance  is  given  in  two  ways,  either  by  hori- 
zontal or  by  vertical  equality  in  the  L's. 

Leaving  the  mathematical  treatment  for  a  little  while,  I 
proceed  to  give  a  short  general  account  of  my  experience  of 
induction-balances.  I  did  not  originally  arrive  at  the  method 
of  equal  ratio  just  described  through  the  general  theory,  (20c) 
to  (27c),  but  simply  by  means  of  the  general  principle  of 
balancing  by  making  one  line  a  copy  of  the  other,  of  which  I 
obtained  knowledge  through  duplex  telegraphy,  and  inves- 
tigated the  conditions  (25c)  to  (27c)  more  from  curiosity  than 
anything  else,  though  the  investigation  came  in  useful  at 
last.  In  1881  I  wished  to  know  what  practical  values  to 
give  to  the  inductances  of  various  electromagnets  used  for 
telegraphic  purposes,  and  to  get  this  knowledge  went  to  the 
quadrilateral.  Not  having  coils  of  known  inductance  to  start 
with,  I  employed  MaxwelPs  condenser  method  *,  with  an 
automatic  intermitter  and  telephone.  Let  1,  2,  and  3  be 
inductionless  resistances,  and  4  a  coil  having  self-induction. 
Put  the  telephone  in  5,  the  battery  and  intermitter  in  6.  We 
require  first  the  ordinary  resistance-balance,  IliIl4=R2l^3- 
But  the  self-induction  of  the  coil  will  cause  current  in  5  when 
6  is  made  or  broken.  This  will  be  completely  annulled  by 
shunting  1  by  a  condenser  of  capacity  Si,  such  that 

RjSi  =  L4/R4, 
signifying  that  the  time-constant  of  the  coil  on  short-circuit 
and  that  of  the  condenser  on  short-circuit  with  the  resistance 
Ej  are  equal. 

The  method  is,  in  itself,  a  good  one.  But  the  double 
adjustment  is  sometimes  very  troublesome,  especially  if  the 
capacity  of  the  condenser  be  not  adjustable.  For  when  we- 
vary  E-i,  to  approximate  to  the  correct  value  of  EiSi,  we 
upset  the  resistance-balance,  and  have  therefore  to  make 
simultaneous  variations  in  some  of  the  other  resistances  to 
restore  it.  But  the  method  has  the  remarkable  recommenda- 
tion of  giving  us  the  value  of  the  inductance  of  a  coil  at  once 
in  electromagnetic  units. 

*  Maxwell  vol.  ii.  art.  778. 
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In  the  course  of  these  experiments  I  observed  the  upsettino- 
of  the  resistance-  and  induction-balance  by  the  presence  of 
metal  in  the  neighbourhood  of  the  coils,  which  is  manifested 
in  an  exaggerated  form  in  electromagnets  with  solid  cores. 
So,  having  got  the  information  I  wanted  in  the  first  place,  I 
discarded  the  condenser  method  with  its  troublesome  adjust- 
ments, and,  to  study  these  effects  with  greater  ease,  went  to 
the  equal-ratio  method  with  the  assistance  that  I  had  obtained 
by  the  condenser  method,  the  values  of  the  inductances  of 
various  coils,  to  be  used  as  standards. 

"  To  use  the  Bridge  to  speedily  and  accurately  measure  the 
inductance  of  a  coil,  we  should  have  a  set  of  proper  standard 
coils,  of  known  inductance  and  resistance,  together  with  a 
coil  of  variable  inductance,  i.  e.  two  coils  in  sequence,  one  of 
which  can  be  turned  round,  so  as  to  vary  the  inductance  from 
a  m.inimum  to  a  maximum  ^.  The  scale  of  this  coil  could  be 
calibrated  by  (12a),  first  taking  care  that  the  resistance- 
balance  did  not  require  to  be  upset.  This  set  of  coils,  in  or 
out  of  circuit  according  to  plugs,  to  form  say  branch  3,  the 
coil  to  be  measured  to  be  in  branch  4.  Ratio  of  equality. 
Branches  1  and  2  equal.  Of  course  inductionless,  or  prac- 
tically inductionless,  resistances  are  also  required  to  get  and 
keep  the  resistance-balance.  The  only  step  to  this  I  have 
made  (this  was  some  years  ago)  ....  was  to  have  a  number 
of  little  equal  coils,  and  two  or  three  multiples  ;  and  get 
exact  balance  by  allowing  induction  between  two  little  ones, 
with  no  exact  measurement  of  the  fraction  of  a  unit.''^  f 

Although  rather  out  of  order,  it  will  be  convenient  to 
mention  here  that  although  I  have  not  had  a  regular  induction- 
box  made  (the  coils,  if  close  together,  would  have  to  be  closed 
solenoids),  yet  shortly  after  making  these  remarks,  I  returned 
to  my  earlier  experiments  by  calibrating  the  scale  of  the  coil 
of  variable  inductance.  As  it  then  becomes  an  instrument  of 
precision,  it  deserves  a  name  ;  and  as  it  is  for  the  measure- 
ment of  induction  it  may,  I  think,  be  appropriately  termed 
an  Inductometer.  Of  course,  for  many  purposes  no  calibra- 
tion is  needed. 

I  found  that  the  calibration  could  be  effected  with  ease  and 
rapidity  by  the  condenser  method  more  conveniently  than  by 
comparisons  with  coils.  Thus,  first  ascertain  the  minimum 
and  the  maximum  inductance,  and  that  of  the  coils  separately. 
Suppose  the  range   is   from  20  to  50  units  (hundreds,  thou- 

*  Prof.  Hughes's  oddly  named  Sonometer  will  do  just  as  well,  if  of 
suitable  size  and  propcrh"  connected  up.  It  is  the  manner  of  connection 
and  use  that  give  individuality  to  my  inductometer. 

t  '  Electrician,'  April  ;jU,  1«8G,  p.  490. 

Phil.  Mag.  S.  5.  Vol.  23.  No.  141.  Feb.  1887.  0 


186  Mr.  0.  Heaviside  on  the 

sands,  millions,  &c.  of  centimetres,  according  to  the  quite 
arbitrary  size  of  the  instrument).  It  ■will  then  be  sufficient 
to  find  the  places  on  the  scale  corresponding  to  20,  21,  22,  &o., 
49,  50.  Starting  at  21,  set  the  resistance-balance  so  that  L4 
should  be  21  units  ;  turn  the  movable  coil  till  silence  is 
reached,  and  mark  the  place  21.  Then  set  the  balance  to  suit 
22,  turn  again  till  silence  comes,  and  mark  again  ;  repeat 
throughout  the  whole  range.  Why  this  can  be  done  rapidly 
is  because  the  resistance-balance  is  at  every  step  altered  in  the 
same  manner.  We  have  thus  an  instrument  of  constant 
resistance  and  variable  known  inductance,  ranging  from 

I1  +  I2  —  2?no     to     I1  +  I2  +  2moy 

if  Ii  and  I2  are  the  separate  inductances  and  m^  the  maximum 
mutual  inductance.  The  calibration  is  thoroughly  practical, 
as  no  table  has  to  be  referred  to  to  find  the  value  of  a  certain 
deflection. 

I  formerly  chose  10^  centim.  as  a  practical  unit  of  in- 
ductance, and  called  it  a  tom  ;  the  attraction  this  had  for  me 
arose  from  L  toms-^-R  ohms  equalling  L/R  seconds  of  time. 
But  it  was  too  big  a  unit,  and  millitoms  and  microtoms  were 
wanted.  Another  good  name  is  mac.  10^  centim.  might  be 
called  a  mac.  Since  Maxwell  made  the  subject  of  self- 
induction  his  own,  and  described  methods  of  correctly  mea- 
suring it,  there  is  some  appropriateness  in  the  name,  which, 
as  a  mere  name,  is  short  and  distinctive. 

The  two  coils  of  the  inductometer  need  not  be  equal ;  but 
it  is  very  convenient  to  make  them  so,  before  calibration,  by 
the  equal-ratio  method,  which,  of  course,  merely  requires  us 
to  get  a  balance,  not  to  measure  the  values.  Let  1  and  2  be 
any  equal  coils  ;  put  one  coil  of  the  inductometer  in  3,  the 
other  in  4,  and  balance.  It  happened  by  mere  accident  that 
my  inductometer  had  nearly  equal  coils  ;  so  I  made  them 
quite  equal,  to  secure  two  advantages.  First,  there  is  facility 
in  calculations  ;  next,  the  inductometer  may  be  used  with  its 
coils  in  parallel  or  in  sequence,  as  desired.  When  in  parallel, 
the  effective  resistance  and  inductance  are  each  one  fourth  of 
the  sequence  values.  Thus,  let  V  =  ZC  be  the  differential 
equation  of  the  coils  in  parallel,  C  being  the  total  current, 
and  V  the  common  potential  fall ;  it  is  easily  shown  that 

7_  (n  +  hp)(r2  +  kp2)-inY  .on^ 

when  the  coils  are  unequal ;  ri  and  7'2  being  their  resistances, 
Zi  and  I2  their  inductances,  and  m  their  mutual  inductance  in 
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any  posiiion.     Now  make  ri  =  r2,  and   Ii  =  l2 1  this   reduces 

^^"^  Z  =  ^r^^(l  +  m)p; (31c) 

whilst^  when  in  sequence,  we  have 

Z=2r  +  2{l  +  m)p, (a2c) 

thus  proving  the  property  stated.  We  may  therefore  make 
one  inductometer  serve  as  two  distinct  ones,  of  low  or  hi^h 
resistance. 

There  does  not  seem  to  be  any  other  way  of  making  the 
two  coils  in  parallel  behave  as  a  single  coil  as  regards  external 
electromotive  force.  Any  number  of  coils  whose  time- 
constants  are  equal  will,  when  joined  up  in  parallel,  behave 
as  a  single  coil  of  the  same  time-constant ;  but  there  must  be 
no  mutual  induction.  (An  example  of  the  property  *  that  any 
linear  combination  whose  parts  have  the  same  time-constant 
has  only  that  one  time-constant.)  This  seriously  impairs  the 
utility  of  the  property.  This  reservation  does  not  apply  in 
the  case  of  the  equal-coil  inductometer. 

Having  got  the  inductometer  calibrated,  we  may  find  the 
inductance  of  a  given  coil,  or  of  a  combination  of  coils  in 
sequence,  with  or  without  mutual  induction,  nearly  as  rapidly 
as  the  resistance.  Thus,  1  and  2  being  equal,  put  the  coil  to 
be  measured  in  3,  and  the  inductometer  in  4.  We  have  to 
make  E3  =  R4  and  L3  =  L4,  or  to  get  a  resistance-balance,  and 
then  turn  the  inductometer  till  silence  is  reached,  when  the 
scale-reading  tells  us  the  inductance.  This  assumes  that  L3 
lies  within  the  range  of  the  inductometer.  If  not,  we  may 
vary  the  limits  as  we  please  by  putting  a  coil  of  known 
inductance  in  sequence  with  branch  3  or  4  as  required,  putting 
at  the  same  time  equal  resistance  in  the  other  branch. 

Or,  the  inductometer  being  in  4,  and  1,  2  being  induc- 
tionless  resistances,  put  the  coil  to  be  measured  in  3.  If  it  has 
a  larger  time-constant  than  the  inductometer's  greatest,  insert 
resistance  along  with  it  to  bring  the  time-constants  to  equality. 
The  conditions  of  silence  are  RiR4  =  E2R3  and  L3/R3  =  L4/R4. 
Here  a  ratio  of  equality  is  not  required.  The  method  is 
essentially  the  same  as  one  of  Maxwell'sf,  and  is  a  good  one 
for  certain  purposes. 

Or,    1  and   2  being  any  equal  coils,  put  one  coil  of  the 

*  This  property  supplies  us  with  induction-balances  of  a  peculiar  kind. 
Let  there  be  an}'  network  of  conductors,  every  branch  having  the  same 
time-constant.  Set  up  current  in  the  combination,  and  then  remove  the 
impressed  force.  During  the  subsidence  all  the  junctions  will  be  at  the 
same  potential,  and  any  pair  of  them  may  consequently  be  joined  by  an 
external  conductor  without  producing  current  in  it. 

t  IMaxwell,  vol.  ii.  art.  757. 
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inductometer  in  6  and  the  other  in  4,  the  coil  to  be  measured 
being  in  3.     Then 

L3  =  L,-2M46 (33e) 

gives  the  induction-balance,  L4  being  here  the  inductance  of 
the  coil  of  the  inductometer  in  4,  and  M^g  the  mutual  induc- 
tance of  the  two  coils,  in  the  position  giving  silence.  This  is 
known  in  all  positions,  because  the  scale-reading  gives  the 
value  oi  Ii  +  h  +  ^"^  (o''  ©Ise  2{l  +  in)  if  the  coils  are  equal), 
and  Zj  + 12  is  known.  If  the  range  is  not  suitable,  we  may, 
as  before,  insert  other  coils  of  known  inductance. 

There  are  other  ways  ;  but  these  are  the  simplest,  and  the 
equal-ratio  method  is  preferable  for  general  purposes.  I 
have  spoken  of  coils  always,  where  inductances  are  large  and 
small  errors  unimportant.  When,  however,  it  is  a  question  of 
small  inductances,  or  of  experiments  of  a  philosophical  nature, 
needing  ver}^  careful  balancing,  then  the  equal-ratio  method 
acquires  so  many  advantages  as  to  become  the  method. 

"  So  long  as  we  keep  to  coils  we  can  swamp  all  the  irregu- 
larities due  to  leading  wires  &c.,  or  easily  neutralize  them,  and 
can  therefore  easily  obtain  considerable  accuracy.  With  short 
wires,  however,  it  is  a  different  matter.  The  inductance  of  a 
circuit  is  a  definite  quantity  :  so  is  the  mutual  inductance  of 
two  circuits.  Also,  when  coils  are  connected  together,  each 
forms  so  nearly  a  closed  circuit  that  it  can  be  taken  as  such  ; 
so  that  we  can  add  and  subtract  inductances,  and  localize 
them  definitely  as  belonging  to  this  or  that  part  of  a  circuit. 
But  this  simplicity  is,  to  a  great  extent,  lost  when  we  deal 
with  short  wires,  unless  they  are  bent  round  so  as  to  make 
nearly  closed  circuits.  We  cannot  fix  the  inductance  of  a 
straight  wire,  taken  by  itself.  It  has  no  meaning,  stnctly 
speaking.  The  return  current  has  to  be  considered,  lialances 
can  always  be  got,  but  as  regards  the  interpretation,  that 
will  depend  upon  the  configuration  of  the  apparatus. 

"  Speaking  with  diffidence,  having  little  experience  with 
short  wires,  I  should  recommend  1  and  2  to  be  two  equal 
wires,  of  any  convenient  length,  twisted  together,  joined  at 
one  end,  of  course  slightly  separated  at  the  other,  where  they 
join  the  telephone  wires,  also  twisted.  The  exact  arrangement 
of  3  and  4  will  depend  on  circumstances.  But  always  use  a 
long  wii*e  rather  than  a  short  one  (experimental  wire).  If 
this  is  in  branch  4,  let  branch  3  consist  of  the  standard  coils 
(of  appropriate  size),  and  adjust  them^  inserting,  if  necessary, 
coils  in  series  with  4  also.  Of  course  I  regard  the  matter 
from  the  point  of  view  of  getting  easily  interpretable 
results."  * 

*  <  Electrician,'  April  6,  1886,  p.  490. 
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Consider  the  equations  (24c)  to  (27c).  Three  conditions 
have  to  be  satisfied,  in  general,  the  resistance-balance  (2_5c) 
and  the  balance  of  integral  extra-current  (26c)  not  being 
sufficient.  To  illustrate  this  in  a  simple  manner,  let  2  and  3 
be  equal  coils,  by  previous  adjustment,  and  1  and  4  coils 
having  the  same  resistance  as  the  others,  but  of  lower  induc- 
tance, or  else  two  coils  whose  total  resistance  in  sequence  is 
that  of  each  of  the  others,  but  of  lower  inductance  when 
separated.  The  resistance-balance  is  satisfied,  of  course. 
Now,  if  the  next  condition  were  sufficient  to  make  an 
induction-balance,  all  we  should  have  to  do  would  be  to  make 
Li  +  L4  =  2L3.  For  instance,  if  Li  is  first  adjusted  to  equal 
L2  and  L3,  then,  by  increasing  either  Li  or  L4  to  the  right 
amount,  silence  would  result.  It  does  result  when  it  is  L4 
that  is  increased,  but  not  when  it  is  Li.  If  the  sound  to  be 
quenched  is  slight,  the  residual  sound  in  the  Li  case  is  feeble 
and  might  be  overlooked  ;  but  if  it  be  loud,  then  the  residual 
sound  in  the  Lj  case  is  loud  and  is  comparable  with  that  to 
be  destroyed,  whilst  in  the  L4  case  there  is  perfect  silence. 

The  reason  of  this  is  that  in  the  Lj  case  we  satisfy  onl}^  the 
second  condition,  whilst  in  the  L4  case  we  satisfy  the  third  as 
well. 

Another  way  to  make  the  experiment  is  to  make  1,  2,  and 
3  equal,  and  4  of  the  same  resistance  but  of  lower  inductance, 
much  lower.  Then  the  insertion  of  a  non-conducting  iron 
core  in  1  will  lead  to  a  loud  minimum,  but  if  put  in  4  will 
bring  us  to  silence,  except  as  regards  something  to  be  men- 
tioned later. 

Supposing,  however,  we  should  endeavour  to  get  silence  by 
operating  upon  L,,  although  we  cannot  do  it  exactly,  yet  by 
destroying  the  resistance-balance  we  may  approximate  to  it. 
Thus  we  have  a  false  resistance- and  a  false  induction-balance, 
and  the  question  would  present  itself.  If  we  were  to  wilfully 
go  to  Avork  in  this  way  in  the  presence  of  exact  methods, 
how  should  we  interpret  the  results  ?  As  neither  (25c)  nor 
(26c)  is  true,  it  is  suggested  that  we  make  use  of  the  formula 
based  upon  the  assumption  that  the  currents  are  sinusoidal 
or  pendulous,  or  S.H.  functions  of  the  time.  Takep^=— n'^ 
in  (24c),  the  frequency  beincr  n/'lir,  and  we  find 

E,R4Gri-h.r4)=K2"R3(.^2  +  ^3),     •     •     •     (34c) 
(R,R4-R2R3)=n'(L.L4-L2L3)      .     .     (35c) 

are  the  two  conditions  to  be  satisfied;  and  we  can  undoubtedly, 
if  we  take  enough  trouble,  correctly  interpret  the  results,  if 
the  assumption  that  has  been  made  is  justifiable. 

I  should  have  been  fully  inclined  to  admit  (and  have  no 
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doubt  it  is  sometimes  true)  that,  with  an  iutermitter  making 
regular  vibrations^  we  might  regard  the  residual  sound  as 
due  to  the  upper  partials,  and  that  /?/27r  could  be  taken  as 
the  frequency  of  the  iutermitter,  and  (34  c),  (35  c)  employed 
safely,  though  not  with  any  pretensions  to  minute  accuracy, 
if  circumstances  compelled  us  to  ignore  the  exact  methods  of 
true  balances,  were  it  not  for  the  fact  that  this  hypothesis 
sometimes  leads  to  utterly  absurd  results  when  experimentally 
tested.  Of  this  I  will  give  an  illustration,  and,  as  we  have 
only  to  test  that  intermittences  may  be  regarded  as  S.H. 
reversals,  simplify  by  taking  Ri^R^,  L^^Lg,  which  makes 
an  exact  equal-ratio  balance,  RsssR^,  Ij^^^Ij^, 

Since  a  steady  or  slowly  varying  current  does  not  produce 
sound  in  the  telephone,  if  a  battery  could  be  treated  as  an 
ordinary  conductor,  we  could  put  it  in  one  of  the  sides  of  the 
quadrilateral  and  balance  it,  just  like  a  coil,  in  spite  of  its 
electromotive  force.  So,  let  1  and  2  be  equal  coils,  3  the 
battery  to  be  tested,  and  4  the  balancing  coils.  I  find  that  a 
good  battery  can  be  very  well  balanced,  though  not  perfectly, 
with  intermittences,  as  regards  resistance,  which  is,  however, 
far  less  with  rapid  intermittences  than  with  a  steady  current*. 
Thus  :  steady,  2^  ohms  ;  intermittent  (about  500),  1-^  ohm. 
Another  battery  :  steady,  166  ohms  ;  intermittent,  126  ohms. 
The  steady  resistances  are  got  by  cutting  out  the  iutermitter, 
using  a  make-and-break  instead  ;  the  deflection  of  a  galvano- 
meter in  5  must  be  the  same  whether  6  is  in  or  out.  If  we 
leave  out  the  battery  in  6,  it  becomes  Mance^s  method.  The 
sensitiveness  is,  however,  far  greater  when  the  battery  is  not 
left  out,  although  other  effects  are  then  produced. 

So  far  regarding  the  resistance.  As  regards  the  inductance, 
or  apparent  inductance,  of  batteries,  that  is,  I  find,  usually 
negative.  That  is  to  say,  after  bringing  the  sound  to  a 
minimum  by  means  of  resistance-adjustment,  the  residual 
sound  (sometimes  considerable)  may  be  quenched  by  inserting 
equal  coils  in  branches  3  and  4,  and  then  increasing  the 
inductance  of  the  one  containing  the  battery  under  test.  I 
selected  the  battery  which  showed  the  greatest  negative  induc- 
tance, about  I  mac,  or  500,000  centim.,  got  the  best  possible 
silence  by  adjustment  of  resistance  and  inductance,  and  then 
found  the  residual  sound  could  be  nearly  quenched  by  allowing 
induction  between  the  coil  in  3  and  a  silver  coin,  provided,  at 
the  same  time,  R4  were  a  little  increased. 

It  was  naturally  suggested  by  the  negative  inductance  and 

*  I  am  aware  that  Kohlrausch  employs  tlie  telephone  with  intermit- 
tences to  find  the  resistance  of  electrolytes,  but  have  no  knowledge  of  how 
he  gels  at  the  true  resistance. 
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lower  resistance  that  the  battery  behaved  as  a  shunted  con- 
denser, or  as  a  shunted  condenser  with  resistance  in  sequence, 
or  something  similar  ;  and  I  examined  the  influence  of  the 
frequency  on  the  values  of  the  effective  resistance  and  induc- 
tance. The  change  in  the  latter  was  uncertain^  owing  to  the 
complex  balancing,  but  the  apparent  resistance  was  notably 
increased  by  increasing  the  frequency,  viz.  from  125  to  130 
ohms,  when  the  frequency  was  raised  from  about  500  to  about 
800,  whilst  there  was  a  small  reduction  in  the  amount  of  the 
negative  inductance.  The  effect  was  distinct,  under  various 
changes  of  frequency,  but  was  the  opposite  (as  regards 
resistance)  of  what  I  expected  on  the  S.H.  assumption.  To 
see  whereabouts  the  minimum  apparent  resistance  was  (being 
165  steady),  I  lowered  the  speed  by  steps.  The  resistance 
went  down  to  113  with  a  slow  rattle,  and  so  there  was  no 
minimum  at  all.  The  S.H.  assumption  had  not  the  least 
application  to  the  apparent  resistance,  as  regards  the  values 
165  steady,  113  slow  iutermittences,  although  it  no  doubt  is 
concerned  in  the  rise  from  113  to  130  at  frequency  800. 
The  balance  (approximate)  was  some  complex  compromise, 
but  was  principally  due  to  a  vanishing  of  the  integral  extra- 
current.  Of  course  in  such  a  case  as  this  we  should  employ 
a  strictly  S.H.  impressed  force  ;  a  remark  that  applies  more 
or  less  in  all  cases  where  the  combination  tested  does  not 
behave  as  a  mere  coil  of  constant  B,  and  L. 

The  other  effects,  due  to  using  a  battery  in  branch  6  as  well, 
are  complex.  It  made  little  difference  when  the  current  in  the 
cell  was  in  its  natural  direction  ;  but  on  reversal  (by  reversing 
the  battery  in  6)  there  was  a  rapid  fall  in  the  resistance — for 
instance,  from  46  ohms  to  18  ohms  in  half  a  minute  in  the 
case  of  a  rather  used-up  battery,  but  a  comparatively  small 
fall  when  the  battery  was  good. 

Besides  the  advantage  of  independence  of  the  manner  of 
variation  of  the  impressed  force  (in  all  cases  where  the  re- 
sistance and  inductance  do  not  vary  with  the  frequency),  and 
the  great  ease  of  interpretation,  the  equal-ratio  method  gives 
us  independence  of  the  mutual  induction  of  1  and  2  and  of 
3  and  4  ;  and  this,  again,  leads  to  another  advantage  of  an 
important  kind.  If  the  arrangement  is  at  all  sensitive,  the 
balance  will  continually  vary,  on  account  of  temperature 
inequalities  occurring  in  experimenting,  caused  by  the  breath, 
heat  of  hands,  lamps,  &c.  Now,  if  the  four  sides  of  the 
quadrilateral  consist  of  four  coils,  equal  in  pairs,  it  is  a 
difficult  matter  to  follow  the  temperature  changes.  To  restore 
a  resistance-balance  is  easy  enough  ;  but  more  than  that  is 
needed,  viz.  the  preservation  of  the  ratio  of  equality.     But,  by 
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reason  of  the  independence  of  the  self-induction  balance  of 
Mi2,  "vve  may,  as  before  mentioned,  wind  them  together,  and 
thus  ensure  their  equality  at  every  moment.  There  is  then 
only  left  the  inequality  between  branches  3  and  4,  which 
must,  of  coiu'se,  be  separated  for  experimental  purposes,  and 
that  is  very  easily  followed  and  set  right.  When  a  sound 
comes  on,  holding  a  coin  over  the  coil  of  lower  resistance  will 
quench  it,  if  it  be  slight  and  due  to  resistance  inequality,  and 
tell  us  which  way  the  inequality  lies.  If  it  be  louder,  the 
cancelling  will  be  still  further  assisted  by  an  iron  wire  over  or 
in  the  same  coil,  or  by  a  thicker  iron  wire  alone,  for  reasons 
to  be  presently  mentioned. 

On  the  other  hand,  a  small  inequality  in  the  inductance  may 
be  at  once  detected  by  a  fine  iron  wire,  quenching  the  sound 
when  over  or  in  the  coil  of  lower  inductance  ;  and  when  the 
resistance-  and  induction-balances  are  both  slightly  wrong,  a 
combination  of  these  two  ways  will  show  us  the  directions  of 
departure.  These  facts  are  usefully  borne  in  mind  and  made 
use  of  when  adjusting  a  pair  of  coils  to  equality,  during 
which  process  it  is  also  desirable  to  handle  them  as  little  as 
possible,  otherwise  the  heating  will  upset  our  conclusions  and 
cause  waste  of  time.  But  a  pair  of  coils  once  adjusted  to 
equality,  and  not  distorted  in  shape  afterwai'ds,  Avill  practically 
keep  equal  in  inductance  ;  for  the  effect  of  temperature- 
variation  on  the  inductance  is  small,  compared  with  the 
resistance  change. 

Regarding  the  intermitter,  I  find  that  it  is  extremely  de- 
sirable to  have  one  that  will  give  a  pure  tone,  free  from  harsh 
irregularities,  for  two  reasons:  first,  it  is  extremely  irritating  to 
the  ear,  especially  when  experiments  are  prolonged,  to  have 
to  listen  to  irregular  noises  or  grating  and  fribbling  sounds  ; 
next,  there  is  a  considerable  gain  in  sensitiveness  when  the 
tone  is  pure*. 

Coming  now  to  the  efl^ects  of  metal  in  the  magnetic  field  of 
a  coil,  the  matter  is  more  easily  understood  from  the  theoretical 
point  of  view  in  the  first  instance  than  by  the  more  laborious 
course  of  notino-  facts  and  evolvino;  a  theory  out  of  them — a 
quite  unnecessary  procedure,  seeing  that  we  have  a  good 
theory  already,  and,  guided  by  it,  have  merely  to  see  whether 
it  is  obeyed  and  what  the  departures  are,  if  any,  that  may 
require  us  to  modify  it. 

First,  there  is  the  effect  of  inductive  magnetization  in 
increasing  the  inductance  of  a  coil.     Diamagnetic  decrease  is 

*  I.  e.  pure  in  the  common  acceptation,  not  in  the  scientific  sense  of 
having  a  definite  single  frequency,  which  is  only  needed  in  a  special  class 
of  cases,  when  no  true  balance  could  be  got  without  it. 
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quite  insensible,  or  masked  by  another  effect,  so  that  we  are 
confined  to  iron  and  the  other  strongly  magnetic  bodies. 
The  foundation  of  the  theory  is  Poisson^s  assumption  (no 
matter  what  his  liypothesis  underlying  it  was)  that  the 
induced  magnetization  varies  as  the  magnetic  force ;  and 
when  this  is  put  into  a  more  modern  form,  we  see  that 
impressed  magnetic  force  is  related  to  a  flux,  the  magnetic 
induction,  through  a  specific  quality^  the  inductivity,  in  the 
same  manner  as  impressed  electric  force  is  related  to  electric 
conduction-current  through  that  other  specific  quality,  the 
conductivity  of  a  body.  Increasing  the  inductivity  in  any 
part  of  the  magnetic  field  of  a  coil,  therefore,  always  increases 
the  inductance  L,  or  the  amount  of  induction  through  the 
coil  per  unit  current  in  it,  and  the  magnetic  energy,  ^LC^. 
The  effect  of  iron  therefore  is,  in  the  steady  state,  merely 
to  increase  the  inductance  of  a  coil,  without  influence  on  its 
resistance.  1  have,  indeed,  speculated  *  upon  the  existence  of 
a  magnetic  conduction-current,  which  is  required  to  complete 
the  analogy  between  the  electric  and  magnetic  sides  of 
electromagnetism ;  but  whilst  there  does  not  appear  to  be  any 
more  reason  for  its  existence  than  its  suggestion  by  analogy 
its  existence  would  lead  to  phenomena  which  are  not  ob- 
served. 

But  this  increase  of  L  by  a  determinable  amount — deter- 
minable, that  is,  M'hen  the  distribution  of  inductivity  is 
known,  on  the  assumption  that  the  only  electric  current  is 
that  in  the  coil — breaks  down  when  there  are  other  currents, 
connected  with  that  in  the  coil,  such  as  occur  when  the  latter 
is  varying,  the  induced  currents  in  whatever  conducting 
matter  may  be  in  the  field.  L  then  ceases  to  have  any 
definite  value.  But  in  one  case,  that  of  S.H.  variation,  the 
mean  value  of  the  magnetic  energy  becomes  definite,  viz. 
^L'Co^,  where  L'  is  the  effective  L,  and  Co  the  amplitude  of 
the  coil-current,  the  change  from  ^  to  :^  being  by  reason  of 
the  mean  of  the  square  of  a  sine  or  cosine  being  \.  This 
definiteness  must  be,  because  the  variation  of  the  coil-current 
is  S.H.,  as  well  as  that  of  the  whole  field.  That  L'  is  less 
than  L,  the  steady-flow  value,  may  be  concluded  in  a  general 
though  vague  manner  from  the  opposite  direction  of  an  in- 
duced current  to  that  of  an  increasing  primary,  and  its 
magnetic  field  in  the  region  of  the  ])rimary;  or,' more  dis- 
tinctly, from  the  power  of  conducting-matter  to  temporarily 
exclude  magnetic  induction. 

In  a  similar  manner,  the  resistance  of  a  coil,  if  regarded  as 
the  li  in  IIC'^,  the  Joulean  generation  of  heat  jier  second, 
*  '  Electrician,'  January  4,  1885,  p.  219  et  scq. 
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ceases  to  have  a  definite  value  when  tlie  current  is  varying,  if 
C  be  taken  to  be  the  coil-current,  on  account  of  the  external 
generation  of  heat.  But  in  the  S.H.  case,  as  before,  the  mean 
value  is  necessarily  a  definite  quantity  (at  a  given  frequency), 
making  ^BfC^-^  the  heat  per  second,  where  R'  is  the  effective 
resistance.  That  E,'  is  always  greater  than  R  is  certain,  and 
obvious  without  mathematics  ;  for  the  coil-heat  is  ^RCo'"',  and 
there  is  the  external  heat  as  well.  It  is  suggested  that,  in  a 
similar  manner,  a  non -mathematical  and  equally  clear  demon- 
stration of  the  reduction  of  L  is  possible.  The  magnetic 
energy  of  the  coil-current  alone  is  :^LCq^,  and  we  have  to 
show  non-mathematically,  but  quite  as  clearly  as  in  the 
argument  relating  to  the  heat,  that  the  existence  of  induced 
external  current  reduces  the  energy  without  any  reference  to 
a  particular  kind  of  coil  or  kind  of  distribution  of  the  external 
conductivity.  Perhaps  Lord  Rayleigh^s  dynamical  generali- 
zation* might  be  made  to  furnish  what  is  required. 

When  the  matter  is  treated  in  an  inverse  manner,  not 
regarding  electric  current  as  causing  magnetic  force,  but  as 
caused  by  or  being  an  affection  of  the  magnetic  force,  there  is 
some  advantage  gained,  inasmuch  as  we  come  closer  to  the  fiicts 
as  a  whole,  apart  from  the  details  relating  to  the  reaction  on  the 
coil-current.  Magnetic  force,  and  with  it  electric  current,  a 
certain  function  of  the  former,  are  propagated  with  such 
immense  rapidity  through  air  that  we  may,  for  present  pur- 
poses, regard  it  as  an  instantaneous  action.  On  the  other 
hand,  they  are  diffused  through  conductors  in  quite  another 
manner,  quite  slowly  in  comparison,  according  to  the  same 
laws  as  the  diffusion  of  heat,  allowing  for  their  being  vector 
magnitudes,  and  that  the  current  must  be  closed,  thus  pro- 
ducing lateral  propagation.  The  greater  the  conductivity  and 
the  inductivity,  the  slower  the  diffusion.  Hence  a  conductor 
brought  with  sufficient  rapidity  into  a  magnetic  field  is,  at  the 
first  moment,  only  superficially  penetrated  by  the  magnetic  dis- 
turbance to  an  appreciable  extent ;  and  a  certain  time — which 
is  considerable  in  the  case  of  a  large  mass  of  metal,  especially 
copper,  b}^  reason  of  high  conductivity,  and  more  especially 
iron,  by  reason  of  high  inductivity  more  than  counteracting 
the  effect  of  its  lower  conductivity — is  required  before  the 
steady  state  is  reached,  in  which  the  magnetic  field  is  calcul- 
able from  the  coil-current  and  the  distribution  of  inductivity. 
And  hence  a  sufficiently  rapidly  oscillatory  impressed  force 
in  the  coil-circuit  induces  only  superficial  currents  in  a  piece 
of  metal  in  the  field  of  the  coil,  the  interior  being  com- 
paratively free  from  the  magnetic  induction. 

*  Phil.  Mag.  May  1886. 
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The  same  applies  to  the  conductor  forming  the  coil-circuit 
itself;  it  also  may  be  regarded  as  having  the  magnetic  dis- 
turbance diffused  into  its  interior  from  the  boundary,  and  we 
have  only  to  make  the  coil-wire  thick  enough  to  make  the 
effect  of  the  approximation  to  surface-conduction  experi- 
mentally sensible.  But  in  common  fine-wire  coils  it  may  be 
wholly  ignored,  and  the  wires  regarded  as  linear  circuits. 
There  is  no  distinction  between  the  theory  for  magnetic  and 
for  non-magnetic  conductors  ;  we  pass  from  one  to  the  other 
by  changing  the  vakies  of  the  two  constants,  conductivity  and 
inductivity.  Nor  is  there  any  difference  in  the  phenomena 
produced,  if  the  steady  state  be  taken  in  each  case  as  the  basis 
of  comparison.  But,  owing  to  copper  having  practically  the 
same  inductivity  as  air,  there  seems  to  be  a  difference  in  the 
theory  which  does  not  really  exist. 

A  fine  copper  wire  placed  in  one  (say  in  branch  3)  of  a 
pair  of  balanced  coils  in  the  quadrilateral,  under  the  influence 
of  intermittent  currents,  produces  no  effect  on  the  balance. 
Its  inductivity  is  that  of  the  air  it  replaces,  so  that  the  steady 
magnetic  field  is  the  same  ;  and  it  is  too  small  for  the  diffu- 
sion effect  to  sensibly  influence  the  balance.  On  the  other 
hand,  a  fine  iron  wire,  by  reason  of  high  inductivity,  requires 
the  inductance  of  the  balancing-coil  (say  in  4)  to  be  increased. 
The  other  effect  is  small  in  comparison,  but  quite  sensible,  and 
requires  a  small  increase  of  the  resistance  of  branch  4  to  balance 
it.  A  thick  cop])er  wire  shows  the  diffusion  effect ;  and  if 
we  raise  the  speed  and  increase  the  sensitiveness  of  the 
balance,  its  thickness  may  be  decreased  as  much  as  we  please, 
if  other  things  do  not  interfere,  and  still  show  the  diffusion 
effect.  If  thick,  so  that  the  disturbance  is  considerable,  the 
approximate  balancing  of  it  by  change  of  resistance  is  insuffi- 
cient, and  the  inductance  of  coil  4  requires  a  slight  decrease 
or  that  of  3  a  slight  increase.  A  thick  iron  wire  shows  both 
effects  strongly  :  the  inductance  and  the  resistance  of  branch  3 
must  be  increased.  These  effects  are  greatly  multiplied  when 
big  cores  are  used  ;  then  the  balancing,  with  intermittences, 
at  the  best  leaves  a  considerable  residual  sound.  The  in- 
fluence of  pole-pieces  and  of  armatures  outside  coils  in 
increasing  the  inductance,  which  is  so  great  in  the  steady 
state,  becomes  relatively  feeble  with  rapid  intermittences. 
This  will  be  understood  when  the  diffusion  effect  is  borne  in 
mind. 

If  the  metal  is  divided  so  that  the  main  induced  conduction 
currents  cannot  flow,  but  only  residual  minor  currents,  we  de- 
stroy the  diffusion  effect  more  or  less,  according  to  the  fineness 
of  the  division,  and  leave  only  the  inductivity  effect.     In  my 
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early  experiments  I  was  sufficiently  satisfied  Ly  finding 
that  the  substitution  of  a  bundle  of  iron  wires  for  a  solid 
iron  core,  with  a  continuous  reduction  in  the  diameter 
of  the  wires,  reduced  the  diffusion  effect  to  something 
quite  insignificant  in  comparison  with  the  effect  when  the 
core  was  solid,  to  conclude  that  wo  had  only  to  stop  the 
flow  of  currents  to  make  iron,  under  weak  magnetizing 
forces,  behave  merely  as  an  inductor.  More  recently,  on 
account  of  some  remarks  of  Prof.  Ewing  on  the  nature 
of  the  curve  of  induction  under  weak  forces,  I  immensely 
improved  the  test  by  making  and  using  nonconducting  cores, 
containing  as  much  iron  as  a  bundle  of  round  wires  of  the 
same  diameter  as  the  cores.  I  take  the  finest  iron  filings  (sift- 
ings)  and  mix  them  with  a  black  wax  in  the  pro])ortion  of  1  of 
wax  to  5  or  6  of  iron  filings  by  bulk.  After  careful  mixture 
I  roll  the  resulting  compound,  v.'hen  in  a  slightly  jdelding 
state,  under  considerable  pressure,  into  the  form  of  solid  round 
cylinders,  somewhat  resembling  pieces  of  black  poker  in 
appearance.  (-^  inch  diameter,  4  to  6  inches  long.)  That 
the  diffusion  effect  was  quite  gone  was  my  first  conclusion. 
Next,  that  there  was  a  slight  effect,  though  of  doubtful 
amount  and  character.  The  resistance-balance  had  to  be  very 
carefully  attended  to.  But,  more  recently,  by  using  coils 
containing  a  much  greater  number  of  windings,  and  thereby 
increasing  the  sensitiveness  considerably,  as  well  as  the 
magnetizing  force,  I  find  there  is  a  distinct  effect  of  the 
kind  required.  Though  small,  it  is  much  greater  than  could 
be  detected  ;  but  whether  it  should  be  ascribed  to  the  cause 
mentioned  or  to  other  causes,  as  dissipation  of  energy  due  to 
variations  in  the  intrinsic  magnetization,  or  to  slight  curvature 
in  the  line  of  induction,  so  far  as  the  quasi-elastic  induction  is 
concerned,  is  quite  debateable.  To  show  it,  let  1  and  2  be 
equal  coils  wound  together  (L  =  3  macs,  R  =  47  ohms),  3  and 
4  equal  in  resistance  (^R3  =  Ix4  =  93  ohms),  but  of  very  unequal 
inductances,  that  of  coil  3  (L3  =  24  macs)  being  so  much 
greater  than  that  of  coil  4  that  the  iron  core  must  be  fully 
inserted  in  the  latter  to  make  L4  =  L3.  (Coils  3  and  4;  1;^  inch 
external,  ^  inch  internal  diameter,  and  |  inch  in  depth.  Fre- 
quency 500.)  The  balancing  of  induction  is  completed  by 
means  of  an  external  core.  Resistance  of  branch  6  a  few 
ohms,  E.M.F.  6  volts.  There  is,  of  course,  immense  sound 
when  the  core  is  out  of  coil  3,  but  when  it  is  in  there  is  merel}' 
a  faint  residual  sound  which  is  nearly  destroyed  by  increasing 
R3  by  about  q^q  part,  a  relatively  considerable  change.  On 
the  other  hand,  pure  self-induction  of  copper  wires  gives 
perfect  silence,  and  so  does  M64,  a  method  I  have  shown  to  be 
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exact  ■^.  [I  may,  however,  here  mention  that  in  experiments 
with  mere  fine  copper-wire  coils  there  are  sometimes  to  be 
found  traces  of  variations  of  resistance-balance  with  the  fre- 
quency of  intermittence,  of  very  small  amount  and  difficult  to 
elucidate  owing  to  temperature-variations.]  Balancing  partly 
by  Mg^  and  partly  by  the  iron  cores,  the  residual  sound  in- 
creases from  zero  with  Mg^  only,  to  the  maximum  with  the 
cores  only.  Halving  the  strength  of  current  upsets  the 
induction-balance  in  this  way.  The  auxiliary  core  must  be 
set  a  little  closer  when  the  current  is  reduced.  This  would 
indicate  a  slightly  lovver  inductivity  with  the  smaller  magne- 
tizing force,  and  proves  slight  curvature  in  the  line  of  induc- 
tion. But,  graphically  represented,  it  would  be  invisible 
except  in  a  large  diagram. 

It  is  confidently  to  be  expected,  from  our  knowledge  of 
the  variation  of  yu.,  that  when  the  range  of  the  magnetizing 
force  is  made  much  greater,  the  ability  of  nonconducting  iron 
to  act  merely  as  an  increaser  of  indttctance  will  become  con- 
siderably modified,  and  that  the  dissipation  of  energy  by 
variations  in  the  intrinsic  magnetization  will  cease  to  be 
insensible.  But,  so  far  as  weak  magnetizing  oscillatory 
forces  are  concerned,  we  need  not  trouble  ourselves  in  the 
least  about  minute  effects  due  to  these  causes.  Under  the 
influence  of  regular  intermittences,  the  iron  gets  into  a 
stationary  condition,  in  which  the  variations  in  the  intrinsic 
magnetization  are  insensible.  It  seems  probable  that  /a 
must  have  a  distinctly  lower  value  under  rapid  oscillations 
than  when  they  are  slow.  The  values  of  [m  calculated  from 
my  experiments  on  cores  have  been  usually  from  50  to  200, 
seldom  higher.  1  should  state  that  I  define  /a  to  be  the  ratio 
B/H,  if  B  is  the  induction  and  H  the  magnetic  force,  which  is 
to  include  h,  the  impressed  force  of  intrinsic  magnetization. 
(See  the  general  equations  in  Part  I.  f)  It  is  with  this  yu.,  not 
with  the  ratio  of  the  induction  to  the  magnetizing  force  as 
ordinarily  understood,  that  we  are  concerned  with  in  experi- 
ments of  the  present  kind. 

Knowing,  then,  that  iron  when  made  a  nonconductor  acts 
merely  as  an  inductor,  when  we  remove  the  insulation  and 
make  the  iron  a  solid  mass,  it  requires  to  be  treated  as  both  a 
conductor  and  an  inductor,  just  like  a  copper  mass,  in  fact,  of 
changed  conductivity  and  inductivity.  When  the  coil  is  a 
solenoid  whose  length  is  a  large  multiple  of  its  diameter,  and 
the  core  is  placed  axially,  the  phenomena  in  the  core  become 
amenable  to  rigorous  mathematical  treatment  in  a  compara- 

*  '  Electrician,'  April  30,  1886. 
t  Pliil.  Maf?.  Au<riist  1880. 
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tively  simple  manner.  [In  passing,  I  may  mention  that  on 
comparing  the  mi-asured  with  the  calculated  value  of  the 
inductance  of  a  long  solenoid  according  to  Maxwell's  formula 
(vol.  ii.  art.  678,  equations  (21)  and  (23))  in  the  first  edition 
of  his  treatise,  I  found  a  far  greater  difference  than  could  be 
accounted  for  by  any  reasonable  error  in  the  ohm  (reputed) 
or  in  the  capacity  of  the  condenser,  and  therefore  recalculated 
the  formula.  The  result  was  to  correct  it,  and  reduce  the 
difference  to  a  reasonable  one.  On  reference  to  the  second 
edition  (not  published  at  the  time  referred  to)  I  find  that  the 
formula  has  been  corrected.  I  will  therefore  only  give  my 
extension  of  it.  Let  M  be  the  mutual  inductance  of  two  long 
coaxial  solenoids  of  length  /,  outer  diameter  Cg,  inner  Cj, 
having  iii  and  «2  turns  per  unit  length.     Then 

M  =  47r''n,n2C2\l-2c-,), (4r)c) 

where,  if  p  =  C\lc2, 

W  hen 

Ci  =  c2,      2a  =  1 --149  =  -851. 

As  regards  Maxwell's  previous  formula  (22),  art.  678,  how- 
ever, there  is  disagreement  still.] 

References  to  authors  who  have  written  on  the  subject  of 
induction  of  currents  in  cores  other  than,  and  unknown  to, 
and  less  comprehensively  than,  myself,  are  contained  in  Lord 
EayleigVs  recent  paper*.  So  far  as  the  effect  on  an  induction- 
balance  is  concerned,  when  oscillatory  currents  are  employed, 
it  is  to  be  found,  as  he  remarks,  by  calculating  the  reaction  of 
the  core  on  the  coil-current.  This  I  have  fully  done  in  my 
article  on  the  subject.  Another  method  is  to  calculate  the 
heat  in  the  core,  to  obtain  the  increased  resistance.  This  I 
have  also  done.  When  the  diffusion  effect  is  small,  its  in- 
fluence on  the  amphtude  and  phase  of  the  coil-current  is  the 
same  as  if  the  resistance  of  the  coil-circuit  were  increased 
from  the  steady  value  R  to  t 


R'  =  Il-l-iLi7r|a^nV 

=  R  +  2 lirk  (ttNc V ")  -  =  R  +  Ri  say 


]    .    .    (48c) 


Many  phenomena  which  may  be  experimentally  observed  when 
rods  are  inserted  in  coils  may  be  usefully  explained  in  this 
manner.     Here  /j,  and  /.•  are  the  inductivity  and  conductivity 

*  Phil.  Mag.  December  188G. 

t  •'  Electrician,'  May  31, 1884,  p.  55. 
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of  the  core,  of  length  J,  the  same  as  that  of  the  coil,  u'^tt  the 
frequency,  c  the  core's  radius,  and  N  the  number  of  turns  of 
wire  in  the  coil  per  unit  length  ;  whilst 

Li=(27rXc)V 

is  that  part  of  the  steady  inductance  of  the  coil  circuit  which 
is  contributed  bj  the  core. 

The  full  expression  for  the  increased  resistance  due  to  the 
dissi})ation  of  energy  in  the  core  is  to  be  got  by  multiplying 
the  above  Ei  by  Y,  which  is  given  by  * 

JL  —  ,  (49fj 

where  y=  [ATr/xkyic^y.  The  value  of  R'  is  therefore  R  +  EiY. 
The  series  being  convergent,  the  formula  is  generally  appli- 
cable. The  law  of  the  coefficients  is  obvious.  I  have  sliglitly 
changed  the  ari-angement  of  the  figures  in  the  original  to  show 
it.  We  may  easily  make  the  core-heat  a  large  multiple  of  the 
coil-heat,  especially  in  the  case  of  iron,  in  which  the  induced 
currents  are  so  strong.  When  ?/  is  small  enough,  we  may 
use  the  series  obtained  by  division  of  the  numerator  by  the 
denominator  in  (49c),  which  is 

Corresponding  to  this,  I  find  from  my  investigation  f  of 
the  phase-difference,  that  the  decrease  of  the  effective  induc- 
tance from  the  steady  value  is  expressed  by 

When  the  same  core  is  used  as  a  wire  Avith  current  longi- 
tudinal, and  again  as  core  in  a  solenoid  with  induction  longi- 
tudinal, the  effects  are  thus  connected.  Let  L^  be  the  above 
steady  inductance  of  the  coil  so  far  as  is  due  to  the  core,  and 
L'l  its  value  at  frequency  «,  27r,  when  it  also  adds  resistance 
R'l  to  the  coil.  Also  let  Eg  be  the  steady  resistance  of  the 
same  when  used  as  a  wire,  and  E'2  and  L'2  its  resistance  and 
inductance  at  frequency  ??/27r,  the  latter  being  what  ^/x  then 

*  '  Electrician,'  Mav  10,  1884  p.  600. 
t  Ibid.  May  14,  1884,  p.  103. 
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becomes.     Then 

AiTfiNHyk  =  R2L1  =  R'iL'2  +  R'sL'i 

R'iR'2  =  L'iL'2n^ 

I  did  not- give  any  separate  development  of  the  L',  of  the  core, 
corresponding  to  (48c*)  and  (49c)  above  for  R',  but  merged 
it  in  the  expression  for  the  tangent  of  the  difference  in  phase 
between  the  impressed  force  and  the  current  in  the  coil-circuit. 
The  full  development  of  h\  is 

L^_^+  6A6V^  2TtaT(l(^+  3d4lTj(^+  4m1i6(^  +  ' 
L,  

the  denominator  being  the  same  as  in  (49c) . 
The  high-speed  formulae  for  R\  and  L'l  are 

R',  =  L>=  ^., 

if  ?/=16^^.     When  z  is  as  large  as  10,  this  gives 

R'^  =  L>= -2234  Lin, 
whereas  the  correct  values  by  the  complete  formulae  are 
R'i  =  -198Li«,     L^i  =  -225Li. 

It  is  therefore  clear  that  we  may  advantageously  use  the 
high-speed  formulae  when  z  is  over  10,  which  is  easily  reached 
with  iron  cores  at  moderate  speeds. 

The  corresponding  fully  developed  formulae  for  R'2  and  L^2) 
when  the  current  is  longitudinal,  are 

r;^^    ^"^ (U(jv"^^^:i(U(3(^"^ 3^i4.iH(^"^ ••• 

■^  2.6.16^       a.2M0.16r      4.3M4.1()V 
showing  the  laws  of  formation  of  the  terms,  and 

L2       ^"^  2-.'6.16(^"^  2.32.10.16^"^  3.4^4.16  (^■^••- 


2  H' 


the   denominator  being  as   in  the   preceding   formula.      At 
2;  =  10,  or  ?/=1600,  these  give 

R'2  =  2-507  R2,     L'2  =  i  /i  X  -442  ; 
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whereas  Lord  Ruyleigh's  high-speed  formulas,  which  are 

make 

R'2  =  2-234  R2,     V^  =  \fiX'Ul. 

This  particular  speed  makes  the  amplitude  of  the  magnetic 
force  in  the  core  case,  and  of  the  electric  current  in  the  other 
case,  fourteen  times  as  great  at  the  boundary  as  at  the  axis  of 
the  wire  or  core  (see  Part  I.).  As,  however,  we  do  not  ordi- 
narily have  very  thick  wires  for  use  with  the  current  longi- 
tudinal, the  high-speed  formulas  are  not  so  generally  applicable 
as  in  the  case  of  cores,  which  may  be  as  thick  as  we  please, 
whilst  by  also  increasing  the  number  of  windings  the  core  heat- 
ing per  unit  coil-current  amplitude  may  be  greatly  increased. 
If  the  core  is  hollow,  of  inner  radius  Cq,  else  the  same,  the 
equation  of  the  coil-current  is,  if  e  be  the  impressed  force 
and  C  the  current  in  the  coil-circuit  whose  complete  steady 
resistance  and  inductance  are  R  and  L,  whilst  L^  is  the  }jart 
of  L  due  to  the  core  and  contained  hollow  (dielectric  current 
in  it  ignored), 

.  =  RC  +  (L-L.)C  +  g-  .  '!''i~^g'^'  L.C,  .     (53o) 

when  q  depends  upon  the  inner  radius,  being  given  by 

igCoJo(.$Co)  -Ji(.S'Co)  _        ^        ^  ,^^> 

isCoKo(sco)-Ki(5Co) 

(whose  value  is  zero  when  the  core  is  solid),  and 

s^=-4:7rfxk{d/dt). 

There  may  be  a  tubular  space  between  the  core  and  coil,  and 
R,  L  include  the  whole  circuit.  In  reference  to  this  (53c) 
equation, however,  it  is  to  be  remarked  that  there  is  consider- 
able labour  involved  in  working  it  out  to  obtain  what  may  be 
termed  practical  formuljB,  admitting  of  immediate  numerical 
calculations.  The  same  applies  to  a  considerable  number  of 
unpublished  investigations  concerning  coils  and  cores  that  I 
made,  including  the  effects  of  dielectric  displacement ;  the 
analysis  is  all  very  well,  and  is  interesting  enough  for  educa- 
tional purposes,  but  the  interpretations  are  so  difficult  in 
general  that  it  is  questionable  whether  it  is  worth  while  either 
publishing  the  investigations  or  even  making  them. 

Professor  Hughes  *   has  also   devoted  some  attention  to 
induction  in  cores,  and  has  arrived  at  the  remarkable  conclu- 

*  Proc.  Roy.  Soc.  1880. 
Phil.  Mag.  S.  .5.  Vol.  23.  No.  141.  Feb.  18«7.  P 
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sion  that  he  has  obtained  experimental  evidence  of  the  exist- 
ence of  induced  currents  therein.  Now,  although  when  it 
is  considered  that  although  induced  currents  in  wires  were 
known  to  exist,  yet  the  possibility  of  their  existing  in  metal 
not  in  the  form  of  wires  was  only  a  matter  of  the  wildest 
speculation,  Professor  Hughes's  conclusion  must  be  admitted 
to  be  very  comforting  and  encouraging. 

Leaving  now  the  question  of  cores  and  the  balance  of 
purely  electromagnetic  self-induction,  and  returning  to  the 
general  condition  of  a  self-induction  balance  'L^^=Tj^%^ 
equation  (23c),  let  the  four  sides  of  the  qnadrilatoral  consist 
of  coils  shunted  by  condensers.  Then  E,  L,  and  S  denoting 
the  resistance,  inductance,  and  capacity  of  a  branch,  we  have 

Z=]S^9-|-(R  +  Lp)-'}-;  ....     (55c) 
so  that  the  conjugacy  of  branches  5  and  6  requires  that 
{Sip-l-(Ra  +  Li;9)-i}|S,7^  +  (R4  +  L4p)-'} 
=  { S^p  +  (Rs  +  L2/>)  -' }  { %v  +  (Rs  +  Lo/v)-^ ) ,      (56c) 

wherein  the  coefficient  of  every  power  of  p  must  vanish, 
giving  seven  conditions,  of  which  two  are  identical  by  having 
a  common  factor.  It  is  unnecessary  to  write  them  out,  as 
such  a  complex  balance  would  be  useless  ;  but  some  simpler 
cases  may  be  derived.  Thus,  if  all  the  L's  vanish,  leaving 
condensers  shunted  by  mere  resistances,  we  have  the  three 
conditions 

RiR4=R2R3,  I 

Si/R4+S4/Ri  =  S2/R3  +  S3/R2,    [  •    •     •    (5Vc) 

8^84=8283,  J 

which  may  be  compared  with  the  three  self-induction  condi- 
tions (25c)  to  (27c) . 

If  we  put  RS=2/5  '^^  time-constant,  the  second  of  (57c) 
may  be  written 

yi+Z/4  =  y2+i/3, (58c) 

which  corresponds  to  {^l^c).  If  82  =  0  =  84,  the  single  con- 
dition in  addition  to  the  resistance-balance  is  yy=yz'  If 
81  =  0  =  82,  it  is  ?/3  =  ?/4- 

Next,  let    each  side   consist  of  a   condenser  and   coil    in 
sequence.     Then  the  expression  for  Z  is 

Z=R+l4>+(8p)-i, (5yc) 
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which  gives  rise  to  five  conditions, 

Si  04  =  82  S3, 

SiS4(RiRi  —  R2R3)  =1^282 +  L3S3  —  L1S1—L4S4,       .      ^      n^Qs 

1111 

-  +  -  =  -+-, 

nr}  /yy  /y>  /y 

1  *^4  *^  3  *^2 

LiL4  =  L2L3. 

Here  it  looks  as  if  the  resistance-balance  were  unneces- 
sary ;  and,  as  there  can  be  no  steady  current,  this  seems  a 
sufficient  reason  for  its  not  being  required.  But,  in  fact,  the 
third  condition,  by  union  with  the  others,  eliminating 
S3,  L3,  S4,  and  L4  by  means  of  the  other  four  conditj^j-jg 
becomes 

()— fn  1^      -p  17  N  SiS2(RiSi  — R2S2)(LiIl2  — R1L2)  — (L2S2  — LiSi)      ,^,s 
0-(R,R4-R2R3;  (R3S,-R4S2)(L,R2-R4L2)  •  ^^^'^ 

So  the  obvious  way  of  satisfying  it  is  by  the  true  resistance- 
balance. 

If  there  are  condensers  only,  without  resistance-shunts, 
we  have 

Z=(Si>)-S (62e) 

so  that 

8484=8283 (63c) 

as  the  sole  condition  of  balance. 

If  two  sides  are  resistances,  R4  and  R2,  and  two  are  con- 
densers, S3  and  84,  we  obtain 

Ri/Eo  =  84/83 (04c) 

as  the  sole  condition.  The  multiplication  of  special  kinds 
of  balance  is  a  quite  mechanical  operation,  presenting  no 
difficulties. 

Passing  now  to  balances  in  which  induction  between  diffe- 
rent branches  is  employed,  suppose  we  have,  in  the  first 
place,  a  true  resistance-balance,  R4R4  =  R2R3,  but  not  an 
induction-balance,  so  that  there  is  sound  ])roduced.  Then, 
by  means  of  small  test  coils  placed  in  the  different  branches, 
we  find  that  we  may  reduce  the  sound  to  a  minimum  in  a 
great  many  ways  by  allowing  induction  between  different 
branches.  If  the  sound  to  be  tlestroyed  is  feeble,  we  may 
think  that  we  have  got  a  true  induction-balance;  but  if  it  is 

r  2 
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loud,  then  the  minimum  sound  is  also  loud,  and  may  be  com- 
[jarable  to  the  original  in  intensity.  We  may  also,  by  upset- 
ting the  resistance-balance  by  trial,  still  further  approximate 
to  silence,  and  it  may  be  a  very  good  silence,  with  a  false 
resistance-balance.  The  question  arises,  Can  these  balances, 
or  any  of  them,  be  made  of  service  and  be  as  exact  as  the 
previously  described  exact  balances?  and  are  the  balances 
easily  interpretable,  so  that  we  may  know  what  we  are  doing 
when  we  employ  them  ? 

There  are  fifteen  M^s  concerned,  and  therefore  fifteen  ways 
of  balancing  by  mutual  induction  when  only  two  branches  at 
a  time  are  allowed  to  influence  one  another,  and  in  every  case 
three  conditions  are  involved,  because  there  are  three  degrees 
of  current-freedom  in  the  six  conductors  involved.  Owing 
to  this,  and  the  fact  that  in  allowing  induction  between  a  pair 
of  branches  we  use  only  one  condition  (i.  e.  giving  a  certain 
value  to  the  M  concerned),  whilst  the  resistance-balance  makes 
a  second  condition,  I  was  of  opinion,  in  Avriting  on  this  sub- 
ject before  *,  that  all  the  balances  by  mutual  induction,  using 
a  true  resistance-balance,  were  imperfect,  although  some  of 
them  were  far  better  than  others.  Thus,  I  observed  experi- 
niertally  that  when  a  ratio  of  equality  (Ri  =  E2)  ^1  =  ^2)  was 
taken,  the  balances  by  means  of  Mgs  or  M64  were  very  good, 
whilst  that  by  Mgs  was  usually  very  bad,  the  minimum  sound 
being  sometimes  comparable  in  intensity  to  that  which  was 
to  be  destroyed. 

I  investigated  the  matter  by  direct  calculation  of  the  in- 
tegral extra-current  in  branch  5  arising  on  breaking  or 
making  branch  6,  due  to  the  momenta  of  the  currents  in  the 
various  branches,  making  use  of  a  principle  I  had  previously 
deduced  from  Maxwell's  equations  t,  that  when  a  coil  is 
discharged,  through  various  paths,  the  integral  current  divides 
as  in  steady  flow,  in  spite  of  the  electromotive  forces  of  in- 
duction set  up  during  the  discharge.  This  method  gives  us 
the  second  condition  of  a  true  balance. 

But  more  careful  observation,  under  various  conditions, 
showing  a  persistent  departure  from  the  true  resistance- 
balance  in  the  Mgg  method  (due  to  Professor  Hughes),  and 
that  the  Mgs  and  Me4  methods  were  persistently  good  and 
were  not  to  be  distinguished  from  true  balances,  led  me  to 
suspect  that  the  second  and  third  conditions  united  to  form 
one  condition  when  a  ratio  of  equality  was  used  (just  as  in 
(28c),  (21'c)  above)  in  the  Mc3  and  Mgi  methods,  but  not  in 
the  Mes  method.     So  1  did  what  I  should  have  done  at  the 

*    '  Electrician,'  April  30,  1886. 

t  Jom-nal  S.  T.  E.  1878,  vol.  vii.  p.  303. 
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begiuuing  :  investigated  the  differential  equations  concerned, 
verified  my  suspicious,  and  gave  the  results  in  a  Postscript. 
I  have  since  further  found  that,  when  using  the  only  practi- 
cable method  of  equal  ratio,  there  are  no  other  ways  than  those 
described  in  the  paper  referred  to  of  getting  a  true  balance  of 
induction  by  variation  of  a  single  L  or  M,  after  the  resistance- 
balance  has  been  secured.  This  will  appear  in  the  following 
investigation,  which,  though  it  may  look  complex,  is  quite 
mechanical  in  its  simplicity. 

Write  down  the  equations  of  electromotive  force  in  the 
three  circuits  (3  +  1  +  3,  1  +  5  —  2,  and  3  —  4  —  5,  when  there 
is  impressed  force  in  branch  6  only.  They  are  {p  standing 
for  djclt), 

e6=(R6  +  L6p)06+(Ri  +  Lip)Oi  +  (R3  +  L3p)C3 
+p  (MeiCi  +  M.A  +  MesCs  +  Me.C^  +  M,,G,) 
+p{M,,Q,  +  M13C3  +  Mi.a  +  M1.5C5  +  MieCe) 
+^(M3iCi  +  M32C2  +  M3,04  +  M35C5  +  MgeCe). 

0  =  (Ri  +  Li^j)  Ci  +  (R5  +  Up)^,  -  (R2  +  ^2P)02 
+p[W,,G,  +  M13C3  +  Mi,04  +  M15C5  +  MisCe) 
+p(M5iC\  +  M52C2  +  M53C3  +  M5,C,  +  M^eCe) 
-p(M2iCi  +  M23C3  +  M^^a  +  M25C5  +  M^eOe). 

0  =  (R3  +  L3y>)03-(R4  +  L4/>)a-(R5  +  L5i5)C5 

+  ^(M3iCi  +  M32C2  +  M3,C,+  M3,C5  +  M3eC6) 

-p(M^Ci  +  M42C2  +  M43C3  +  M^^Ca  +  M^eCe) 
-p(M,iCi  +  M62C2  +  M,3C3  +  M54C,  +  MseCe). 

Now,  eliminate  Ci,  C2,  Cg  by  the  continuity  conditions 

Ci=C3+c„   C2=c,-Q,   Ce=C3+c„  .   .   [mc) 


>  (65c) 


giving  us 


^6  =  X11C3  +  X12C4  +  X13C5, 
0  =  X21C3  +  X22C4  +  X23C5, 
0  =  X31C3  +  X32C4  +  X33C5, 


(676-) 


where  the  X's  are  functions  of  p  and  constants.     Solve  for 
Cg.     Then  we  see  that 

X2iX32=X22X3i (68c) 

is  the  complex  condition  of  conjugacy  of  branches  5  and  6. 
This  could  be  more  simply  deduced  by  assuming  C5=0  at 
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X21 
X22 
X23 
X31 
X32 
X33 


tiio  beginning,  but  it  may  be  as  well  to  give  the  values  of  all 
the  X's,  although  we  want  but  four  of  them.     Thus 

:     Ri  +  II3  +  11;  +  (Li  +  L3  +  Le  +  2M61  +  2M«3  +  2M3OP,  ^ 

:     Re  +  (Le  +  M,32  +  Mo,  +  M12  +  Mh  +  MiG  +  M32  +  M3,  +  Mso);?, 
:     Ri  +  (Li  +  Mei  -  M62  +  Mes  -  M12  +  Mi5  +  M31  -  BI32  +  ^r.)P, 

:        Rj  +  (Li  +  Mi3  +  Mi5  +  M16  +  M53  +  M56  -  M21  -  M23  -  M26)p, 
:-R2+(-L2  +  Mi2  +  Mi,  +  Mi6  +  M52  +  M54+M56-M24-M26>, 
:        R,  +  R2  +  R.5+  (Ll  +  L2  +  L5+2Mi5-2M25-2Mi2)jO, 
:        R3  +  (L3  +  M3i  +  M3c-M,i-M,3-M,6-M5i-M53-M56>, 
:-R4  +  (-L4+M32  +  M3,  +  M36-M42-M46-M62-M54-M5g)/>, 
:-R5+(-Lo  +  M3i-M32  +  M35-M4i  +  M42-M45  +  M,2-M5i)i?. 

Now,  using  the  required  four  of  these  in  (68  c),anJ  arranging 
in  powers  o^ p,  it  becomes 

0=Ao  +  Ajp  +  A2j/ (70c) 

So  A(j  — 0  gives  the  resistance-balance;  A,  =  0,  in  addition, 
makes  the  integral  transient  current  vanish  ;  and  Ag^O,  in 
addition,  wipes  out  all  trace  of  current. 
There  is  also  the  periodic  balance, 

A,  =  0,         Ao  =  A2n^     .... 

if  the  frequency  is  n/27r. 

The  values  of  Aq  and  A^  are 

Ao=R2R3  — RjRi,      .... 

Ai=     R2L3  +  R3L2-R1L4-R4L, 

+  R2(M3i  +  M36-M4i-M43-M46-M5i-M53-M56) 

+  R3(M,4+M26-Mi2-M,4-M:e-M,2-M54-M56) 

+  Rl(M32  +  M34  +  M36-M42-M46-M52-M54-M,6) 

+  R4(M2i  +  M23  +  M26-Mi3-Mi6-Mi,-M53-M,e).     .    (73c) 

In  this   last,   let  the  coefficients   of  R2,  R3,  R,,  R,   in  the 

brackets  be  q^,  q^,  q^,  '/i-     Then  the  value  of  Ag  is 

A2  =  L2L3— L,L^  +  L,yy2  +  L3(/3  +  L,^j  +  L4(/4  +  g2?3-M4-     •     (74  c) 
It  is  with  the  object  of  substituting  one  investigation  for  a 
large  number  of  simpler  ones  that  the  above  full  expressions 
for  A I  and  A2  are  written  out. 

If  Ave  take  all  the  M's  as  zero,  we  fall  back  upon  the  self- 
induction  balance  (25c)  to  (27c).  Next,  by  taking  all  the 
M's  as  zero  except  one,  Ave  arrive  at  the  fifteen  sets  of  three 
conditions.     Of  these  Ave  may  write  out  three  sets,  or,  rather, 


>(69c 


(71c) 


(72c) 
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the  two  conditions  in  each  case  besides  the  resistance-balance 
condition,  which  is  always  the  same. 
All  M's=0,  except  Mgg. 

R,E4(.»1  +  .«4—  ct'2  —  A'g)  =  (R,  +  Rg)  M36, 


L,L,-L2L3=(L,  +  L2)M36.f   '     '     ^      > 
All  M's  =  0,  except  M^g. 

RlR4(.l-l+A'4  — A'2  — c^^s)  =  — (Ri  +  R2)M46,|  ,„p    . 

As  these  only  differ  in  the  sign  of  the  M,  we  may  unite 
these  two  cases,  allowing  induction  between  6  and  3,  and  6 
and  4.  The  two  conditions  will  be  got  by  writing  M36  — M^g 
for  M36  in  (75c). 

All  M^s  =  0,  except  Mge  (Prof.  Hughes's  method). 

0  =  RiR4(  .t'j  +  x^  -  A'2  -  ^3)  +  M58  (Ri  +  R2  +  R3  +  R4) 


0  =  LiL,-L2L3  +  M56(L,  +  L2  +  L3  +  L,).  J  ^^^'^ 

Now  choose  a  ratio  of  equality,  Rj  =  R2,  L,=L2,  which  is 
the  really  practical  way  of  using  induction-balances  in 
general.  In  the  M^q  case  the  two  conditions  (75  c)  unite  to 
form  the  single  condition 

L,-L3=2M36, (78c) 

and  in  the  M4g  case  (76c)  unite  to  form  the  single  condition 

L4-L3=-2M46 (79c) 

We  know  already  that  the  same  occurs  in  the  simple  Bridge 
(29c),  making 

L4=L3; (80c) 

so  that  we  have  three  ways  of  uniting  the  second  and  third 
conditions.  Now  examine  all  the  other  M's,  one  at  a  time, 
on  the  same  assumption,  Ri  =  R2,  L,  =  L2.  With  M12  we 
obtain 

(L4-L3)(L,-Mi2)=0,     and     L4  =  L3. 

But  L,— M12  cannot  vanish  ;  so  that 

L4  =  L3 (81c) 

is  the  single  condition.     Similarly,  in  case  of  M43, 

L4  =  L3 (S2c) 

again.  All  these,  (77  c)  to  (82  c),  were  given  in  the  paper 
referred  to  ;  the  last  two  mean  that  M12  Jmd  M34  have  abso- 
lutely no  influence  on  the  balance  of  self-induction. 

All  the  rest  are  double  conditions.     Thus,  in  A,   and  Ag 
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put  Rj^Uo,  R.;  =  Rj,  and  L,  =  L2;  then  the  two  conditions 


nn' 


+  2(M46-M36)  +  (1-R4/R,)(M2,-Mj3)  +2(RVR,)(Mi6-M2e);  (83c) 

0-L^(L,-L3)  +  L3(M,2  +  Mi4  +  Mio  +  M52  +  M54  +  M56-M24-M26) 

+  L^C  Mi3  +  Mi5  +  Mio  +  M,3  +  Mse  -  M12  -  M23  -  M,,) 
+  Li(M,i  +  M^  +  M,i  +  M52  +  M53  +  M5,-M3i-M32  +  2M46  +  2M5o-2M3c) 

+  (Mi3+Mi5  +  Mi6  +  M53  +  M5e-M2i-M23-M2e) 

X  (M,2  +  M^G  +  M54  +  M52  +  M5e-M32-  M3t-  Mse) 

+  ( M,i  +  M,3  +  M46  +  M51  +  M,3  +  M56  ~  M31  -  M36) 

X(M24  +  M26-Mi2-Mi4-Mi6-M52-M54-M5e);    (84c) 
which  are  convenient  for  deriving  the  conditions  when  several 


's  are  operative  at  the  same  time.     Thus,  one  at  a  time, 
excepting  the  few  already  examined  : — 

^  rO  =  L,-L3  +  M5i(l  +  EVE,)  ( 


M62 

M24 

M23 


4/L,)  j 

rO  =  L4-L3  +  M53(l  +  RvR,)  I 

|0  =  L,-L3  +  I\Ul  +  LVLi)/' 
0  =  L4-L3  +  M5,(1  +  RVR,)) 
0  =  L,-L3  +  M,,(l  +  L3/L0r 
0  =  L,-L3  +  2M5e(l+R4/R0 

0  =  L,-L3  +  2Mi6R,/R,  ) 

0  =  L4-L3  +  Mie(L3  +  L,)/L,r    • 
0  =  L,-L3-2M2cR4/R,  | 

0  =  L,-L3-M26(L3  +  L4)/LJ'    " 

0  =  L,-L3-Mi3(l-RVRi) 

0  =  L,-L3-Mi3(l-WL,) 

0  =  L,-L3  +  M24(1-R4/R,) 
0  =  L,-L3  +  M24(l-L3/Li) 

fO  =  L,-L3  +  Mi,(l  +  R,VR,) 

(0  =  L,-L3fMi,(l  +  L3/L,)-MyL, 
0  =  L4-L3-M23(1  +  R4/R,) 
0  =  L4-L3-M23(l  +  WL,)  +  MyL, 


(85c) 
(86c) 
(87c) 
(88c) 
(8t)c) 
(90c) 
(91c) 
(92c) 
(93c) 
(94c) 
(95c) 
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If  we  compare  the  two  general  conditions  (83c),  (84c),  we 
shall  see  that  whenever 

we  may  obtain  the  reduced  forms  of  the  conditions  by  adding 
together  the  values  of  Lg— L4  given  by  every  one  of  the  M's 
concerned.  We  may  therefore  bracket  together  certain  sets 
of  the  M's.  To  illustrate  this,  suppose  that  M,3  and  M24  are 
existent  together,  and  all  the  other  M's  are  zero.  Then  (92c) 
and  (93c)  give,  by  addition, 

L3-L4=(M,4-M,3)(l-|), 


I24  -  iVli3  +  iVlig  J^  -  M24  1^, 


Lg-L,=M,4-M,,  +  M,,i^^-M, 


which  are  the  conditions  required. 

Similarly  Mj2  and  M34  may  be  bracketed.  Also  Mgi,  Mg2, 
M63,  Me,,  and  M^,.  Also  M^^,  M^^,  M53,  M^,,  and  M^.  But 
Mi4  and  M23  will  not  bracket. 

As  already  observed,  the  self-induction  balance  (28c)  (29c) 
is  independent  of  M12  and  M34,  when  these  are  the  sole  mutual 
inductances  concerned  ;  that  is,  when  Rj  =  R2,  Lj  =  L2,  Rs^  R4, 
L3  =  L4.  By  (92c)  and  (93c)  we  see  that  independence  of 
Mi3  and  M24  is  secured  by  making  all  four  branches  1,  2,  3,  4 
equal  in  resistance  and  inductance. 

But  it  is  unsafe  to  draw  conclusions  relating  to  inde- 
pendence when  several  coils  mutually  influence,  from  the 
conditions  securing  balance  when  only  one  pair  of  coils  at  a 
time  influence  one  another.  Let  us  examine  what  (83  c)  and 
(84c)  reduce  to  when  there  is  induction  between  all  the  four 
branches  1,  2,  3,  4,  but  none  between  5  and  the  rest  or 
between  6  and  the  rest.  Put  all  M's  =  0  which  have  either 
5  or  6  in  their  double  suffixes,  and  put  L4  ~  L3.  Then  we  may 
write  the  conditions  thus  : — - 

0=:(l  +  R4/R,)(Mi4-M23)  +  (l-R4/R,)(M24-Mi3), (96c) 

0=(L,  +  L4)(Mi4-M23)+(L,-L4)(M24-Mi3)+Mi3-M?, 

+  (M24-Mi3)(M34-Mi2)+  (Mi4-M23)(M24  +  Mi3-Mi2-M34),        (97c) 

The  simplest  way  of  satisfying  these  is  by  making 

Mi4=M23     and     M24=Mi3 (98c) 

If  these  equalities  be  satisfled,  we  have  independence  of  M12 
and  M34. 

Now,  if  we  make  the  four  branches  1,  2,  3,  4  equal   in 
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resistance  and  inductance,  so  that  in  (96c)  and  (97c)  we  have 
R,  =R4  and  L,  =  Li,  the  first  reduces  to 

0  =  Mh-M23, (99c) 

so  that  it  is  first  of  all  absolutely  necessary  that  Mi4=M23,  if 
the  balance  is  to  be  preserved;  whilst,  subject  to  this,  the 
second  condition  reduces  to 

0=(M24-Mi3)(M34-Mj2),     .     .     .     (100c) 

so  that  either  M24=Mi3,  or  else  M34  =  Mi2.  Thus  there  are 
two  ways  of  preserving  the  balance  when  all  four  branches 
are  equal,  viz.  Mi4=M23  and  M24=Mi3,  independent  of  the 
values  of  Mjg  and  M34;  and  M^4  =  M23  and  M34=Mi2,  inde- 
pendent of  the  values  of  M24  and  M13. 

The  verification  of  these  properties,  (98c)  and  later,  makes 
some  very  pretty  experiments,  especially  when  the  four 
branches  consist,  not  merely  of  one  coil  each,  but  of  two  or 
more.  The  meanings  of  some  of  the  simpler  balances  are 
easily  reasoned  out  without  mathematical  examination  of  the 
theory ;  but  this  is  not  the  case  when  there  is  simultaneous 
induction  between  many  coils,  and  their  resultant  action  on 
the  telephone-branch  is  required. 

Returning  to  (96c)  and  (97c),  the  nearest  approach  we  can 
possibly  make  to  independence  of  the  self-induction  balance 
of  the  values  of  all  the  M^s  therein  concerned,  consistent  with 
keeping  wires  3  and  4  away  from  one  another  for  experi- 
mental purposes,  is  by  winding  the  equal  wires  1  and  2 
together.  Then,  whether  they  be  joined  up  straight,  which 
makes  Mi3  =  M23  and  Mi4=M24identicall3^,  or  reversed,  making 
Mi3=-M23  and  Mi4=  -M24,  we  shall  find  that 

Mi4  =  M23 

is  the  necessary  and  sufficient  condition  of  preservation  of 
balance. 

At  first  sight  it  looks  as  if  M31  and  M32  must  cancel  one 
another  when  wires  1  and  2  are  reversed.  But  although  1 
and  2  cancel  on  3,  yet  3  does  not  cancel  on  1  and  2  as  regards 
the  telephone  in  5.  The  effects  are  added.  On  the  other 
hand,  when  wires  1  and  2  are  straight,  3  cancels  on  them  as 
regards  the  telephone^  but  1  and  2  add  their  effects  on  3. 
Similar  remarks  apply  to  the  action  between  4  and  the  equal 
wires  1  and  2  when  straight  or  reversed  ;  hence  the  necessity 
of  the  condition  represented  by  the  last  equation. 

On  the  other  hand,  Mgi  and  M62  cancel  when  1  and  2  are 
straight,  and  add  their  effects  when  they  are  reversed  ;  whilst 
M51  and  M52  cancel  when  1  and  2  are  reversed,  and  add  their 
effects  when  they  are  straight,  results  which  are  immediately 
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evident.     But  wires  1  iiud  2  must  be  thorougtily  well  twisted, 
before  being  wound  into  a  coil,  if  it  is  desired  to  get  rid  of 
the  influence  of,  say,  Mg^  and  Mga,   when  it  is   a  coil  that 
operates  in  6,  and  this  coil  is  brought  near  to  1  and  2.     [This 
leads  me  to  remark  that  a  simple  way  of  proving  that  the 
mutual  induction  between  iron  and  copper  (fine  wires)  is  the 
same  as  between  copper  and  copper,  which  is  immensely  more 
sensitive  than  the  comparison  of  separate  measurements  of  the 
induction  in  the  two  cases,  is  to  take  two  fine  wires  of  equal 
length,  one  of  iron,  the  other  of  copper,  twist  them  together 
carefully,  wind  into  a  coil,  and  connect  up  with  a  telephone 
difl:erentially.     On  exposure  of  the  double  coil  to  the  action 
of  an  external  coil  in  which  strong  intermittent  currents  or 
reversals  are  passing,  there  will  be  hardly  the  slightest  sound 
in  the  telephone,  if  the  twisting  be  well  done,  with  several 
twists  in  every  turn.      But  if  it  be  not  well  done,  there  will 
be  a  residual  sound,  which  can  be  cancelled  by  allowing  in- 
duction between  the  external  or  primary  coil  and  a  turn  of 
wire  in  the  telephone-circuit.     A  rather  curious  effect  takes 
place  when  we  exaggerate  the  differential  action  by  winding 
the  wires  into  a  coil  without  twists,  in  a  certain  short  part  of 
its  length.  The  now  comparatively  loud  sound  in  the  telephone 
may  be  cancelled  by  inserting  a  nonconducting  iron  core  in 
the  secondary  coil,  provided  it  be  not  pushed  in  too  far,  or  go 
too  near  or  into  the  primary  coil.     This  paradoxical  result 
appears  to  arise  from  the  secondary  coil  being  equivalent  to 
two  coils  close  together,  so  that  insertion  of  the  iron  core  does 
not  increase  the  mutual  inductance  of  the  primary  and  secon- 
dary in  the  first  place,  but  first  decreases  it  to  a  minimum, 
which  may  be  zero,  and  later  increases  it,  when  the  core  is 
further  inserted.     Reversing  the  secondary  coil  with  respect 
to  the  primary  makes  no  difference.     Of  course  insertion  of 
the  core  into  the  primary  always  increases  the  mutual  induc- 
tance and  multiplies  the  sound.      The  fact  that  one  of  the 
wires  in  the  secondary  happens  to  be  iron  has  nothing  to  do 
with  the  effect.] 

Another  way  of  getting  unions  of  the  two  conditions  of  the 
induction-balance  is  l)y  having  branches  1  and  3  equal,  instead 
of  1  and  2.  Thus,  if  we  take  Ri  =  R3,  Li  =  L3,  R2  — R^  in  Aj 
and  Ag  (73c)  and  (74c),  we  obtain  fifteen  sets  of  double  con- 
ditions similar  to  those  already  given,  out  of  which  just  four 
(as  before)  unite  the  two  conditions.  Thus,  using  M13  only, 
wo  have 

L2  =  L„ (101c) 

and  the  same  if  we  use  M24  only,  .-md  the  same  when  l)oth  JM^ 
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and  M24  are  operative.  That  is,  the  self-induction  balance  is 
independent  of  M13  and  Mg,.  This  corresponds  to  (Sir)  and 
(82c). 

The  other  two  are  M25  and  M45.     With  M25  we  have 

0  =  L2-L4-2M26,       ....     (102c) 
and  with  M46, 

0=L2-L4-2M,5 (103c) 

The  remaining  eleven  double  conditions  corresponding  to 
(85c)  to  (95/')  need  not  be  written  down. 

Several  special  balances  of  a  comparatively  simple  kind 
can  be  obtained  from  the  preceding  by  means  of  induc- 
tionless  resistances,  double-wound  coils  whose  self-induction 
is  negligible  under  certain  circumstances,  allowing  us  to  put 
the  L^s  of  one,  two,  or  three  of  the  four  branches  1,  2,  3,  4 
equal  to  zero.  We  may  then  usefully  remove  the  ratio  of 
equality  restriction  if  required.  This  vanishing  of  the  L  of  a 
branch  of  course  also  makes  the  induction  between  it  and  any 
other  branch  vanish. 

For  instance,  let  Li  =  L2  =  L4=0  ;  then 

0=R2L3  +  M36(Ri  +  R2)  ....  (104c) 
gives  the  induction-balance  when  M36  is  used,  subject  to 
RJR1-R2E3.     And 

0  =  R2L3-M35(R,  +  R4)    ....     (105c) 

is  the  corresponding  condition  when  M35  is  used.  But  Mgg 
will  not  give  balance,  except  in  the  special  case  of  S.H.  cur- 
rents, with  a  false  resistance-balance.  The  method  (104c) 
is  one  of  Maxwell's.  His  other  two  have  been  already 
described. 

In  the  general  theory  of  reciprocity,  it  is  a  force  at  one 
place  that  produces  the  same  flux  at  a  second  as  the  same 
force  at  the  second  place  does  at  the  first.  That  the  reciprocity 
is  between  the  force  and  the  flux,  it  is  sometimes  useful  to 
remember  in  induction-balances.  Thus  the  above-mentioned 
second  way  of  having  a  ratio  of  equality  is  merely  equivalent 
to  exchanging  the  places  of  the  force  and  the  (vanishing) 
flux.  We  must  not,  in  making  the  exchange,  transfer  a  coil 
that  is  operative.  For  example,  in  the  Mg^  method  (79c), 
there  is  induction  between  branches  6  and  4  ;  M45  (equation 
(88c)),  on  the  other  hand,  fails  to  give  balance.  But  if  we 
exchange  the  branches  5  and  6,  it  is  the  battery  and  telephone 
that  have  to  be  exchanged ;  so  that  we  now  use  M54,  which 
gives  silence,  whilst  Mg^  v»dll  not. 

I  have  also  employed  the  differential  telephone  sometimes, 
having  had  one  made  some  five  years  ago.     But  it  is  not  so 
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adaptable  as  the  quadrilateral  to  various  circumstances.     I 
need  say  nothing  as  to  its  theory,  that  having  been,  I  under- 
stand, treated  by  Prof.  Chrystal.     Using  a  pair  of  equal  coils, 
it  is  very  similar  to  that  of  the  equal-ratio  quadrilateral. 
December  29tli,  1886. 

XXII.  Notices  respecting  New  Books. 

The  Origin  of  Mountain-Ranges,  considered  Experimentally,  Struc- 
turally, Dynamically,  and  in  Belation  to  their  Geological  History, 
By  T.  Mellaed  Eeade,  C.E.,  F.G.S.,  F.B.I.B.A.  London: 
Taylor  and  Francis,  1886. 

IT  is  now  twenty  years  since  Mr.  George  L.  Vose  published  his 
'  Orographic  Geology,'  containing  an  admirable  review  of  all 
that  had,  up  to  that  time,  been  done  in  the  way  of  explaining  the 
structure  and  origin  of  mountain-chains.  Strange  to  say,  the 
autlior  of  the  work  now  before  us  does  not  appear  to  be  acquainted 
with  the  labours  of  his  predecessor  in  the  same  field  ;  but  the  large 
amount  of  original  research  bearhig  upon  the  subject  iu  question, 
which  has  been  carried  on  in  the  interval,  fully  justifies  the  pre- 
paration of  this  new  book  by  one  so  competent  to  undertake  it  as 
Mr.  MeUard  Eeade  has  shown  himself  to  be. 

The  author  aims  at  nothing  less  than  framing  a  complete  and 
consistent  theory  of  the  origin  of  mountain-ranges  ;  and  whatever 
divergences  of  opinion  may  arise  as  to  the  soundness  of  particular 
portions  of  that  theory,  or  of  the  force  or  value  of  certain  of  the 
arguments  by  which  they  are  supported,  there  can  be  no  hesitation 
among  candid  readers  in  admitting  the  great  value  of  the  mass  of 
facts  relating  to  the  question  which  have  been  obtained  by  the  author 
by  ingenious  experiment  and  patient  observation,  or  the  interest 
a'ttaclniig  to  the  conclusions  which  he  has  founded  upon  those 
facts. 

If  the  theory,  as  a  v.hole,  can  lay  no  claim  to  absolute  no\ elty, 
there  are  certain  new  and  striking  features  introduced  into  it  by 
the  author,  aud  the  principles  on  which  it  is  based  are  certainly 
exemi)lified  and  enforced  by  him  with  much  freshness,  ingenuity, 
and  vigour. 

Mr.  Mellard  Reade  insists  on  the  principle  so  well  recognized  by 
Hall,  Rogers,  Dana,  Le  Conte,  and  most  recent  authors  who  have 
treated  on  the  subject,  that  the  first  stage  in  the  origination  of  a 
mountain-chain  consists  in  excessive  sedimentation.  After  giving 
an  outline  of  the  main  facts  made  known  by  recent  researches 
concerning  the  Appalachians,  the  Eocky  Mountains,  the  Andes,  the 
Himalayas,  the  Alps,  and  th(^  mountains  of  our  own  islands,  he  sum- 
marizes his  conclusions  as  follows  : — "  No  great  range  of  mountains 
was  ever  ridged  up  excepting  in  areas  of  great  previous  sedimenta- 
tion. Out  of  these  sediments  the  mountains  are  mostly  built  and 
carv(Hl,  but  along  with  the  newer  and  originally  horizontal  sedimen- 
tary beds,  the  older  gneissic  and  Ai'chajan  rocks  are  usually  thrust 
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up,  and  often  enclose  iu  their  folds  strata  of  a  newer  age,  which 
have  become  tliereby  considerably  metamorphosed. 

"  It  is  only  in  the  gi'eat  or  in  the  old  mountain-ranges  that  these 
old  gneisses  and  schists  are  seen,  because  it  is  by  denudation  alone 
that  they  become  exposed  "  (p.  84). 

While  agreeing  with  his  predecessors  as  to  the  proofs  of  gi^eat 
sedimentation  prior  to  the  formation  of  a  mountain-chain,  the 
author  to  some  extent  differs  from  many  of  them  in  questioning 
the  necessity  for  that  progressive  subsidence  which  the  majority 
of  geologists  believe  must  have  gone  on  side  by  side  with  the  depo- 
sition. In  support  of  this  view,  Mr.  Mellard  lieade  cites  the  case 
of  the  accumulation  of  strata  probably  of  great  thickness  in  deep 
water  off  the  mouth'  of  the  Amazon  ;  but  he  would  probably  himself 
admit  that  such  an  explanation  is  only  ca])able  of  being  applied  to 
the  occurrence  of  great  thicknesses  of  clays,  and  not  to  alternating 
strata  of  coarse-  and  fine-grained  sediments,  such  as  so  constantly 
constitute  the  materials  out  of  which  mountains  are  made. 

The  second  stage  of  mountain-making  is  explained  by  the 
author  as  arising  from  the  upward  displacement  of  the  isogeo- 
therms,  consequent  upon  the  sedimentation  in  a  particular  area. 
In  this  he  follows  the  line  of  reasoning  previously  suggested  with 
greater  or  less  precision  by  Scrope,  Babbage,  Herschel,  and  other 
authors. 

It  is  in  applying  this  well-recognized  principle  to  the  explanation 
of  the  contortion  and  crumpling  of  the  thick  masses  of  sediments 
that  the  author  shows  much  novelty  in  his  treatment  of  the 
question.  Mallet  and  many  other  authors  have  insisted  that  the 
tangential  thrusts,  by  which  the  folding  of  the  strata  was  evidently 
produced,  must  have  resulted  from  the  contraction  following  from 
the  secular  cooling  of  the  globe,  whereby  the  outer  crust  is  con- 
tinually tending  to  accommodate  itself  to  the  central  nucleus.  Our 
author  not  only  combats  this  view  with  many  ai-guments  that  de- 
serve to  be  very  carefully  weighed,  but  offers  an  alternative  hypo- 
thesis, which  does  not  appear  to  be  open  to  the  objections  to  which 
the  older  theory  is  liable.  We  cannot  do  better  than  allow  the 
author  to  explain  this  hypothesis  in  his  own  words.  After  insist- 
ing that  the  inse  of  the  isogeotherms  is  the  necessary  consequence 
of  excessive  sedimentation,  he  goes  on  to  say : — 

"  The  rise  of  temperature  exerts  a  tendency  to  expand  the  new 
sedimentaries,  iu  every  direction,  in  proportion  to  their  extent  and 
mass.  The  tendency  to  expand  horizontally  is  checked  by  the 
mass  of  the  Earth's  crust  bounding  the  locally  heated  area.  The 
expanding  mass  is  therefore  forced  to  expend  its  energies  within 
itself  :  hence  arise  those  foldings  of  lengthening  strata,  repacking 
of  beds,  reversed  faults,  ridging  up,  and  elevatory  movements  which 
occur  in  varied  forms,  according  to  the  conditions  present  in  each 
case. 

"  The  upper  layers  of  the  Earth's  crust  being  less  and  less 
affected  by  these  variations  in  temperature  as  the  surface  is  neared, 
are  by  the  ridging-up  thrown  into  a  state  of  tension,  while  the 
lower  beds  o£  the  sedimentaries  are  in  a  state  of  energetic  com- 
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pression.     The  mean  rise  o£  temperature  of  the  whole  sedimentary- 
mass  is  half  the  total  rise  of  the  lowest  beds."     (P.  326.) 

The  author  then  goes  on  to  show  that  at  a  certain  depth  the 
"  cubical  expansion "  of  the  mass  must  cause  the  heated  though 
still  solid  materials  to  actually  flow,  aud  in  so  doing  they  will  pene- 
trate along  the  lines  of  least  resistance,  giving  rise  to  the  gneissie 
axial  cores  so  constantly  exhibited  in  all  great  mountain-chains. 
The  actual  transfer  of  this  flowing  material  adds  considerably  to  the 
solidity  aud  the  consequent  permanency  of  mountain-ranges. 

That  this  rise  of  temperature  in  the  lower  portions  of  a  sedi- 
mentary mass  is  competent  to  produce  the  results  he  asci'ibes  to 
it,  the  author  illustrates  by  many  ingenious  experiments,  aud  en- 
forces by  very  cogent  reasoning.  He  shows  that  flat  masses  of 
lead,  stone,  and  other  material  ridge  up  during  heating  in  their 
centre  if  their  edges  be  not  free  to  move  outwards  :  and  he  further 
insists  upon  a  consideration  which  has  not  hitherto  received  the 
attention  which  it  deserves,  namely,  that  the  effects  of  repeated 
heating  and  cooling  are  to  a  great  extent  cumulative.  A  local  in- 
crease of  temperature  causes  expansion  ;  but  in  the  subsequent  fall 
of  temperature,  the  contraction,  or  drawing  back  of  the  particles  is 
very  partial,  and  thus  the  changes  all  work  towards  the  same  end. 
This  principle  is  illustrated  by  a  number  of  ingenious  experiments, 
aud  it  is  argued  that  in  the  coiTugation  of  strata  we  have  illustrated 
the  results  of  accumulations  o"  small  effects  from  simple  causes. 

Wherever  it  is  possible,  the  author  endeavours  to  test  his  own 
results  and  those  of  others  by  calculations  based  on  data  obtained 
by  actual  experiment.  He  has  determined  the  coefficients  of  ex- 
pansion of  a  number  of  sandstones,  marbles,  slates,  aud  granites, 
and  the  results  of  these  experiments  showa  very  satisfactory  agree- 
ment with  those  previously  published  by  Adie  and  Totten.  The 
mean  of  the  whole  of  his  resuKs  is  a  linear  expansion  of  2-77  feet 
per  mile  for  every  100°  Fahr.  This  the  author  points  out  is  equal 
to  about  8'25  feet  of  cubic  expansion  ;  that  is  to  say,  the  surface  of 
a  cubic  mile  of  rock,  if  the  base  and  sides  tuere  not  free  to  move, 
would  be  raised,  not  2-75  feet,  but  8-25  by  a  rise  of  temperature  of 
100°  F.  In  a  mass  of  rock  500  miles  square  and  20  miles  thick — 
one  which  would  equal  only  the  gy^th  part  of  the  bulk  of  the 
globe — an  increase  of  1000°  F.,  or,  what  would  amount  to  neai'ly 
the  same  thing,  a  series  of  alternations  in  temperature  amounting 
to  1000°,  would,  it  is  calculated,  cause  an  expansion  of  no  less  than 
52,135  cubic  miles  ! 

The  latter  part  of  the  work  before  us  is  occupied  by  descriptions 
of  varieties  of  mountain-structure,  and  an  explanation  of  the 
manner  in  which  these  may  be  accounted  for  on  the  author's 
theory,  as  outlined  above.  Incidentally,  many  important  geological 
problems  are  discussed,  such  as  the  origin  of  cleavage,  foliation 
and  jointing,  the  causes  of  ordinary  and  reversed  faulting,  the 
significance  of  the  "  fan-structure,"  the  connection  between  vol- 
canic activity  and  mountain-building,  the  time  required  for  the 
formation  of  mountain-chains,  the  cause  of  earthquakes  and  earth- 
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tremors,  &c.    On  fill  of  these  questions  Mr.  Mallard,  Reade  advances 
views  which  are  well  u'orthy  of  the  consideration  of  geologists. 

The  work  is  very  ainjily  illustrated  by  no  less  than  forty-two 
plates  containing  many  figures.  Some  of  these  are  reproductions 
of  the  sections  and  maps  published  by  the  United-States  G-eolo- 
gical  Survey  and  the  Second  Greological  Survey  of  Pennsylvania, 
while  a  few  are  talven  from  the  sections  published  by  our  own  Geo- 
logical Survey.  But  the  majority  of  the  illustrations  are  repro- 
ductious  by  photo-lithograpliy  of  the  author's  own  drawiugs  and 
sepia-sketches. 

We  very  heartily  recommend  this  valuable  work  to  the  attention 
of  geologists,  as  an  important  contribution  to  terrestrial  dynamics. 

Descrij^)Uve  CataIo(/ue  of  a  Collection  of  the  Economic  Minerals 
of  Canada.  8vo.  London,  1886. 
This  Catalogue  of  one  hundred  and  seventy  pages  is  one  of  the 
many  useful  works  published  in  connection  with  the  Colonial  and 
Indian  Exhibition.  It  is  compiled  by  the  Geological  Corps  of 
Canada,  acting  under  the  direction  of  Dr.  A.  R.  C.  Selwyn. 
Although  essentially  a  list  of  the  specimens  exhibited  in  the  Cana- 
dian Collection,  the  minerals  and  rocks  are  fully  described,  with 
their  properties,  localities,  and  the  geological  horizon  from  which 
they  were  obtained,  thus  rendering  the  work  of  permanent  value  as 
a  reference  book  to  the  mineralogist,  geologist,  and  prospector. 
The  districts  represented  are — British  Columbia,  North-west 
Territories,  Manitoba,  Ontario,  Quebec,  North-east  Territory,  New 
Brunswick,  Prince-Edward  Island,  and  Nova  Scotia ;  and  from 
these  upwards  of  700  specimens  are  described.  The  more  impor- 
tant minerals,  as  Coal  and  Apatite,  receive  especial  attention ;  and 
the  notes  on  the  latter  are  rendered  more  valuable  by  the  addition 
of  plans  and  sections  illustrative  of  the  occurrence  of  the  mineral 
and  of  the  two  finest  examples  that  were  exhibited.  The  work  is 
divided  into  eleven  sections,  the  most  noteworthy  of  Mhich  are  the 
following  : — I.  Metals  and  their  Ores ;  II.  Materials  used  in  the 
Production  of  Heat  and  Light ;  III.  Minerals  applicable  to  certain 
Chemical  Manufactures  and  their  Products  ;  IV.  Mineral  Manure  ; 
VII.  to  X.  Materials  applicable  to  various  Constructions,  Eine  Arts, 
Jewellery,  &c. 

Journal  and  Proceedings  of  the  Royal  Society  of  New  South  Wales 

for  1885.  Vol.'  XIX.  8vo.  Sydney,  1*886  :  240  pp. 
This  volume  contains  eleven  papers,  besides  the  usual  valuable 
Meteorological  appendix,  and  a  Rainfall  Map  for  1881.  In  the 
Anniversary  Address  the  President,  Mr.  H.  C.  Russell,  gives  some 
important  notes  on  the  movement  of  the  "  East  Coast,  if  not  all 
Australia,"  quoting  the  late  Rev.  W.  B.  Clarke,  Mr.  John  Kent, 
Mr.  Ellery,  and  others,  and  giving  the  results  of  his  owq  observa- 
tions for  twelve  years  past.  "  The  e'S'idences,"  Mr.  Russell  says, 
"  for  elevation  and  subsidence  of  the  land  are  about  equal ;"  and, 
as  accurate  observations  have  as  yet  been  made  only  at  Sydiiey,  where 
in  the  twelve  years  no  appreciable  change  has  been  noticed,  it  is 
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difficult  to  say  whether  the  movement  has  an  upward  or  a  down- 
ward direction.  Some  account  of  Lake  G-eorge,  and  interesting 
notes  on  the  gradual  rise  and  fall  of  its  waters,  are  given,  together 
with  a  description  of  a  self-recording  gauge,  which  gives  a  con- 
tinuous record  of  changes  of  level  by  evaporation  and  otherwise.  A 
remarkable  "  impulse  "  was  recorded  on  the  14th  April,  1SS4,  when 
the  water  had  been  unusually  still  for  the  three  previous  days.  At 
11  A.ir.  the  observer  at  the  gauge  saw  a  thunderstorm  coming 
from  the  North,  and,  watching  the  instrument,  saw  that  the 
lake  rose  at  that  point  four  inches  in  thirty  minutes.  As  soon 
as  the  storm  passed,  the  water  began  to  fall,  reaching  its  preA'ious 
level  in  fifteen  minutes,  sank  two  inches  more,  and  began  to 
rise  again.  The  whole  series  of  pulsations  lasted  five  days.  The 
Lake  is  referred  to  as  "  a  body  of  water  eighteen  miles  long,  five 
wide,  and  15  or  20  feet  deep,"  and  in  its  wet  period  "  at  least  forty 
miles  long  and  ten  or  twelve  wide."  The  "  seichss  "  of  the  Lake 
of  Geneva  are  noticed  in  connection  with  this  subject. 

Mr.  Russell  has  also  a  paper  on  "  Local  Tariations  and  Vibra- 
tions of  the  Earth's  Surface,"  in  which  he  especially  deals  with  the 
eifect  of  lunar  attraction  upon  the  solid  portion  of  the  globe". 
After  quoting  from  the  British-Association  Reports  for  18S1  and 
1882,  he  proceeds  to  give  the  result  of  his  own  observations,  more 
particularly  those  taken  with  the  Lake-George  tide-gauge,  and  he 
notes  the  "  Level-errors  of  the  Sydney  Transit-Instrument "  in 
relation  to  the  sandstone  hill  upon  which  the  Observatorv  is  built. 
Important  photolithographic  copies  of  the  sheets  from  the  recording 
instrument  at  Lake  George,  together  with  Level-,  Temperature-, 
Azimuth-,  and  Barometer-curves  at  Sydney  Observatory  are  given. 
This  paper  and  Mr.  Russell's  Address  form  very  important  con- 
tributions to  our  knowledge  of  the  level-changes  of  the  Earth's 
surface. 

The  Rev.  P.  MacPherson  deals  with  "  Some  causes  of  the  Decay 
of  the  Australian  Forests."  After  discussing  the  various  theories 
advanced  to  account  for  the  decay,  the  author  dismisses  "  Wet 
ground,"  "Drought,"  "Bush  Fires,"  "Differences  of  Soils,"  "Sheep 
manures,"  "  Caterpillars,"  and  "  White  Ants,"  as  inadequate  to 
effect  the  mischief  observed  ;  and  he  refers  the  majority  of  the 
damage  done  to  the  Opossums  and  a  "  Copper-coloured  Beetle," 
the  name  of  which  is  unfortunately  omitted.  A  plate  is  given  in 
illustration  of  the  i-emarks.  Another  paper  by  the  same  author 
deals  with  the  "  Stone  Implements  of  the  Aborigines  of  Australia 
and  some  other  countries  "  in  Australasia.  After  describing  the 
specimens  exhibited,  the  author  discusses  their  antiquity,  and 
comes  to  the  conclusion  that  "  up  to  date,  direct  evidence  for  a 
geologic  antiquity  on  behalf  of  the  Australian  Aborigines  seems  to 
be  very  scanty."  Three  il Instigations  accompany  the  paper,  one 
of  which  represents  the  incisions  made  by  the  natives  into  trees, 
to  get  food  and  for  other  purposes,  and  shows  the  permanent 
effect  on  the  tree  so  tnvated. 

In  a  "  History  of  Floods  in  the  Ilawkesbury  River,"  Mr.  J.  P. 
Josephson  gives  a  table  of  "  heights  of  Hoods  from  years  1795  to 
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1881,"  and  two  maps  showing  the  extent  of  the  floods  around  the 
town  of  Windsor  in  1867,  with  contours  of  the  district. 

Arundinaria  falcata,  Nees,  and  A.  spaiJiifora,  Trinius,  of  the 
Himalayas,  as  suitable  for  cultivation  in  IS'ew  ^outh  Wales,  are 
treated  of  by  Dr.  Brandis ;  and  a  note  on  the  Adelong  Gold-Eeef, 
with  a  sketch-jilan,  is  given  by  Mr.  S.  H.  Cox. 

Microscopy  is  represented  by  Mr.  William  Morris,  who  has 
devoted  twelve  pages  to  the  various  methods  employed  in  mounting 
the  rare  diatom  Ampldpleura  peMacida. 

'•  A  Contribution  to  the  Study  of  Heredity  "  by  an  inquiry  into 
the  family-  and  life-history  of  the  idiotic  and  imbecile,  by  Dr.  F. 
Norton  Manning, — "  A  system  of  Accurate  Measurement  by  means 
of  long  Steel  Eibands,''  instead  of  the  one-chain  tapes,  in  rugged  and 
undulating  districts,  by  Mr.  G.  H.  Knibbs, — and  some  "  Notes  on 
riyiug-Machines,"  by  Mr.  L.  Hargrave,  complete  the  volume. 

Hours  ivith  a  Three-Inch  Telescope.  Bij  Capt,  Wm.  Xoble,  F.E.A.S., 
F.R. M.S.,  Honorary  Associate  of  the  Liverpool  Astronomical  Society . 
London  :  Longmans,  Green,  and  Co.,  1886. 
"  This  little  book,''  the  author  tells  us  at  the  outset,  "  is  written 
to  furnish  the  very  beginner  in  observational  Astronomy  with  such 
directions  as  shall  enable  him  to  employ,  to  the  greatest  possible 
advantage,  the  kind  of  instrument  with  which  he  will,  in  all 
probability,  at  first  provide  himself."  He  therefore  only  pre- 
supposes the  possession,  on  the  part  of  the  reader,  of  a  small 
telescope  mounted  on  the  ordinary  pillar-and-claw  stand,  of  some 
such  work  as  the  '  Stars  in  their  Seasons,'  and  of  an  ardent  desire 
to  become  familiar  with  the  beauties  and  glories  of  the  celestial 
vaults.  To  such  beginners — for  whose  guidance  there  has  been 
hitherto  no  perfectly  suitable  book — Capt.  Koble  will  be  a  true 
friend.  He  thoroughly  understands  the  needs  of  those  for  whom 
he  writes,  and  he  gives  them  the  information  they  require  in 
a  simple  and  straightforward  manner,  free  from  pei'plexing  techni- 
calities. No  pains,  too,  have  been  spared  to  make  the  book 
accurate  ;  the  descriptions  and  drawings  were  all  made  at  the  eye- 
end  of  a  telescope  of  three  inches'  aperture,  and  are  not  taken  at 
secondhand  from  any  other  work,  however  trustworthy.  There 
are  twelve  chapters  :  the  first  treating  of  the  instrument  (the  three- 
inch  telescope)  itself,  and  here  Lord  Crawford's  device  for  giving 
an  approximately  equatoreal  motion  to  an  altazimuthly  mounted 
instrument  is  described.  The  sun  and  moon  form  the  subjects  of  the 
two  next  chapters ;  the  latter  is  one  of  the  most  interesting  and 
important  in  the  book ;  the  principal  lunar  formations  being 
passed  in  review  during  seven  nights'  work.  A  short  chapter  on 
the  observation  of  occultations  follows.  Then  come  the  planets, 
Jupiter  naturally  receiving  most  attention  ;  whilst  the  eleventh 
chapter  gives  some  useful  hints  on  drawing  the  planets.  The  last 
chapter  is  devoted  to  the  fixed  stars  and  nebulie,  and  the  work  of 
nine  nights  is  described  in  detail.  Here,  we  fear,  the  student 
will  find  Capt.  Noble's  help  least  effective,  for  there  are  no  star- 
maps  given.     It  is  true  he  supposes  his  readers  to  possess  some 
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elementary  star-atlas,  but  that  is  hardly  what  is  required  so  much  as 
a  series  of  little  simple  diagrams  giving  all  the  brightest  stars  in 
the  various  districts  under  examination  with  the  relative  positions 
of  the  objects  to  which  attention  is  called.  Such  diagrams  as 
those  given  of  several  of  the  constellations  in  Sir  li.  S.  Ball's 
'  Story  of  the  Heavens '  are  what  are  required,  and  could  be  easily 
and  cheaply  supplied.  We  trust  Capt.  Noble  may  see  his  way  to 
introduce  something  of  the  kind  in  a  second  edition ;  he  has 
already  provided  for  the  study  of  the  Moon  by  an  excellent 
reproduction  of  Webb's  well-known  map. 

The  book  is  to  a  great  extent  a  reprint  of  papers  which 
originally  appeared  in  the  columus  of  '  Knowledge,'  and  there  are 
occasionally  references  to  the  positions  of  the  planets  which  were 
appropriate  enough  at  the  time  of  writing,  but  which  of  course  no 
longer  apply,  and  read  rather  strangely  when  published  in  this  more 
permanent  form.  There  are  oue  or  two  other  incidental  points 
which  might  be  criticised  :  it  is  to  be  hoped,  for  example,  that  the 
student  will  not  imagine  that  the  rather  rough  and  ready  method 
on  p.  15  for  computing  the  longitude  of  the  Moon's  terminator  gives 
it  correctly  to  0"*1,  though  certainly  it  would  be  excusable  for  him 
to  draw  that  inference.  But  these  little  flaws  are  not  serious  enough 
to  detract  from  the  value  of  the  work  as  a  whole ;  it  is  useful, 
clear,  aud  practical,  and  will  be  of  the  most  essential  service  to  many 
a  young  beginner,  and,  without  doubt,  will,  as  its  author  hopes, 
prove  in  many  an  instance  a  suitable  introduction  to  works  of  a 
more  advanced  character,  such  as  Webb's  '  Celestial  Objects.' 

Algebra:  an  Ehmentary  Texthoolc  for  the  liigher  classes  of  Secondary 
Schools  and  for  Colleqes.  By  Gr.  Chbxstal,  M.A.  Part  I. 
Edinburgh :  A.  &  C.  Black,  1886  ;  pp.  xx  +  542. 
This  first  part  is  composed  of  twenty-two  chapters,  which  treat 
of  the  subject  of  Algebra  (and  of  allied  subjects  which  do  not 
usually  come  into  an  Elementary  Treatise)  under  the  following 
heads.  1.  Fundamental  Laws  and  processes  of  Algebra:  a  valuable 
introduction  a^  hich  discusses  the  laws  of  Association,  Commutation, 
and  Distribution,  and  the  properties  of  0  and  1,  and  closes  with  an 
interesting  historical  note.  2  treats  of  Monomials,  the  laws  of 
Indices  and  Degree.  3,  with  the  heading  "  Theory  of  Quotients, 
first  principles  of  Theory  of  IN^umbers,"  lays  open  to  view  the 
fundamental  properties  of  Fractions,  treats  of  prime  and  composite 
numbers,  and  gives  several  theorems  connected  with  factors  and 
primes.  4  is  a  most  important  chapter  on  distribution  of  Pro- 
ducts, elements  of  the  Theory  of  Rational  Integral  functions, 
in  which  are  explained  the  S  and  -k  dotations,  the  principles  of 
Substitution,  Homogeneity,  Symmetry,  and  the  principle  of  Indeter- 
n)inate  Coellicients.  This  chapter  was  written  "as  a  suggestion  to 
the  teacher  how  to  connect  the  general  laws  of  Algebra  with  the 
former  experience  of  the  pupil.  In  writing  this  chapter  I  had  to 
remember  that  I  was  engaged  in  writing,  not  a  book  on  the  philo- 
sophical nature  of  the  first  principles  of  Algebra,  but  the  first 
chapter  of  a  book  on  iheir  Consequences."     5  discusses  at  some 
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length  the  transformation  of  the  Quotient  of  two  integral  functions, 
treating  under  this  head  of  the  Remainder  theorem  and  its  appli- 
cation to  Factorisation,  of  a  new  basis  for  the  principle  of  Indeter- 
minate Coefficients  and  of  Continued  Division.  6  gives  much 
useful  matter  under  the  heads  of  Greatest  Common  Measure  and 
Least  Common  Multiple.  7,  on  the  Factorisation  of  Integral 
Functions,  introduces  the  consideration  of  surd  and  imaginary 
Quantity  and  of  Complex  Quantity.  In  8  are  discussed  Rational 
Fractions  ;  in  9  we  have  a  continuation  of  Theory  of  Numbers,  com- 
prising Scales  of  Notation  and  Lambert's  Theorem  ;  in  10  we  have 
a  general  discussion  of  irrational  functions  .  .  interpretations  of  a-W?, 
.v°,  a?2ni^  and  a  general  theory  of  rationalization;  and  in  11  is  an 
account  of  the  Arithmetical  theory  of  Surds.  One  of  the  best 
chapters  to  our  thinking  is  12,  which  gives  an  excellent  account  of 
complex  numbers  and  herein  of  Argand's  diagrams  and  of  De- 
moivre's  theorem.  13  is  good  on  Ratio  and  Proportion.  14  at  some 
length  discusses  conditional  equations  in  general ;  15  at  equal 
length  treats  of  the  Variation  of  a  function  (a  good  introduction  to 
the  theory  of  Maxima  and  Minima  for  a  student  of  the  Calculus!  ; 
and  16,  17  are  concerned  with  equations  of  the  first  and  second 
degree  i-espectively.  In  18  is  an  account  of  a  general  theory  of 
Integral  Functions,  in  which  figure  Symmetric  functions  of  the 
roots  of  an  Equation,  Newton's  theorem  regarding  sums  of  powers 
of  roots,  special  properties  of  Quadratic  Functions  (including  La- 
grange's Interpolation  formula),  and  Yariation  of  a  Quadratic 
Function  for  real  values  of  its  Variable  (analytical  and  graphical 
discussion  of  three  fundamental  cai^es,  Maxima  and  Minima).  19 
is  devoted  to  the  Solution  of  Problems  by  means  of  Equations.  20 
discusses  the  Arithmetic,  Geometric,  and  allied  series  ;  21  is  occu- 
pied with  Logarithms  (interpolation  by  first  differences) ;  and  22 
closes  the  work  w  ith  an  account  of  the  Theory  of  Interest  and 
Annuities.  Numerous  historical  notes  impart  considerable  interest 
to  the  perusal  of  the  text. 

It  is  evident  that  there  are  many  subjects  handled  which  do  not 
come  within  the  range  of  an  elementary  student's  reading ;  but 
these  are  all  handled  in  such  a  May  as  to  be  most  valuable  to  more 
advanced  students  and  to  teachers.  The  author  warns  us  on  the 
very  threshold,  that  his  work  is  not  intended  for  the  use  of 
absolute  beginners.  His  great  object  in  laying  down  the  three 
fundamental  laws  is  to  introduce  the  idea  of  Algebraic  Form, 
"  which  is  the  foundation  of  all  the  modern  developments  of  Algebra 
and  the  secret  of  analytical  Geometry,  the  most  beautiful  of  all  its 
applications."  We  advise  higher-form  boys  and  others,  who  have  a 
desire  to  go  more  deeply  into  the  subject  than  they  can  do  with  the 
aid  of  ordinary  textbooks,  to  get  or  borrow  Prof.  Chrystal's  splendid 
treatise  and  make  a  careful  study  of  its  well-arranged  contents. 
It  is  the  pure  Mathematical  Elementary  textbook  of  the  year  1886. 

Elements  of  the  Theory  of  the  Newtonian   Potential  Function. 

By  Dr.'  B.  O.  Peiece.     [Boston  :  Ginn  &  Co.,  1886.] 

The  Compiler  of  these  Lecture  Notes  adopts  the  term  employed 
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by   Neumann    ("  Untersiichungen    iiber  das  Logarithmische    und 
]S'e\Tton'sche  Poteutiar')*. 

There  is  no  attempt  made  at  original  investigation,  for  the  notes 
are  professedly  elementary  in  character,  and  to  a  great  extent 
reproduce  work  given  in  Todhunter's  '  Analytical  Statics  '  and 
Minchin's  '  Statics.'  Dr.  Peirce  has,  however,  carefully  consulted 
numerous  other  authorities,  the  most  important  works  both  by 
English  and  Continental  writers,  and  derives  much  of  his  matter 
from  original  Memoirs.  There  are  five  chapters  in  all.  In  the  first 
the  author  treats  of  the  Attraction  of  Gravitation  ;  in  the  second  of 
the  Newtonian  Potential  Function  in  the  case  of  Gravitation;  in  the 
third  of  the  same  function  in  the  case  of  Repulsion ;  in  the  fourth 
of  the  properties  of  Surface  Distributions  and  of  Green's  Theorem 
(also  of  Thomson's  Theorem) ;  and  in  the  last  Chapter  he  applies 
his  preceding  results  to  Electrostatics.  It  will  be  thus  seen  that 
the  writer  has  endeavoured  to  meet  the  difficulty  experienced  by 
his  class  of  getting  "  from  any  single  book  in  English  a  treatment  of 
the  subject  at  once  elementary  enough  to  be  within  their  easy 
comprehension,  and  at  the  same  time  suited  to  the  purposes  of  such 
of  them  as  intended  eventually  to  pursue  the  subject  farther,  or 
wished,  without  necessarily  making  a  speciality  of  mathematical 
Physics,  to  prepare  themselves  to  study  Experimental  Phvsics 
thoroughly  and  understandingly."  To  the  list  of  20  works  recom- 
mended to  students,  we  would  add  such  parts  of  Todhunter's 
'  History  '  as  bear  upon  the  subject.  "We  have  detected  a  few  simple 
misprints,  but  the  "  get  up "  maintains  the  reputation  already 
acquired  by  the  printers  and  publishers. 

XXIII.  Proceedings  of  Learned  Societies. 

GEOLOGICAL  SOCIETY. 

[Continued  from  p.  72.] 

January  12,  1887.— Prof.  J.  W.  Judd,  F.R.S.,  President, 
in  the  Chair. 

HE  following  communications  were  read  : — 

1.  "Thfi  Ardtuu  Leaf-beds."    Py  J.    Starkie   Gardner,  Esq., 
F.G.S.,  F.L.S. ;  with  Notes  by  Grenville  A.  J.  Cole,  Esq.,  F.G.S. 

2.  "  On  the  Echinoidea  of  the  Cretaceous  Strata  of  the  Lower 
Narbada  Region."    By  Prof.  P.  Martin  Duncan,  M.B.,  F.P.S.,  F.G.S. 

3.  "On  some  Dinosaurian  Vertebrce  from  the  Cretaceous  of  India 
and  the  Isle  of  Wight."     By  R.  Lydekker,  Esq.,  B.A.,  F.G.S. 

*  In  the  Index  to  his  '  History  of  the  Tlieories  of  Attraction.  .  .'  Mr. 
Todhunter  gives  numerous  references  to  articles  in  his  book  which  treat 
of  the  Potential.  §789  a-sig-ns  the  introduction  of  the  froiction,  on  the 
authority  of  r^efrendre,  to  I^nplace,  hut  it  is  in  §790  (to  wliicli  lie  omits  to 
refer  in  the  Index)  tliat  we  learn  tliat  tlie  term  was  first  used  by  Green 
(L^28,  Papers,  p.  22),  and  a)>parently  independently  by  Gauss  (1640)  :  cf. 
also  Thomson  and  Tait,  Nat.  Phil.  vol.  ii.  §482. 
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4.  "  Further  Notes  on  the  Eesults  of  some  deep  Borings  in  Kent." 
By  W.  Whitaker,  Esq.,  B.A.,  F.G.8. 

This  paper  contained  some  details  on  the  horings  at  Chattenden 
Barracks  and  at  the  Dover  Convict  Prison,  in  addition  to  those 
already  published  in  the  Quarterly  Journal  of  the  Society  for  1886. 
Sections  of  the  new  borings,  one  at  Strood  the  other  at  Lydd,  were 
also  given. 

The  Chattenden  boring  had  been  successful  in  reaching  the  Lower 
Greensand,  and  a  supply  of  water  had  been  obtained.  This  result 
showed  that  on  the  section  accom])anying  the  previous  paper  the 
beds  of  the  Lower  Greensand  should  have  been  carried  rather  fur- 
ther to  the  northward. 

The  Dover  boring  was  abandoned  at  931  feet  from  the  surface. 
The  examination  of  the  specimens  showed  that  the  thickness 
formerly  assigned  to  the  Lower  Greensand  should  be  reduced  to 
31  feet,  the  upper  5  feet  referred  to  that  stage  belonging  to  the 
base  of  the  Gaidt,  whilst  the  bottom,  13  feet,  together  with  an  addi- 
tional 69  feet,  mostly  of  clay,  subsequently  cut  tlirough,  were,  for 
reasons  given,  assigned  to  the  AVealden  series  and  probably  to  the 
Hastings  beds. 

The  results  of  these  additional  details  went  to  show  (1)  that, 
though  the  Lower  Greensand  itself  was  rather  thicker  at  Chatham 
than  at  Dover,  comprising  two  divisions,  the  Folkestone  and  the 
Sandgate  beds  at  the  former  place,  and  only  the  Sandgate  at  the 
latter,  the  Lower  Cretaceous  beds,  as  a  whole,  were  much  thinner  at 
Chatham,  owing  to  the  disappearance  of  the  Wealden  series  ;  and  (2) 
that  in  passing  to  the  eastward  the  "Weald  clay  thinned  out  before 
the  Hastings  beds,  instead  of  the  reverse,  which  was  previously 
suggested. 

The  Strood  and  Lydd  sections  were  merely  of  importance  as  fur- 
nishing details.  The  paper  concluded  with  some  remarks  on  the 
best  site  for  additional  borings  at  Dover,  in  order  to  prove  the  deeper- 
Ivinor  rocks. 


XXIV.  Intelligence  and  Miscellaneous  Articles. 

"towhatokder  of  lever  does  the  oae  belong?"     by 
francis  a.  tarleton,  fellow  of  trinity  college,  dublin. 

IN  a  paper  published  in  the  Philosophical  Magazine  for  January, 
1887,  Mr.  Abbott  has  discussed  the  question,  "  To  what  order 
of  Lever  does  the  Oar  belong  ?  " 

The  conclusion  at  which  Mr.  Abbott  has  ai'rived  seems  to  me 
substantially  correct ;  but  he  has,  I  think,  stated  it  in  language 
which,  to  say  the  least,  is  rather  paradoxical,  and  has  supported 
it  by  arguments  which  leave  the  mind  of  the  reader  in  a  somewhat 
unsatisfied  state. 

To  simplify  the  discussion  of  the  problem,  I  shall  suppose  the 
boat  to  be  moved  by  two  oars  on  which  equal  pulls  are  exerted,  and 
to  be  perfectly  symmetrical  on  both  sides. 

If  we  regard  the  rower,  boat,  and  oars  as  one  system,  the  only  forces 
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external  to  the  system,  which  need  be  considered,  are  the  pressures 
of  the  water  on  the  blades  of  the  two  oars  and  the  resistance  of  the 
water  to  the  motion  of  the  boat.  If  the  boat  be  on  the  point  of 
moving,  these  forces  must  equilibrate  each  other,  and  as  they 
are  parallel,  the  semi-resistance  of  the  water  to  the  motion  must  be 
equal  and  opposite  to  the  pressure  on  the  blade  of  one  oar.  Again, 
for  tlie  equilibrium  of  this  oar,  the  moments  round  the  rowlock  of 
the  pull  exerted  by  the  rower  and  of  the  pressure  against  the  blade 
must  be  equal  and  opi^osite.  Hence  the  moments  round  the  row- 
lock of  the  pull  of  the  rower,  and  of  a  force  equal  to  the  semi- 
resistance  of  the  water  to  the  motion,  supposed  to  act  at  the  blade 
of  the  oar,  must  be  equal. 

This  is  the  proposition  which  Mr.  Abbott  seeks  to  establish,  and 
which  he  has,  1  think,  paradoxically,  if  not  inaccurately,  expi-essed 
by  stating  that  the  oar  is  a  lever  of  the  first  order. 

The  word  lever  has  a  kinematical  reference,  and  implies  a  rigid 
body  having  a  fixed  point.  The  division  of  levers  into  diiferent 
orders  is  an  obscure  way  of  stating  the  relative  position  of  the 
fixed  point,  and  of  two  forces  which  are  supposed  to  act  upon  the 
body. 

Now  in  the  case  of  the  oar,  the  fixed  point  is  the  blade,  and  the 
resistance  o£  the  water  to  the  motion  of  the  boat  does  not  act  on 
the  oar  at  all.  To  say,  then,  that  the  oar  is  a  lever  of  the  first  order 
acted  on  by  the  pull  of  the  rower  and  the  serai-resistance  of  the 
water  to  the  motion  of  the  boat  applied  at  the  blade  of  the  oar,  the 
rowlock  being  the  fulcrum,  canuot  be  regarded  as  accurate,  except 
we  look  upon  the  rower,  not  as  moving  on  the  boat,  but  as  moving 
back  the  world. 

The  investigatiou  of  t1ie  question,  I'egarding  the  oar  as  a  lever 
whose  fixed  point  is  the  blade,  can  be  easily  accomplished. 

Let  P  be  the  pull  of  the  rower,  E-  the  reaction  between  the  oar 
and  the  boat  at  the  rowlock,  S  the  semi-resistance  of  the  water  to 
the  motion  of  the  boat,  and  a  and  h  the  distances  of  the  rowlock 
from  the  hand  of  the  rower  and  the  blade  of  the  oar. 

We  have  then,  from  the  equilibrium  of  the  oar, 

P(a  +  6)=E6 (1) 

Again,  as  the  boat  is  just  about  to  move,  the  forces  acting  on  it 
equilibrate  each  other,  and  these  are  2S,  2E,,  and  a  force  equal  and 
opposite  to  2P,  exerted  by  the  feet  and  body  of  the  rower  against 
the  boat.  As  these  forces  ai'e  parallel,  we  have  S-t-P  =  B,.  Sub- 
stituting for  Eiu  (1)  and  reducing,  we  get 

■     Pa  =  S&; 
the  same  result  as  before. 


ON  THE  SPECIFIC  HEATS  OF  THE  VAPOURS  OF  ACETIC  ACID    AKD 
NITROGEN  TETROXIDE. 

To  the  Editors  of  the  Pldlosophiccd  Magazine  and  Journal. 
Gentlemen, 

Amongst  otliors,  it  has  lately  been  my  business  to  read  a  very 
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interesting  pjiper  by  Berthelot  and  Ogier  in  the  Annales  de  Chimie 
et  de  Physique  for  1883,  in  which  the  authors  set  forth  the  result  of 
their  careful  experiments  on  the  Specific  Heats  of  the  Vapours  of 
Acetic  Acid  and  Nitrogen  Tetroxide.  The  quantities  of  heat  absorbed 
at  different  temperatures  are  compared  with  the  percentage  disso- 
ciation, as  deduced  from  the  vapour-density  experiments  of  Nau- 
mann,  8oret,  and  other  experimenters.  The  experiment  is  very 
close  (as  may  easily  be  seen  by  placing  the  several  series  of  num- 
bers on  curves),  and  well  within  the  limits  of  experimental  error. 
In  spite  of  the  valued  opinion  of  M.  Berthelot,  I  therefore  venture 
to  consider  that  the  experiments  referred  to  do  afford  additional 
evidence  in  favour  of  the  hypothesis  of  the  dissociation  of  these 
gases  ;  the  alternative  theory  involving,  so  far  as  I  can  see,  the 
relinquishing  of  Avogadro's  law  as  far  as  these  gases  are  con- 
cerned. 

Assuming  therefore,  for  the  moment,  that  dissociation  does  talce 
place,  and  that  the  thermal  changes  measured  by  Berthelot  and 
Ogier  are  the  natural  expression  of  this  effect,  some  information, 
it  seems  to  me  not  altogether  devoid  of  interest,  may  be  gained  by 
a  comparison  of  these  results  with  those  obtained  by  Eegnault  for 
the  specific  heats  of  those  gases  which  undergo  a  condensation  in 
the  course  of  their  formation  from  their  elements.  As  is  well 
known,  the  specific  heats  of  nitrous  oxide  and  carbonic  acid  have, 
according  to  Regnault,  a  small  temperature-ccefhcient,  showing 
that,  as  the  temperature  rises,  the  specific  heats  increase,  at  all 
events  up  to  200°  Centigrade.  This,  however,  is  precisely  what 
has  been  found  to  hold  true  in  a  more  complicated  form  for 
nitrogen  tetroxide  and  acetic-acid  vapour,  where  the  temperature- 
coefficient  is  much  greater  and  reaches  a  maximum.  If,  however, 
we  decide  to  attribute  this  to  a  molecular  change  tending  from 
greater  to  less  molecular  complexity  in  the  case  of  acetic-acid  vapour 
and  nitrogen  tetroxide,  why  should  we  not  apply  the  same  argu- 
ment to  the  gases  examined  by  Eegnault,  and  regard  the  tempera- 
ture-coefficient of  the  specific  heats  of  nitrous  oxide  and  carbonic 
acid  &c.  as  evidencing  a  similar  molecular  change?  Might  we  not 
argue,  in  fact,  that  at  low  temperatui'cs  the  molecular  composition, 
as  expressed  by  the  ordinary  formulae  for  carbonic  acid  and  nitrous 
oxide,  only  refers  to  the  vast  majority  of  the  molecules  ;  and  that 
the  number  of  molecules  of  a  higher  degree  of  complexity,  as  well 
as  of  a  lower  (?.  e.  dissociated),  is  not  negligibly  small.  On  raising 
the  temperature,  those  of  higher  than  normal  complexity  might 
decompose  and  account  for  the  extra  absorption  by  heat,  evidenced 
by  Eegnault's  temperature-coefficient.  Such  a  view  seems  to  me 
to  be  in  harmony  with  the  views  set  forth  by  Clausius  and  AVil- 
liamsou,  which  are  daily  gaining  ground  among  physical  chemists. 
I  am.  Gentlemen, 

Tour  obedient  servant, 

ElCHAED  ThEELPALL. 

University  of  Sydney, 
November  8,  1886. 
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XXV.  Notes  on  Electricity  ami  Magnetism. — III.  On  the 
Behaviour  of  Iron  and  Steel  under  the  Operation  of  Feeble 
Magnetic  Forces.     By  Lord  Rayleigh,  Sec.  R.S.* 

[Plate  II.] 

rilHE  question  whether  or  not  iron  responds  proportionally 
J-  to  feeble  magnetic  forces  is  of  interest  not  only  from 
a  theoretical  point  of  view,  but  from  its  bearing  upon  the 
actual  working  of  telephonic  instruments.  Considerable  dif- 
ference of  opinion  has  been  expressed  concerning  it,  several  of 
the  best  authorities  inclining  to  the  view  that  a  finite  force  is 
required  to  start  the  magnetization.  Prof.  Ewing  remarksf : — 
"As  regards  the  hysteresis  which  occurs  when  the  magnetism 
of  soft  iron  is  changed,  my  experiments  confirm  the  idea 
already  suggested  by  other  observers,  that  when  the  molecular 
magnets  of  Weber  are  rotated  they  suffer,  not  first  an  elastic 
and  then  a  partially  non-elastic  deflection  as  Maxwell  has 
assumed,  but  a  kind  of  frictional  retardation  (resembling  the 
friction  of  solids),  which  must  be  overcome  by  the  magneti- 
zing force  before  deflection  begins  at  all."  In  a  subsequent 
passagej  Prof.  Ewing  treats  the  question  as  still  open,  re- 
marking that  though  his  curves  suggest  that  the  initial  value 
of  k  (the  susceptibilit}^)  may  be  finite,  they  afford  no  positive 
proof  that  it  is  not  initially  zero,  or  even  negative. 

My  attention  was  first  called  to  the  matter  about  a  year 
and  a  half  ago  in  connection  with  the  operation  of  iron  cores 

*  Communicated  by  tlie  Author, 
t  Phil.  Trans.  1886,  p.  520,  §  5. 
X  L.c.^  Gl. 
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in  the  coils  of  an  induction-balance.  Experiment  showed 
that  iron  responded  powerfully  to  somewhat  feeble  forces  ; 
and  I  endeavoured  to  improve  the  apparatus  in  the  hope  of 
being  able  thus  to  examine  the  subject  more  thoroughly. 
Two  similar  long  helices  were  prepared  by  winding  fine  insu- 
lated wire  upon  slender  glass  tubes.  These  were  connected  in 
series  with  a  battery,  a  resistance-box,  and  a  microphone- 
clock,  so  as  to  constitute  a  primary  circuit.  The  secondary 
consisted  of  a  large  quantity  of  copper  wire,  mounted  upon  a 
bobbin,  through  the  opening  in  which  both  primary  coils  were 
inserted.  The  circuit  of  the  secondary  was  completed  by  a 
telephone.  When  neither  primary  coil  contained  a  core, 
silence  at  the  telephone  could  readily  be  obtained.  The  iron 
cores  used  wez'e  those  described  in  Part  II.*;  and  it  was  found 
that  all  of  them  (including  the  bundle  of  seventeen  very  fine 
wires)  disturbed  the  silence  until  the  resistance  was  so  far 
increased  that  the  magnetizing  force  was  less  than  about  -^q  of 
the  earth^s  horizontal  force  (H).  Moreover,  there  was  no 
indication  that  the  absence  of  audible  effect  under  still  smaller 
magnetizing  forces  was  due  to  any  other  cause  than  the  want 
of  sensitiveness  of  the  apparatus. 

I  did  not  pursue  the  experiments  further  upon  these  lines, 
because  calculation  showed  that  the  feeble  magnetization  of  a 
piece  of  iron  could  inore  easily  be  rendered  evident  directly 
upon  a  suspended  needle  (the  magnetometric  method),  than 
indirectly  by  the  induction  of  currents  in  an  encompassing  coil 
connected  "with  a  galvanometer.  Nearly  all  the  results  to  be 
given  in  this  paper  were  obtained  by  a  form  of  the  magneto- 
metric  method,  specially  adapted  to  the  inquiry  whether  or  not 
the  magnetization  of  iron  continues  proportional  to  the  mag- 
netizing force  when  the  latter  is  reduced  to  the  uttermost. 

The  magnetizing-spiral  first  used  was  one  of  those  already 
referred  to.  It  consists  of  a  single  layer  of  fine  silk-covered 
copper  wire  wound  on  a  glass  tube  and  secured  with  shellac 
varnish  (A,  Plate  II.  fig.  I).  The  total  length  of  the  spiral 
is  17  centim.,  its  diameter  is  about  '6  centim.,  and  the  wind- 
ings are  at  the  rate  of  32  per  centim.  The  resistance  is  about 
5^  ohms. 

The  magnetometer  was  simply  a  small  mirror  backed  by 
steel  magnets  (B),  and  suspended  from  a  silk  fibre,  as  supplied 
by  White  for  galvanometers.  It  was  mounted  between  glass 
plates  at  about  2  centim.  distance  from  the  magnetizing-spiral. 
The  earth's  force  was  compensated  by  steel  magnets,  which 
also  served  to  bring  the  mirror  perpendicular  to  the  helix  in 
spite  of  the  influence  of  residual  magnetism  in  the  iron  core. 
*  Phil.  Mag.  December  1886,  p.  490. 
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The  deflections  were  read  in  the  manner  usual  with  Thomson's 
galvanometers,  by  the  motion  of  a  spot  of  light  thrown  upon 
a  scale  after  reflection  bj  the  mirror.  The  division  is  in 
millimetres,  and  with  the  aid  of  a  lens  a  displacement  of  --^q  of 
a  division  can  usually  be  detected  with  certainty. 

The  direct  effect  of  the  magnetizing-spiral  upon  the  sus- 
pended needle  was  compensated  by  a  few  turns  of  wire  C, 
7  centim.  in  diameter,  supported  upon  an  adjustable  stand  D. 
This  adjunct  might  have  been  dispensed  with  ;  but  what  is 
essential  is  the  larger  coil,  E,  by  which  the  effect  of  the  iron 
core  is  compensated.  This  coil  consisted  of  74  convolutions, 
of  mean  diameter  18  centim.,  tied  closely  with  string,  and 
mounted  upon  a?i  independent  stand,  F.  By  sliding  this 
stand,  and  ultimately' by  use  of  the  screw,  G,  the  action  of 
this  coil  upon  the  suspended  needle  can  be  adjusted  with 
precision.  All  the  coils  are  connected  in  series  ;  and  pro- 
vided that  the  magnetic  condition  of  the  iron  under  given 
force  is  definite,  matters  may  be  so  arranged  that  the  imposi- 
tion of  the  force  produces  no  movement  of  the  suspended 
needle,  or,  more  generally,  the  compensation  may  be  adjusted 
so  as  to  suit  the  transition  from  any  one  magnetic  force  to  any 
other.  If  the  susceptibility  (k)  and  permeability  ;U.  (  =  47r/;  +  1) 
were  constant,  as  has  often  been  supposed  in  mathematical 
writings,  the  compensation  suitable  for  any  one  transition 
would  serve  also  for  every  other,  and  the  magnetometer-needle 
would  remain  undisturbed,  whatever  changes  were  permitted 
in  the  strength  of  the  magnetizing  current*.  The  question 
now  presenting  itself  is.  How  fiir  does  this  correspond  to  fact  ? 
or,  rather.  How  far  is  it  true  for  magnetizing  forces  which  are 
always  very  small  ?  for  we  know  ah'eady  that,  under  the  ope- 
ration of  moderate  forces  exceeding  (say)  1  or  2  C.G.S.,  not 
only  is  jx  not  constant,  but  there  is  no  definite  relation  at  all 
between  magnetic  induction  and  magnetizing  force,  whereby 
the  one  can  be  inferred  from  the  other  without  a  knowledge 
of  the  previous  history  of  the  iron. 

The  magnetizing  force  of  the  spiral  is  of  course  easily  cal- 
culated. The  difference  of  potential  in  passing  through  n 
convolutions  of  current  C  is  47r/iO.  If  the  n  convolutions 
occupy  a  length  I,  the  magnetizing  force  is 

or,  in  the  present  case,       128 ttC. 

•  The  idea  of  compensating  the  iron  is  not  new.  The  method  waa 
ompkiyed  by  Koosen  (Pogg-.  Ann.  Bd.  Ixxxv.  S.  159,  1852)  to  exhibit  the 
phenomena  of  "  saturation." 

R  2 
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C  is  here  expressed  in  C.G.S.  measure,  on  wliicli  scale  the 
ampere  is  '] . 

It  may  be  objected  that  the  magnetic  force  of  the  spiral  is 
not  the  only  external  force  operative  upon  the  iron.  It  is 
true  that  the  compensating-coils  must  have  an  influence,  and 
in  the  opposite  direction.  But  calculation  shows  that  the 
influence  must  be  small.  The  radius  of  the  large  coil  is 
[)  centim,,  and  (to  take  an  example)  the  distance  of  its  mean 
plane  from  the  suspended  needle  in  one  set  of  experiments  on 
liard  iron  was  13"6  centim.  Under  these  circumstances  the 
magnetic  force  in  the  spiral,  even  at  the  nearer  end,  is  influ- 
enced less  than  2  per  cent,  by  the  large  compensating-coil. 
The  effect  of  the  smaller  coil  is  about  the  same.  For  the 
present  purpose  it  is  hardly  worth  while  to  take  these  correc- 
tions into  account. 

As  has  been  remarked,  the  coils  of  the  apparatus  were 
always  connected  in  series  ;  but  a  reversing-key  (serving  also 
to  make  and  break)  was  introduced  so  as  to  allow  of  the  re- 
versal of  the  compensating-coil  in  relation  to  the  others.  In 
one  position  of  the  key  ( — )  the  action  of  the  coil  and  of  the 
magnetized  iron  are  opposed ;  in  the  other  ( + )  the  actions 
conspire.  When  the  currents  to  be  used  were  not  exceedingly 
small,  the  whol«  apparatus  was  in  simple  circuit  with  a  Daniell 
cell  and  such  resistance-coils  as  were  necessary.  Exclusive 
of  the  cell  and  of  the  added  resistances,  the  whole  resistance 
was  7^  ohms. 

As  an  example,  I  will  now  give  the  details  of  some  obser- 
vations on  December  6  made  to  test  the  behaviour  of  unan- 
nealed  Swedish  iron  wire.  The  diameter  of  the  wire  is 
1*6  millim.  ;  it  is  from  the  same  hank  as  a  piece  used  in  the 
experiments  of  Part  II.*  The  compensating-coil  was  adjusted 
until  it  made  no  difference  whether  the  key  w^as  open  or 
closed  (  — ),  the  additional  resistance  being  1000  ohms.  In 
stating  the  result  it  will  for  the  present  be  sufficient  to  give 
the  German-silver  resistances,  that  of  the  apparatus  and  of  the 
battery  being  relatively  of  no  importance.  The  corresponding 
current  is  about  lO^^O.G.S.,  and  the  strength  of  the  magnetic 
field  in  the  spiral  is  given  by 

1287rC  =  -04  C.G.S. 

We  shall  have  a  better  idea  of  this  if  we  recall  that,  on  the 
same  system  of  measurement, 

H  =  -18; 

so  that  the  force  in  action  is  about  ^  of  that  which  the  earth 
exercises  horizontally. 

*  L.  c.  p.  488. 
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When  the  resistance  was  altered  to  11,000  ohms,  the  com- 
pensating-coil  of  course  remaining  undisturbed,  contact  (  — ) 
produced  no  visible  motion,  showing  that  the  same  compen- 
sation is  suitable  for  the  much  smaller  force.  But  at  this 
point  we  require  to  be  assured  that  the  absence  of  disturbance 
is  not  due  merely  to  want  of  sensitiveness.  The  necessary 
information  is  afforded  at  once  by  making  reversed  contact 
(  +  ),  which  (with  11,000  ohms)  gave  a  swing  of  57  divisions. 

To  diminish  the  magnetizing  force  still  furthei*,  a  shunting 
arrangement  was  adopted.  The  current  from  the  Daniell  was 
led  through  10,000  ohms  and  then  through  a  box  capable 
of  providing  resistances  from  1  to  1000.  The  circuit  of  the 
apparatus  included  another  coil  of  10,000  ohms^,  and  its  ter- 
minals were  connected  to  those  of  the  box.  The  battery- 
current  was  thus  about  "0001  ampere,  or  10~^  C.Gr.S.  If  a 
be  the  (unplugged)  resistance  in  the  box,  the  E.M.F.  at  the 
terminals  of  the  apparatus-circuit  is  a  x  10~^  volts ;  and  the 
current  C  through  the  magnetizing  helix  and  compensating- 
coil  is  a  X  10"^  C.G.S. 

When  a  =  1000  ohms,  (  — )  gave  no  visible  deflection,  while 
(  +  )  caused  a  swing  of  5  divisions. 

At  this  stage  recourse  Avas  had  to  the  "  method  of  multipli- 
cation •'■'  in  order  to  increase  the  sensitiveness*.  A  pendulum 
was  adjusted  until  its  swings  were  synchronous  with  those  of 
the  suspended  needle.  It  was  then  easy  to  make  and  break 
contact  in  such  a  way  as  to  augment  the  swing  due  to  any 
outstanding  force.  Thus,  when  a  =  1000,  the  swing  was  in- 
creased by  the  use  of  the  timed  contacts  and  ruptures  (  +  ) 

•  The  advantage  of  the  method  of  multiplication  seems  to  he  hardly 
sufficiently  appreciated.  It  is  not  merely  that  the  elfect  is  presented  to 
the  eye  in  a  niaguitied  form.  That  object  can  be  attained  by  optical 
appliances,  and  by  diminishing  the  directive  force  upon  the  suspended 
p.arts,  whether  by  using  a  nearly  astatic  system  of  needles,  or  by  ctmi- 
pensatiug  the  tield.  For  the  most  part  these  devices  augment  the  un- 
avoidable disturbances  (which  exhibit  themselves  by  a  shifting  zero)  in 
the  same  proportion  as  the  effect  to  be  measured,  or  at  any  rate  rendered 
apparent.  The  real  ultimate  impediment  to  accuracy  of  measurement  is 
almost  always  the  difficulty  of  distinguishing  the  effect  under  examination 
from  accidental  disturbances,  and  it  is  to  overcome  this  that  our  efforts 
should  be  directed.  The  method  of  multiplication  is  here  of  great  service. 
The  desired  effects  are  largely  magnified,  while  the  disturbances,  which 
are  not  isoperiodic  with  the  vibrations  of  the  needle,  remain  unmagnified, 
and  therefore  fall  into  the  background. 

It  is  obvious  that,  in  order  to  secure  this  advantage,  the  \'ibration3 
must  not  be  strongly  damped.  No  doubt  a  highly  damped  galvanometer- 
needle  is  often  convenient,  and  someliuies  indi-pcnsable.  Ijut  it  seems  to 
be  a  mi.itake  to  use  it  wliere  a  null  method  is  applical)le,  and  when  the 
utmost  delicacy  is  required.  In  such  a  case  the  inertia  of  the  needlf,  and 
the  forces  both  of  restitution  and  of  damping,  should  all  be  made  small. 
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until  it  measured  26  divisions  instead  of  5  only.  But  a 
similar  series  of  operations  with  reversed  currents  (— )  caused 
no  s\\  ing  amounting  to  ^-q  division  ;  so  that  ^ve  may  consider 
the  compensation  proved  to  be  still  perfect  to  about  1  per  cent. 

In  applying  the  method  to  still  smaller  forces  we  cannot 
avoid  a  loss  of  sensitiveness.  With  a=:100,  (  +  )  gave  3  di- 
visions, while  the  effect  of  (  — )  remained  insensible.  The 
correctness  of  the  compensation  is  thus  verified  to  about  G  per 
cent,  of  the  separate  effects.  Had  the  iron,  even  at  this  stage, 
refused  to  accept  magnetization,  the  fact  would  have  mani- 
fested itself  by  the  equality  of  the  swings  obtainable  in  the 
two  wavs,  (  +  )  and  (  — ),  of  making  the  connections. 

In  the  last  case  mentioned  the  current  was  10"''  C.G.S., 
and  the  magnetic  force  was  4  x  10"^  C.G.S.  We  may  there- 
fore regard  the  proportionality  of  magnetic  induction  to  mag- 
netic force  over  the  range  from  5H  to  ^j^qH  as  an  experi- 
mental fact.  In  view  of  this,  neither  theory  nor  observation 
give  us  any  reason  for  thinking  that  the  proportionality 
would  fail  for  still  smaller  forces. 

Quite  similar  results  have  been  obtained  with  steel.  On 
December  13  a  piece  of  drill  steel  (unannealed)  was  examined, 
the  delicacy  of  the  apparatus,  as  evidenced  by  the  (  +  )  effect, 
being  about  the  same  as  in  the  above  experiments  on  hard 
Swedish  iron.  No  failure  of  proportionality  could  be  detected 
with  forces  ranging  from  about  i  H  to  yooou  •^* 

Annealed  iron  is  a  much  less  satisfactory  subject.  With 
imannealed  iron  and  steel  the  compensation  for  small  forces 
may  be  made  absolute,  so  that  neither  at  the  moment  of  closing 
the  circuit  nor  afterwards  is  there  any  perceptible  disturbance. 
This  means  that  (so  far  as  the  magnetometer-needle  can 
decide)  the  metal  assumes  instantaneously  a  definite  magnetic 
condition  which  does  not  afterwards  change.  But  soft  iron 
shows  much  more  complicated  effects.  The  following  obser- 
vations were  made  upon  a  piece  of  Swedish  iron  (from  the 
same  hank  as  the  former)  annealed  in  the  flame  of  a  spirit- 
lamp.  When  an  attempt  was  made  to  compensate  for  the 
imposition  of  a  force  equal  to  ^  H,  no  complete  balance  could 
be  obtained.  When  the  coil  was  so  placed  as  to  reduce  as 
much  as  possible  the  instantaneous  effect,  there  ensued  a  drift 
of  the  magnetometer-needle  represented  by  about  170  divi- 
sions of  the  scale,  and  in  such  a  direction  as  to  indicate  a 
continued  increase  of  magnetization.  Precisely  opposite 
effects  followed  the  withdrawal  of  the  magnetizing  force. 
The  settling  down  of  the  iron  into  a  new  magnetic  state  is 
thus  shown  to  be  ftir  from  instantaneous.  On  account  of  the 
complication  entailed  by  the  free  swings  of  the  needle,  good 
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observations  on  the  drift  could  not  be  obtained  with  this  ap- 
paratus ;  but  it  was  evident  that,  whilst  most  of  the  anomalous 
action  was  over  in  3  or  4  seconds,  the  final  magnetic  state 
was  not  attained  until  after  about  15  or  20  seconds*. 

The  operation  of  feebler  forces  was  next  examined,  rather 
with  the  expectation  of  finding  the  drift  reduced  in  relative 
importance.  But  the  imposition  of  g\j  H  was  followed  by  a 
drift  of  13  or  14  divisions,  no  very  small  fraction  of  the  whole 
action  ;  as  was  seen  from  the  observation  that  the  ( + )  effect 
was  now  300  divisions,  of  which  150  are  due  to  the  iron. 
With  20,000  ohms  in  circuit,  giving  a  force  equal  to  -j-oo  H, 
the  drift  was  6  or  7  divisions.  By  still  further  diminishing 
the  force  the  drift  could  be  reduced  to  insignificance  ;  but  it 
appeared  to  maintain  its  proportion  to  the  instantaneous  eflFect. 
Apart  from  the  complication  due  to  the  drift,  the  magneti- 
zation was  proportional  to  magnetizing  force  from  -^q  H  to 
-500  0  H  or  lessf. 

The  question  now  presents  itself,  What  is  the  actual  value 
of  the  permeability  which  has  been  proved  to  be  a  definite 
constant  for  small  forces  ?  In  consequence,  however,  of  the 
nearness  of  the  operative  pole  to  the  suspended  needle  in  the 
preceding  experiments,  no  moderately  accurate  value  of  jm 
can  be  deduced.  But  the  observations  described  in  Part  IE. 
are  sufficient  to  show  that  the  constant  permeability  for  hard 
iron  has  some  such  value  as  90  or  100,  the  forces  then  opera- 
tive being  within  the  prescribed  limits.  The  fact  that  the 
initial  vakie  of  //.  is  so  large  is  obviously  of  great  theoretical 
and  practical  importance.  Further  evidence  will  be  brought 
forward  presently  in  connection  with  observations  made  with 
an  arrangement  better  suited  to  an  absolute  determination. 

Too  definite  a  character  must  not  be  ascribed  to  the  above- 
mentioned  limit  of  ^H.  Below  this  point  the  deviations  from 
the  law  of  proportionality,  though  mathematically  existent,  are 
barely  sensible.  In  order  to  understand  this,  it  is  well  to  con- 
sider what  happens  when  the  limit  is  plainly  exceeded.  If  a 
force  of  the  order  H  be  imposed,  the  compensating-coil  (ad- 
justed for  small   forces)  appears  to  be  overpowered,  and  a 

*  Prof.  Ew'ing  (he.  cit.  §  52)  describes  "a  time  lag  in  magnetization," 
especially  noticeable  in  the  softest  iron  and  at  points  near  the  beginnino- 
of  the  steep  part  of  the  magnetization-curve.  It  should  have  been  stated 
that  my  apparatus  was  very  lirmly  supported,  and,  being  situated  under- 
ground, was  well  protected  from  vibration.  The  drift  or  creeping  did 
not  appear  to  be  due  to  this  cause. 

t  Tlie  results  here  set  forth  were  announced  in  a  discussion  foUomno' 
I'rof.  Hughes's  address  to  the  Society  of  Telegraph  Engineers  on  Fe- 
bruary 11,  188()  (Journ.  Tel.  Eng.  xv.  p.  IJO),  on  the  strength  of  prelimi- 
nary experiments  tried  towards  the  close  of  18S6. 
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large  deflection  occurs.  If  the  force  be  now  removed^  tlie 
recovery  is  incomplete,  indicating  that  the  iron  retains  residnal 
magnetism.  Subsequent  applications  and  removals  of  the 
force  ])roduce  a  nearly  regular  effect,  and  always  of  such  a 
character  as  to  prove  that  the  magnetic  changes  in  the  iron 
exceed  those  demanded  by  the  law  of  proportionality.  As 
might  be  expected,  the  excess  varies  as  the  square  of  the 
force  ;  and  thus,  when  the  force  is  small  enough,  it  becomes 
insignificant,  and  the  law  of  proportionality  expresses  the 
facts  of  the  case  with  sufficient  accuracy.  But  the  precise 
limit  to  be  fixed  to  the  operation  of  the  law  depends  neces- 
sarily upon  the  degree  of  accuracy  demanded. 

The  readings  with  and  without  the  force  being  tolerably 
definite,  it  would  of  course  be  possible,  by  pushing  in  the 
compensating-coil,  to  bring  about  an  adjustment  in  which  the 
application  or  removal  of  the  force  causes  no  deflection.  But 
this  state  of  things  must  be  carefully  distinguished  from  the 
compensation  obtainable  with  ver}'  small  forces,  in  that  it  is 
limited  to  one  particular  step  in  the  magnitude  of  force.  If 
we  try  a  force  of  half  the  magnitude,  we  find  the  compensation 
fail.  Not  only  so^  but  the  reading  will  be  different  under  the 
same  force  according  as  we  come  to  it  from  the  one  side  or 
from  the  other.  The  curve  representing  the  relation  between 
force  and  magnetization  is  a  loop  of  finite  area. 

Except  for  the  purpose  of  examining  whether  the  whole 
magnetization  is  assumed  instantaneously  (absence  of  drift), 
there  is  little  advantage  in  the  compensation  being  adjusted 
for  the  extreme  range  under  trial.  It  is  usually  better  to 
retain  the  adjustment  proper  to  very  small  forces.  Even 
though  it  fails  to  give  a  complete  compensation,  the  coil  offers 
an  important  advantage,  which  will  presently  appear;  and  its 
use  diminishes  the  displacement  to  be  read  upon  the  scale. 

We  have  seen  that  when  the  forces  are  very  small  there  is 
a  definite  relation  between  force  and  magnetization,  of  such  a 
character  that  one  is  proportional  to  the  other  ;  the  ratio  k 
(the  susceptibility)  is  a  definite  constant.  When,  however, 
certain  limits  are  exceeded  there  is  no  fixed  relation  between 
the  quantities  ;  and  if  k  is  still  to  be  retained,  it  requires  a 
fresh  definition.  It  is  not  merely  that  k,  as  at  first  defined, 
ceases  to  be  constant,  but  rather  that  it  ceases  to  exist.  Upon 
this  point  the  verdict  of  experiment  is  perfectly  clear.  There 
is  no  curved  line  by  which  the  relation  between  force  and 
magnetization  can  be  unambiguously  expressed,  and  which 
can  be  traversed  in  both  directions.  As  soon  as  the  line 
ceases  to  be  straight,  it  ceases  also  to  be  single.  I  have 
thought  it  desirable  to  emj)hasize  this  point,  because  the  term 
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"  magnetization-function/'  introduced  by  Dr.  Stoletow,  rather 
suggests  a  different  conclusion. 

The  curves  given  by  Stoletow  and  by  Rowland  in  their 
celebrated  researches  are  not  exactly  magnetization-curves  in 
the  more  natural  sense  ;  that  is  to  say,  they  do  not  exhibit 
fully  the  behaviour  of  a  piece  of  iron  when  subjected  to 
a  given  sequence  of  magnetic  forces.  But  a  number  of  such 
curves  have  been  drawn  by  Ewing  which  afford  all  necessary 
general  information.  Among  these  we  may  especially  dis- 
tinguish the  course  followed  by  the  iron  in  passing  from 
strong  positive  to  strong  negative  magnetization  and  vice 
versa,  and  that  by  which  iron  starting  from  a  neutral  con- 
dition first  acquires  magnetization  under  the  action  of  a  force 
constantly  increasing. 

Attention  is  called  by  Ewing  to  the  loojys  which  are  formed 
when  the  forces  are  carried  round  a  (not  very  small)  cycle  of 
any  kind.  "Every  loop  in  the  diagram  shows  that  when  we 
reverse  the  change  of  magnetizing  force  from  increment  to 
decrement^  or  vice  versa,  the  magnetism  begins  to  change 
very  gradually  relatively  to  the  change  of  .j3  (the  force),  no 
matter  how  fast  it  may  have  been  changing  in  the  opposite 
direction  before.  So  much  is  this  the  case  that  the  curves, 
when  drawn  to  a  scale  such  as  that  of  the  figure,  appear  in  all 
cases  to  start  off  tangent  to  the  line  parallel  to  the  axis  on 
which  .)3  is  measured  whenever  the  change  of  .p  is  reversed  in 
sign." 

The  question  here  raised  as  to  the  direction  of  the  curve, 
after  the  force  has  passed  a  maximum  or  minimum,  is  one  of 
great  importance.  If  it  were  strictly  true  that  this  direction 
were  parallel  to  the  axis,  it  would  follow  generally  that  iron  in 
any  condition  of  magnetization  would  be  uninfluenced  by 
small  periodic  variations  of  magnetic  force  ;  for  example,  that 
in  many  telephone  experiments  iron  would  show  no  magnetic 
properties.  The  experiments  already  detailed  prove  that  when 
the  whole  force  and  magnetization  are  small  (they  were  not 
actually  evanescent)  very  sensible  proportional  changes  of 
magnetization  accom])any  small  changes  of  force,  the  ratio 
being  such  as  to  give  a  permeability  not  much  inferior  to 
100.  IS'othing  is  easier  than  to  show  that  this  conclusion  is 
not  limited  to  very  small  mean  forces  and  magnetizations. 
As  i-egards  the  latter,  we  may  apply  and  remove  u  force 
(say)  of  5H.  By  this  operation  the  iron  is  left  in  a  different 
magnetic  condition,  and  the  zero-reading  of  the  magnetometer 
is  altered,  probably  to  the  extent  of  driving  the  sj)ot  of  light 
off  the  scale.  But  if  we  bring  the  needle  back  with  the  aid  of 
external  magnets,  we  can  examine,   as  before,  the  effect  of 
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imposing  a  small  force  (under  ^H).  If  this  be  in  the  opposite 
direction  to  the  provious  large  force,  it  will  produce,  in  spite 
of  the  compensating-coil,  a  very  sensible  effect;  for  in  this 
case  the  movement  from  0  to  — ^H  is  in  continuation  of  the 
previous  movement  from  5H  to  0.  But  subsequent  appli- 
cations and  removals  of  ^H  produce  no  visible  effect  upon  the 
needle,  as  would  have  happened  from  the  first  had  the  small 
force  operated  in  the  positive  direction.  We  may  conclude, 
then,  that  the  compensation  for  small  forces  suitable  when  the 
iron  is  nearly  free  from  magnetization  is  not  disturbed  by  the 
presence  of  considerable  residual  magnetism. 

To  examine  the  action  of  a  small  increment  or  decrement, 
when  the  total  force  is  relatively  large,  we  must  either  intro- 
duce a  second  magnetizing  helix  or  effect  the  variation  of 
current  otherwise  than  by  breaking  the  circuit.  I  found  it 
most  convenient  simply  to  vary  the  resistance  taken  from  the 
box,  so  arranging  matters  that  the  small  alteration  of  current 
required  could  be  effected  by  the  insertion  or  removal  of  a 
single  plug.  The  corresponding  change  of  current  is  obtained 
by  inspection  of  a  table  of  reciprocals  ;  and  it  was  readily 
proved  that  within  the  admissible  range  of  the  apparatus  the 
compensation  was  just  as  effective  whether  a  step  (not  ex- 
ceeding -J-H)  was  made  from  zero  or  from  a  force  (say)  of  5FI, 
20  or  oO  times  as  great  as  the  increment  or  decrement  itself. 
It  need  scarcely  be  repeated  that  there  is  an  exception  as 
regards  the  first  step,  in  the  case  where  it  is  in  the  same 
direction  as  the  large  movement  preceding  it. 

At  this  stage  the  original  magnetizing-coil,  having  been 
arranged  for  the  investigation  of  the  smallest  forces,  was 
replaced  by  another  at  a  greater  distance  from  the  suspended 
needle.  When  the  magnetization  of  the  iron  in  its  various 
parts  fails  to  vary  in  strict  proportion  to  the  force,  the  effective 
pole  is  liable  to  shift  its  position  ;  and  this  is  an  objection  to  the 
horizontal  arrangement  adopted  in  the  earlier  experiments. 
The  helix  was  therefore  placed  vertically,  the  lower  end  of  the 
iron  core  being  a  trifle  below  the  level  of  the  magnetometer- 
needle.  The  upper  pole  was  at  such  a  distance  as  to  give 
but  little  relative  effect.  The  length  of  the  new  helix,  wound 
like  the  other  upon  a  glass  tube,  is  about  30  centim.  The 
windings  are  in  four  layers,  at  the  rate  altogether  of  65  per 
centim. ;  so  that  (under  the  same  current)  the  magnetizing 
force  is  about  twice  as  great  as  before.  The  resistance  is 
4"75  ohms. 

A  large  number  of  observations  have  been  made  upon  a 
core  of  rather  hard  Swedish  iron,  3*30  millim  in  diameter. 
The  same  compensating-coil  as  before  was  found  suitable,  and 
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the  arrangements  were  unaltered,  except  that  an  additional 
reversing-key  was  introduced,  by  which  the  poles  of  the 
Daniell  cell  could  be  interchanged.  The  total  resistance  of 
the  circuit,  independently  of  the  box,  was  7  ohms.  The 
length  of  the  core — or,  rather,  of  the  part  exposed  to  the 
magnetizing  force* — being  about  100  diameters,  is  scarcely 
sufficient  for  an  accurate  determination  ;  but  from  the  observed 
position  necessary  for  the  compensating-coil  we  can  get  at 
least  a  rough  estimate  of  the  susceptibility  for  small  forces. 
Thus,  on  December  28th,  there  was  compensation  for  small 
forces  when  the  distances  of  the  needle  from  the  mean  plane  of 
the  compensating-coil  and  from  the  operative  pole  of  the  iron 
core  were  respectively  17*2  centim.  and  9"3  centim.  The 
magnetic  force  at  the  needle,  due  to  unit  current  in  the  com- 
pensating-coil, is 

27r  X  74  X  9^  _  . 

{92  +  17-2^}t~'''-^^- 

The  magnetizing  force  in  the  interior  of  the  helix  for  unit 
current  is 

47r  X  65  =  817. 

If  k  be  the  susceptibility,  the  strength  of  the  pole  is 

>  X -3302  X  817  x/;; 

and  since  the  distance  of  this  from  the  needle  is  9*3  centim., 
we  have,  to  determme  k, 

^'"iTTX -330^x817-^'^^' 
so  that 

fi=l+4.7rk  =  Sl. 

This  is  probably  an  underestimate. 

In  order  to  obtain  results  comparable  with  those  of  Stoletow 
and  Rowland,  the  iron  was  submitted  to  a  series  of  cycles  of 
positive  and  negative  force.  According  to  Ewing,  the 
behaviour  is  simplest  when  the  iron  is  tirst  treated  to  a 
process  of  "  demagnetization  by  reversals.'"  This  was  effected 
in  situ  as  a  preliminary  to  the  experiments  of  January  4th, 
the  resistance  in  the  box  being  increased  by  small  steps  from 
a  few  ohms  to  a  thousand  ohms  ;  while  at  each  staoe  the 
battery  was  reversed  several  times.  It  must  be  remarked, 
however,  that  the  iron  was  all  the  while  under  the  influence 
of  the  earth's  vertical  force  ;  so  that  the  resulting  condition 
was  certainly  not  one  of  demagnetization.     But  even  as  thus 

*  At  the  upper  end  the  iron  projected  beyond  the  coil. 
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carried  out,  the  operation  was  probably  advantageous  as  obli- 
terating the  influence  of  tlio  previous  history  of  the  iron 
core. 

The  compensation  was  in  the  first  place  adjusted  so  that  no 
displacement  could  be  detected,  whether  the  resistance  was 
infinity  or  2007  ohms*.  This,  of  course,  was  in  the  position 
of  the  reversing-key  denoted  (  —  ).  When  the  iron  and  the 
compensating-coil  acted  in  the  same  direction  (  +  ),  the  dis- 
placement was  8  divisions. 

In  Table  I.  the  first  column  gives  the  total  resistance  of 
the  circuit  in  ohms,  and  the  second  gives  the  reciprocals  of 
the  first,  numbers  proportional  to  the  current  or  magnetizing 
force.  Repetitions  of  a  cycle  are  shown  on  the  same  hori- 
zontal line,  for  greater  convenience  of  comparison.  Thus  the 
first  application  of  current  +197  gave  the  reading  242  ;  a 
second  application,  after  the  cycle  +197,0,  — 197,0,  gave 
241^.  After  two  of  these  cycles  had  been  completed,  the 
current  +326  gave  the  reading  245.  To  the  readings  as 
entered  a  small  correction  to  infinitely  small  arcs  has  been 
applied.  The  letters  R,  L  in  the  first  column  indicate  the 
alternative  positions  of  the  battery  reversing-key.  It  will 
be  seen  that  very  nearly  the  same  numbers  are  obtained 
on  repetition  of  a  cj'cle,  and  that  even  the  first  application 
of  an  increased  force  gives  a  normal  result. 

The  first  question  which  suggests  itself  is  the  law  connecting 
the  magnitude  of  a  current  with  the  alteration  of  magneti- 
zation caused  by  its  reversal.  The  quantities  under  conside- 
ration are  exhibited  in  Table  II.,  where  the  first  column  gives 
the  current  {x)  and  the  second  column  the  displacement  (?/) 
due  to  reversal.  The  relation  between  x  and  y  is  well  ex- 
pressed by  the  formula 

y= --00530;  + 1-072A-2, (1) 

of  which  the  whole  of  the  second  member  is  shown  in  column  5, 
and  the  two  parts  separately  in  columns  3  and  4.  Column  6 
gives  the  differences  between  the  observed  displacements  and 
those  calculated  from  the  formula ;  they  do  not  much  exceed 
the  errors  of  observation. 

It  will  of  course  be  borne  in  mind  that  the  maonetization 
exhibited  here  is  additional  to  the  part  rendered  latent  by  the 
compensating-coil,  and  that  the  existence  of  the  small  linear 
term  may  be  attributed  to  a  defective  adjustment  of  that  coil. 
The  calculated  value  of  y  for  the  step  from  infinite  resistance 

*  For  greater  delicacy,  recourse  was  had  to  the  "  method  of  muUipli- 
cation, '  assisted  by  a  peudulum,  as  already  described. 


imdet'  the  Operation  of  Feeble  Magnetic  Forces. 
Table  L— Jan.  4,  1887. 


237 


Resistance. 


1007  R 

CO    

1007  L 

00      

507  R.. 

cc    

507  L.. 
00    

307  R.. 

00    

307  L.. 
00    

207  R.. 
00    

207  L.. 
00    

107  R.. 

00    

107  L.. 
00    

87  R  ., 
00    

87  L  .. 
00    

177  R. 

77  R.. 
177  R., 

00    

177  L  . 

77  L.. 
177  L., 

00     ...., 

167  R., 
67  R., 

167  R. 

00    

167  L.. 
67  L., 

167  L.. 


Current. 


+ 


+ 


0 

099 

0 
099 

0 
197 

0 
197 

0 


+ 


326 
0 
-  326 
0 


+  483 
0 

-  483 

0 

+  934 
0 

-  934 

0 

+  1149 
0 

-1149 
0 

4-  565 
+  1298 
-H  565 
0 

-  565 
-1298 

-  565 

0 

+  599 
+  1493 
+  599 
0 

-  599 
-1493 

-  599 

0 


Corrected  Readings. 


240 

241 

241 

240 

240 

242 

24U 

238^ 

239 

245~ 

235" 
237 

250J 
246 
228 
232^ 

283^ 
264^ 
195i 
214 

306^ 
276| 
172i 
20U 


174f 


241^ 
241 
238i 
239 

245 
243 
235 
237 

250J 
246 

228 
232^ 

283| 
264^ 
195i 
214 

307^ 
276f 

17U 
201 


2381 

3251 

325i 

315^ 

286i: 

286 

237^ 

151^ 

150J 

160 

190^ 

188J 

352f 

353" 

299" 

299i 

1211 

i2u 

174i 


284 
265 
195i 
213^ 

307 
277 
171^ 
201 


232^ 

353^ 

337i 

300 

241^ 

12U 

136 

173i 


232i 
353| 
3381 
SOU 


to  2007  olims,  which  is  one  quarter  of  the  first  step  in  the 
table  (from  1007K  to  1007L),  is 

y=  —-13 +  "06=  —'07  division. 
This  is  the  step  for  which  the  coil  M'as  adjnsted  ;  and  the  dif- 
ference between  the  calculated  and  observed  (zero)  value  of  y 
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is  perhaps  as  small  as  could  have  been  expected.  It  is  fair  to 
conclude  that,  if  the  compensating-coil  could  have  been  per- 
fectly adjusted  for  a  very  small  step  (the  actual  step  was 
scarcely  small  enough),  the  uncompensated  effects  visible  with 
larger  currents  would  have  been  expressible  by  a  quadratic 
term  simply. 

The  currents  {x)  given  in  the  tables  are  reduced  to  C.G.S. 
measure  when  divided  by  10^.  On  the  same  system  the  mag- 
netizing force  is 

so  that  the  force  due  to  the  strongest  current  referred  to  in 
the  table  is  1*2  C.G.S. ,  or  about  7H.  When  the  current  is 
reversed,  the  change  of  magnetic  force  is  of  course  the  double 
of  this  quantity. 

In  extending  the  definition  of  susceptibility  to  cases  in 
which  the  force  is  not  very  small,  we  might  proceed  in  more 
than  one  way.  If  we  take  the  ratio  of  the  change  of  mag- 
netization to  change  of  force  when  the  force  is  reversed,  we 
are  following  good  authorities;  and  we  get  a  definition  which 
is  at  any  rate  consistent  with  the  definition  necessary  when 
small  forces  are  concerned.  The  values  of  k  for  different 
forces  are  not  given  by  a  direct  comparison  of  the  numbers  in 
Table  II.,  since  the  magnetometer-scale  is  arbitrary  ;  but  we 
may  find  for  what  force  the  susceptibility  is  (for  example)  the 
double  of  that  applicable  to  infinitely  small  forces. 

Table  II. 


Current, 

Displacement, 

-O053.r. 

1-072x2. 

-00053X. 
+1-072x2. 

Diff. 

99 

1 

0-52 

1-05 

05 

+0-5 

197 

H 

10 

4-2 

3-2 

0 

326 

10 

1-7 

11-4 

9-7 

+0-3 

483 

22i 

2-6 

250 

22-4 

-0-2 

9^4 

881 

4-9 

93-7 

88-8 

-0-3 

1149 

136 

6-1 

141-5 

135-4 

+0-6 

1298 

174 

69 

180-6 

173-7 

+  0-3 

1493 

231 

7-9 

238-9 

231-0 

0 

For  this  purpose  we  must  note  that  the  conjoint  effect  of 
the  magnetization  due  to  current  50,  simply  applied  or  re- 
moved, and  of  the  compensating-coil,  was  8  divisions,  of 
which  half  is  due  to  each  cause.     The  effect  of  the  coil  for  a 
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reversal  of  current  50  is  thus  8  divisions,  and  being  propor- 
tional to  the  current  can  be  deduced  for  any  other  case.  At 
the  bottom  of  the  table,  where  the  current  is  1493,  the  dis- 
placement rendered  latent  by  the  coil  is  thus  about  240  divi- 
sions ;  and  since  at  this  point  the  uncompensated  displacement 
is  nearly  of  the  same  amount,  we  see  that  the  value  of  k  (as 
above  defined)  is  here  doubled.  Thus,  if  ^  denote  the  mag- 
netizing force  in  C.G.S.  measure,  we  have 

^  =  6-4(l  +  -8^). 

The  form  of  the  relations  of  ^  to  ^  for  small  forces  is  pretty 
accurately  demonstrated  by  the  observations.  On  the  other 
band,  the  reduction  to  absolute  measure  is  rather  rough* — a 
point  of  less  consequ-ence,  inasmuch  as  the  constants  may  be 
expected  to  vary  according  to  the  sample  and  condition  of  the 
iron. 

The  obser stations  in  Table  I.  give  a  good  deal  more  than  the 
extreme  range  of  magnetization  due  to  the  reversal  of  a  force. 
In  all  cases  the  two  residual  magnetizations  (when  the  force 
is  zero)  are  recorded  ;  while  in  the  two  latter,  where  the  range 
is  greatest,  further  intermediate  points  are  included.  The 
results  are  plotted  in  Plate  II.  fig.  2,  where  it  will  be  seen 
that  the  curves  start  backwards  in  a  horizontal  direction  after 
a  maximum  or  minimum  of  force.  Special  observations  (not 
recorded  in  the  table)  were  directed  to  this  point.  Neither  at 
the  maxima  nor  at  the  zeros  of  force  was  there  any  evidence 
of  failure  of  compensation  when  a  small  backward  movement 
was  made. 

The  curves  do  not  differ  much  from  parabolas  ;  and  in 
other  cases,  where  the  applied  magnetic  forces  were  all  of 
one  sign,  I  have  found  that  after  a  large  movement  in  one 
direction,  the  curve  representing  a  backward  movement 
coincides  somewhat  closely  with  a  parabola  whose  magnitude 
is  nearly  the  same  under  different  circumstances,  and  which 
is  placed  so  that  its  axis  is  vertical  and  vertex  coincident  with 
the  point  where  the  backward  movement  commences.  The 
reader  will  not  forget  that  to  obtain  the  real  curves  fully  ex- 
pressing the  relation  between  magnetization  and  force,  we  must 
add  the  effect,  proportional  to  the  force,  rendered  latent  by  the 
compensating-coil. 

On  the  basis  of  this  parabolic  law  we  may  calculate  the 
influence  of  hysteresis  in  the  magnetization  of  iron  upon  the 
apparent  self-induction  and  resistance  of  the  magnetizing- 
coil,  when  periodic  currents  of  moderate  power  are  allowed 

•  lu  all  probiibility  the  number  64,  applicable  wlion  §=0,  is  too 
small. 
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to  pass.  If  we  reckon  from  tho  mean  condition,  we  may 
express  tlie  relation  between  the  extreme  changes  of  magneti- 
zation and  force  by  the  formula 

3'  =  a^'  +  ^^'^ (2) 

where  a  and  /9  are  constants,  corresponding  with  the  6'4  and 
6'4  X  '8  of  the  example  given  above.  But  no  such  single 
formula  can  express  the  relation  for  the  rest  of  the  cycle. 
When  6^  is  diminishing  from  ^  =  'iy  to  ^=  —^y, 

but  when  ^  is  increasing  from  ^=  —■^'  to  ^  =  ^', 

These  expressions  coincide  at  the  limits  «!^=  ±^',  but  differ 
at  intermediate  points.  Since  the  force  is  supposed  to  be 
periodic,  we  may  conveniently  write 

^  =  ^'  cos  ^  ; 

whence,  putting  also  for  brevity  a'  in  place  of  a^',  fi'  in  place 
of  /S.^'^,  we  get 

3  =  a'  cos  e  +  /S'{cos  d  +  i  sin^  6} 

from  ^  =  0  to  6  — IT, 

3  =  a'cos  6'  +  /S'{cos  e-\  sin^  6] 

from  ^  =  7r  to  6  —  27r. 

We  have  now  to  express  3  for  the  complete  cycle  in 
Fourier\s  series  proceeding  by  the  sines  and  cosines  of  6  and 
its  multiples.     The  part 

a'  cos  6  -f-  /3'  cos  6, 

being  the  same  in  the  two  expressions,  is  already  of  the 
required  form.     For  the  other  part  we  get 

±isin2  6'=Bisin6'  +  B3sin36'  +  B5sin56'  +  ....,     .     (3) 
where  only  odd  terms  appear,  and  B^  is  given  by 

—4 

^"^7r«(n"-^-4) ^^^ 

Thus 

3  =  (a'  +  /3')cos6>  +  /3'(r^sin6'-,4-sin3^--4-sin5^-...l.  (5) 

If  the  range  of  magnetization  be  very  small,  /S'  vanishes, 
and  the  influence  of  the  iron  upon  the  enveloping  coil  is 
merely  to  increase  its  self-induction  ;  but  if  yS'  be  finite,  the 
matter  is  less  simple.  The  terms  in  sin  39,  sin  50,  &c.  indicate 
that  the  response  of  the  iron  to  a  harmonic  force  is  not  even 
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purely  harmonic,  but  requires  higher  components  for  its  ex- 
pression. If  we  put  these  terms  out  of  account  as  relatively 
small,  we  must  still  regard  the  phase  of  ^  as  different  from 
that  of  ^.  The  term  in  sin  9  will  show  itself  as  an  apparent 
increase  in  the  resistance  of  the  coil,  due  to  hysteresis,  and 
independent  of  that  which  may  be  observed  even  with  very 
small  forces  as  a  consequence  of  induced  currents  in  the 
interior  of  the  iron.  The  augmentation  of  resistance  now 
under  consideration  may  be  expected  to  be  insensible  when 
the  extreme  range  of  magnetizing  force  does  not  exceed  one 
tenth  of  the  earth's  horizontal  force. 

In  the  absolute  determination  (p.  235)  of  the  susceptibility 
to  very  small  forces  of  the  hard  Swedish  iron  wire  (3'30 
millim.  diameter),  the  length  (about  100  diameters)  was 
scarcely  sufficient  for  an  accurate  estimate.  Similar  experi- 
ments on  a  thinner  wire  (1'57  millim.  diameter)  of  the  same 
quality  of  iron  gave  ^=6"85,  corresponding  to  /x,  =  87.  This 
is  in  the  hard-drawn  condition.  After  annealing  the  same 
piece  of  wire  gave  a  higher  result,  but  in  this  case  the  obser- 
vation is  complicated  by  the  assumption  of  the  magnetic  state 
occupying  a  sensible  time.  The  susceptibility  applicable  to 
the  final  condition  is  as  high  as  22'0,  more  than  three  times 
as  great  as  before  annealing.  But  a  lower  number  would 
better  represent  the  facts,  when  the  small  magnetic  force  is 
rapidly  periodic  ;  and  it  may  oven  be  that  under  forces  of 
frequencies  such  as  occur  in  telephonic  experiments,  most  of 
the  difference  due  to  annealing  would  disappear.  Such  a  con- 
clusion is  suggested  by  the  slight  influence  of  annealing  in 
the  experiment  described  in  Part  II. j"^  where  is  determined 
the  increment  of  resistance  of  an  iron  wire  due  to  the  concen- 
tration of  a  variable  current  in  the  outer  layers.  But  the 
matter  is  one  requiring  further  examination  under  better  ex- 
perimental conditions. 

The  sensitiveness  of  the  magnetometer-needle  in  the  ex- 
periments directed  to  prove  the  constancy  of  susceptibility  to 
small  forces,  suggests  the  inquiry  whether  iron  should  be 
used  when  the  object  is  purely  galvanometric.  An  attempt 
to  produce  a  sensitive  galvanometer  by  hanging  a  mirror  and 
needle  between  the  pointed  pole-pieces  of  a  large  electro- 
magnet, arranged  as  in  diamagnetic  experiments,  was  not 
very  successful.  A  better  result  was  obtained  with  an  astatic 
needle  system,  and  an  electromagnet  on  a  much  smaller  scale. 
This  was  of  horseshoe  form,  the  core  being  of  hard  Swedish 

*  Phil.  Mag.  Dec.  1886,  p.  488. 
Phil.  Mag.  S.  5.  Vol.  23.  No.  142.  March  1887.  S 
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iron  wire  3"3  millim.  diameter.  The  insulated  copper  wire  was 
in  three  layers,  of  resistance  '34  oLni,and  the  total  wei^dit  of  the 
electromagnet  was  283  grams.  ]t  was  held  so  as  to  embrace 
the  upper  needle  system.  When  the  time  of  swing  from  rest 
to  rest  was  4  seconds,  the  movement  due  to  a  current  of  about 
jQ-jyQ  ampere  was  100  divisions.  The  zero  was  steady  enough 
to  allow  a  displacement  of  half  a  division  to  be  detected  with 
tolerable  certainty  in  each  trial ;  so  that,  as  actually  used,  the 
arrangement  was  sensitive  to  a  current  of  ^  x  10~^  ampere. 
The  addition  of  a  similar  electromagnet  embracing  the  lower 
needle  system,  and  connected  in  series,  would  double  the 
sensitiveness,  and  raise  the  resistance  to  '68  ohm.  A  galva- 
nometer thus  constructed,  and  of  resistance  equal  to  1  ohm, 
w^ould  show  a  current  of  10~^  ampere.  Using  finer  wire,  we 
might  expect  an  instrument  of  100  ohms  to  show  a  current  of 
10~^  ampere,  and  so  on. 

For  comparison  with  the  above  I  tried,  in  as  nearly  as 
possible  the  same  way,  the  sensitiveness  of  a  good  Thomson 
astatic  galvanometer  of  resistance  1*3  ohm.  With  an  equal 
time  of  vibration,  a  current  o^-^-—-^  ampere  produced  a  move- 
ment of  300  divisions.  The  zero  was  perhaps  a  little  steadier 
than  before  ;  but  it  will  be  seen  that  the  sensitiveness  was  of 
the  same  order  of  magnitude.  In  both  cases,  by  taking  pre- 
cautions and  by  using  repetition,  the  delicacy  might  have  been 
increased,  probably  tenfold. 

The  experiments  show  that  there  is  no  difficulty  in  con- 
structing a  galvanometer  of  high  sensitiveness  upon  these 
lines.  According  to  theory,  with  ideal  iron  of  permeability 
100,  it  should  be  possible  to  attain  a  much  higher  degree  of 
sensitiveness  than  without  iron.  But  the  tendency  to  retain 
residual  magnetism  would  certainly  be  troublesome,  and  pro- 
bably neutrahze  in  practice  most  of  the  advantage  arising 
from  the  higher  permeability,  which  allows  of  windings  more 
distant  from  the  needles  being  turned  to  good  account.  Another 
inconvenience  may  be  mentioned.  If  the  iron  poles  are 
brought  at  all  close  to  the  needles,  there  is  a  strong  tendency 
to  instability  at  moderate  angles  of  displacement. 

Experiments  already  described  proved  conclusively  that  the 
response  of  iron  and  steel  to  small  periodic  magnetic  forces  is 
not  affected  by  the  presence  of  a  constant  force,  or  of  a  re- 
sidual magnetization,  of  moderate  intensity.  At  the  same  time 
it  appeared  in  the  highest  degree  probable  that  the  indepen- 
dence was  not  absolute,  and  that  the  response  to  a  given  small 
change  of  force  would  fall  off  as  the  condition  of  "  saturation'^ 
is  approached,  even  though  we  admit,  in  accordance  with 
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recent  evidence,  that  saturation  is  attainable  only  in  a  very 
rough  sense.  The  question  was  too  important  to  be  left  un- 
decided, but  it  was  difficult  to  deal  with  by  the  magneto- 
metric  method.  If  the  arrangement  is  sensitive  enough  to 
allow  the  effect  of  the  small  force  to  be  measured  with  reason- 
able accuracy,  it  is  violently  disturbed  by  the  occurrence  of 
hiorh  degrees  of  magnetization.     Moreover  it  is  undesirable 

111 

to  depend  so  much,  as  in  this  method,  upon  what  may  happen 
near  the  free  extremities  of  the  iron  rod,  where  the  magnetic 
forces  must  vary  rapidly.  The  "  ballistic  method/'  in  which 
the  changes  of  magnetization  are  indicated  by  the  throw  of 
a  galvanometer-needle  in  connection  with  a  secondary  coil 
embracing  the  central  parts  of  the  rod,  has  the  great  advan- 
tage for  this  purpose,  that  the  reading  is  independent  of  the 
stationary  condition  of  the  iron.  In  the  first  experiments  by 
this  method  the  magnetizing  helix  was  similar  to  one  already 
described  (p.  234);  and  the  small,  as  well  as  the  large,  altera- 
tions of  force  were  effected  by  varying  the  resistance  of  the 
circuit.  By  suitably  choosing  the  resistances  from  a  box,  the 
small  alterations  of  cnrrent  could  be  obtained  with  sufficient 
suddenness  by  the  simple  introduction  or  removal  of  a  plug, 
and  were  taken  of  the  same  order  of  magnitude  at  different  parts 
of  the  scale.  A  comparison  of  effects  (with  the  aid  of  a  table  of 
reciprocals)  proved  that  a  pretty  strong  total  force  *  or  mag- 
netization did  not  interfere  much  with  the  response  of  the 
iron  to  a  given  force  of  small  magnitude. 

This  arrangement  did  not  well  allow  of  the  investigation 
being  pushed  further  so  as  to  deal  with  stronger  magnetizing 
forces.  If,  with  the  view  of  increasing  the  current,  we  cut 
down  the  german-silvor  resistance  too  closely,  the  estimate  of 
total  resistance  depends  too  much  upon  the  battery^  and  the 
current  becomes  uncertain.  This  difficulty  is  evaded  by  the  use 
of  a  double  wire — one  conveying  the  strong  current,  of  which 
the  measurement  does  not  require  to  be  very  exact;  the  other 
conveying  the  weak  current,  of  which  the  effect  at  different 
parts  of  the  scale  is  to  be  examined. 

In  order  to  obtain  a  satisfactory  ratio  of  length  to  diameter, 
without  the  loss  of  sensitiveness  that  would  accompany  a 
diminution  in  the  section  of  the  iron,  a  helix  was  prepared 
of  length  5i)*G  centim.  It  was  wound  upon  a  glass  tube 
with  a  double  wire  in  three  layers,  the  whole  number  of  turns 
of  each  wire  being  137(5.  The  magnetizing  force  due  to  unit 
current  in  one  wire  is  therefore 

47rxl37{)/59-6  =  290-l. 

*  Up  to  about  6  C.G.S.     The  iron  was  unaanealed  Swedish,  3*3  millim. 
in  diameter. 
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The  resistance  of  each  wire  is  3*2  ohms  ;  and  thus  when 
two  Grrove  cells  are  used  in  connection  with  one  of  the  wires, 
a  current  of  about  an  ampere  (•!  C.G.S.)  can  be  commanded. 
Smaller  currents  were  obtained  by  the  insertion  of  resistances 
from  a  box. 

Although  the  secondary  coil,  connected  with  a  delicate 
galvanometer,  contained  a  large  number  of  convolutions,  the 
sensitiveness  was  insufficient  to  allow  of  the  small  magnetizing 
force  being  taken  as  low  as  would  otherwise  have  been  de- 
sirable. It  was  obtained  by  means  of  the  second  wire  of  the 
helix,  which  was  included  in  the  circuit  of  a  Daniell  cell  and 
200  ohms  from  a  resistance-box.  When  the  circuit  was  com- 
pleted (or  broken)  at  a  key,  the  force  brought  into  operation, 
or  removed,  was 

In  making  a  series  of  observations  it  was  usual,  after  each 
alteration  of  the  strong  magnetizing  force,  to  apply  and  re- 
move the  small  magnetizing  force  several  times  before 
attempting  to  take  readings. 

The  results  obtained  by  this  method  were  of  a  pretty  de- 
finite character.  The  small  force  produced  a  constant  effect 
upon  a  wire  of  unannealed  Swedish  iron,  3 "3  millim.  in 
diameter,  until  the  large  force  was  increased  from  0  to  about 
5  C.Gr.S.  At  about  10  C.G.S.  the  effect  of  the  small  force 
fell  off  5  per  cent.  The  highest  force  used,  about  29  C.G.S., 
reduced  the  effect  to  about  60  per  cent,  of  its  original  amount. 
On  complete  removal  of  the  force  due  to  the  Grove  cells,  there 
was  but  a  partial  recovery  of  effect,  doubtless  in  consequence 
of  residual  magnetization.  After  the  wire  had  been  removed 
from  the  helix  and  well  shaken,  the  small  force  was  found  to 
have  recovered  its  full  efficiency. 

The  wire  was  then  annealed  and  submitted  anew  to  a  similar 
series  of  operations.  The  magnetization  due  to  the  alternate 
application  and  removal  of  the  small  force  was  found  to  be  at 
first,  i.  e.  in  the  absence  of  a  constant  force,  twice  as  great  as 
before  *. 

The  increase,  however,  is  not  long  maintained,  a  steady  force 
of  2  C.G.S.  being  already  sufficient  to  cause  a  marked  falling 
off  (of  about  20  per  cent.) .  Under  the  operation  of  29  C.G.S., 
the  effect  of  the   small  force  fell  to  about  \  of  its   original 

•  It  should  here  be  remembered  that  any  part  of  the  change  of  mag- 
netization which  lags  behind  for  more  than  a  second  or  two,  fails  to 
manifest  itself  fully  iii  the  indications  of  the  galvanometer. 
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amount.  Removal  from  the  helix  and  shaking  in  a  zero 
field  sufficed  to  restore  the  wire  to  its  initial  condition. 

Similar  experiments  upon  an  annealed  wire  of  ''  best  spring 
steel ''  showed  no  sensible  change  of  effect  when  the  steady- 
force  was  varied  from  0  to  about  16  C.G.S.  In  this  case  the 
ratio  of  length  to  diameter  was  about  300. 

We  may  now  regard  it  as  established  : — 

That  in  any  condition  of  force  and  magnetization,  the  sus- 
ceptibility to  small  periodic  changes  of  force  is  a  definite,  and 
not  very  small,  (juantity,  independent  of  the  magnitude  of  the 
small  change. 

That  the  value  of  the  susceptibility  to  small  changes  of  force 
is  approximately  independent  of  the  initial  condition  as  regards 
force  and  magnetization,  until  the  region  of  saturation  is  ap- 
proached. 

Terling  Place,  Witham,  Essex, 
Jan.  24, 1887. 


XXVI.  The  Permanent  and  Temporary  Effects  on  some  of  the 
Physical  Properties  of  Iron,  produced  by  raising  the  Tempe- 
rature to  100°  C.     By  Herbert  Tomlinson,  B.A.  * 

Introduction. 

EOR  many  years  I  have  been  carrying  on  researches  re- 
specting the  effects  of  stress  on  the  physical  properties  of 
matter,  and  during  this  period  I  have  become  acquainted  with 
certain  phenomena,  which,  though  pertaining  more  or  less  ta 
most  metals,  are  so  conspicuous  in  iron  as  to  render  it  worthy 
of  special  attention.  As  these  phenomena  bear  importantly  on 
what  Sir  William  Thomson  has  designated  the  thermodynamic 
qualities  of  metals,  the  investigation  of  which  seems  to  be 
attracting  daily  more  and  more  attention,  I  propose  to  lay- 
before  the  Physical  Society,  from  time  to  time,  such  informa- 
tion concerning  them  as  a  patient  study  has  enabled  me  to 
acquire. 

On  the  pi'esent  occasion  I  would  invite  attention  to  certain 
remarkable  effects  produced  on  some  of  the  physical  proper- 
ties of  iron,  by  merely  raising  the  temperature  to  a  degree 
not  exceeding  100°  C. 

The  Internal  Friction  of  Iron. 

If  an  iron  wire  be  suspended  vertically  with  its  upper  extre- 
mity clamped  to  a  rigid  support,  and  its  lower  one  clamped  or 
soldered  to  the  centre  of  a  horizontal  bar  of  metal,  attached 

*  Communicated  by  the  Physical  Society  :  read  January  22,  1887. 
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to  which,  at  equal  distances  from  the  wire,  are  two  cylinders 
of  equal  mass  and  dimensions,  and  the  whole  system  be  set 
in  torsional  oscillation,  the  amplitude  of  the  vibrations  will  be 
found  to  diminish  more  or  less  gradually  until  finally  rest 
ensues.  This  diminution  of  amplitude  is  almost  entirely  due 
to  two  causes,  namely,  the  friction  of  the  air,  and  the  internal 
friction  of  the  metal.  The  internal  friction  of  the  wire  may 
be  measured  by  the  logarithmic  decrement  of  arc  for  a  single 

vibration,  or  by  —^ ^^ — ,  where  A  is  the  initial  arc,  and 

B  is  the  arc  after  n  vibrations.  By  the  aid  of  Prof  G.  Gr. 
Stokes's  mathematical  formulae  *,  and  an  experimental  deter- 
mination by  myself  f  of  the  coefficient  of  viscosity  of  air,  I 
have  been  able  to  eliminate  the  resistance  of  the  air,  and  to 
compute  the  damping  effect  due  to  the  internal  friction  of  the 
metal.  Where  the  deformations  produced  are  sufficiently 
small,  I  have  proved  the  following  laws  respecting  the  loga- 
rithmic decrement  of  arc  |  : — 

1.  It  is  independent  of  the  amplitude  ; 

2.  It  is  independent  of  the  vibration-period. 

These  laws  only  hold  good  when  the  wire  has  been  allowed 
to  rest  for  a  considerable  time  after  any  change  has  been 
made  in  the  arrangements,  and  when  there  has  been  a  large 
number  of  oscillations  executed  previously  to  the  actual 
testinof. 

What  is  the  nature  of  this  so-called  internal  friction  of  the 
metal  ?  It  cannot  resemble  fluid  friction  ;  because  for  such 
velocities  as  we  have  here  the  friction  of  fluids  is  proportional 
to  the  velocity.  Neither  can  it  resemble  altogether  the  ex- 
ternal friction  of  solids  ;  because  the  latter  is  not  nearly  so 
independent  of  the  velocity  as  is  the  internal  friction,  nor 
would  the  logarithmic  decrement  be  independent  of  the  am- 
plitude. Some  experiments  by  Prof.  G.  Wiedemann§  throw 
light  on  the  subject.  Let  Aq  Bq  represent  the  original  posi- 
tion of  equilibrium  of  the  axis  of  the  bar  to  which  the  wire  is 
attached,  and  let  a  torsional  couple  be  applied  so  as  to  bring 
the  bar  to  A,  Bj.  On  reducing  the  torsional  stress  gradually 
to  zero  the  bar  will  not  come  back  to  Aq  Bo,  but  remain  in  a 
new  position  A^  B2,  however  small  may  have  been  the  angle 
of  torsion  Aj  0  Aq.  Again,  if  the  bar  be  twisted  by  an  equal 
torsional  stress  in  the  opposite  direction  to  A3  B3  and  the  stress 
be  then  reduced  to  zero,  the  bar  will  remain  permanently 

*  Camb.  Phil,  Soc.  Trans,  vol.  ix.  no.  x.  (1850). 
t  Phil.  Trans.  1886. 

X  "  The  Internal  Friction  of  Metals,"'  Phil.  Trans.  1886. 
§  Wiedemann's  Annalen,  1879,  No.  4,  vol.  vi.  ;  Phil.  Mag.  January 
and  February  1880. 
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twisted  in  the  position  A4  B4.     Now  if  we  keep  on  applying 
and  removing  the  torsional  couple  in  this  way,  first  in  one 


Ao    Ai. 


direction  and  then  in  the  other,  the  region  Aj  0  A^  will  gra- 
dually diminish  until  a  minimum  is  reached.  According  to 
Wiedemann,  this  is  exactly  what  takes  place  when  we  allow 
the  wire  to  vibrate  freely  ;  the  permanent  position  of  equili- 
brium is  constantly  shifted  to  and  fro.  Within  the  regions 
Ai  0  A2  and  A3  0  A4  the  elasticity  is  perfect,  and  there  is  on 
the  whole  no  gain  or  loss  of  energy.  The  loss  of  energy  ex- 
perienced in  a  torsionally  vibrating  wire  arises  from  the  work 
expended  in  the  region  A2  0  A4  in  shifting  the  permanent 
position  of  equilibrium  from  Ag  to  A4  and  back  again  ;  and, 
provided  the  amplitudes  of  the  oscillations  do  not  exceed  a 
certain  limit,  the  extent  of  the  region  A2  0  A4  is  proportional 
to  the  amplitude.  Wiedemann  goes  further  than  this ;  for  he 
says  what  is  true  with  respect  to  the  wire  as  a  whole  is  true 
with  respect  to  each  molecule  of  the  iron,  and  that  the  internal 
friction  is  really  due  to  the  rotation  to  and  fro  of  the  perma- 
nent positions  of  equilibrium  of  the  molecules.  We  need  not 
stop  to  discuss  here  this  last  point ;  but  what  does  seem  pro- 
bable is,  that  the  main  part  of  the  loss  of  energy  is  experienced 
as  the  bar  swings  from  A2  to  A4.  When,  as  in  my  own  ex- 
periments, the  deformations  produced  by  the  oscillations  are 
ver}^  small,  it  would  seem  that  the  positions  Ag,  A4  are  really 
subpermanent  rather  than  permanent ;  and  if  time  were  given 
and  the  molecules  agitated,  the  bar  would  of  itself  return  to 
the  position  Aq,  when  the  torsional  couple  was  reduced  to  zero. 
I  have  said,  that  as  the  wire  oscillates,  the  region  Aj  0  A^ 
becomes  narrower  and  narrower,  and  Wiedemann  speaks  of 
the  period  during  which  the  diminution  takes  place,  as  "'  the 
accommodation  period.^'  My  own  experiments  have  verified 
the  results  of  those  of  Wiedemann  and  Sir  William  Thomson  *, 

*  Proc.  Roy.  Soc.  May  18,  1865, 
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in  showing  that  repeated  oscillation  will  reduce  the  internal 
friction  ;  but  they  also  show  a  very  large  influence  to  be 
exerted  by  long  rest,  either  with  or  without  oscillation,  and  have 
further  ])i-0A'ed  that  considerable  diminution,  both  temporary 
and  permanent,  can  be  produced  by  merely  raising  the 
temperature  of  the  wire  to  lOO^C.  Thus  a  well  annealed 
iron  wire,  when  tested  about  ten  minutes  after  suspension, 
was  found  to  have  a  logarithmic  decrement  due  to  the 
internal  friction  of  the  metal  of  'OOSOll,  after  one  hour  of 
•001195,  and  after  one  day  of  -001078.  After  the  last  period 
the  friction  became  sensibly  constant,  and  after  four  days  was 
found  to  be  still  the  same  ;  the  wire  had  apparently  "  accom- 
modated •"  itself  as  far  as  possible. 

Great,  however,  as  was  the  reduction  of  the  internal  friction 
produced  by  oscillation  and  rest,  the  minimum  had  by  no  means 
been  reached  ;  for  on  repeatedly  heating  the  wire  to  100°  C, 
and  then  allowing  it  to  cool,  the  logarithmic  decrement  rapidly 
diminished,  until  after  six  days,  on  each  of  which  the  wire  was 
heated  to  100°C.,and  then  allowed  to  cool  slowly,  it  became  only 
•000412,  when  further  repetition  of  the  above  process  ceased  to 
sensibly  affect  the  friction.     The  greater  part  of  the  diminution 
occurred  after  the  first  heating  and  cooling,  but  several  repeti- 
tions were  necessary  to  produce  the  minimum  mentioned  above. 
Still  more  marvellous  is  the  temporary  effect  of  a  rise  of 
temperature  not  exceeding  100°  C.  on  the  internal  friction  of 
annealed  iron.     A  careful  examination  of  the  above  specimen 
at  temperatures  ranging  between  0°  C.  and  100°  C,  revealed 
the  astonishing   fact  that,  at  a  temperature   of   98°  C,  the 
logarithmic  decrementwas  only  -000112,  and  was  considerably 
less  than  one  fourth  of  its  amount  at  0°C.*     At  98°  C.  the 
friction  was  a  minimum,  further  rise  of  temperature  resulting 
in  increase  of  the   logarithmic  decrement.      It  may  perhaps 
assist  us  in  forming  some  notion  of  the  very  small  amount  of 
internal  friction  in  the  above  specimen  of  iron  at  98°  C,  if  we 
estimate  the  number  of  vibrations  which  would  be  required 
before  the  amplitude  would  be  reduced  to  one  half  of  its  initial 
value  by  molecular  friction  only  :  this  number  is  nearly  3000. 
It  follows  that  if  we  could  make  the  wire  and  its  appendages 
vibrate  in  vacuo,  and  maintain  the  temperature  constantly  at 
98°  C,  with  a  vibration-period  of  ten  seconds,  more  than  eight 
hours  would  elapse  before  an  initial  amplitude  of  100  would 
be  reduced  to  50. 

The  internal  friction  of  the  wire  when  reduced  to  its 
minimum  by  all  the  above-mentioned  processes  was  only  one 
thirtieth  of  its  original  amount. 

*  The  temporary  diminution  of  the  internal  friction  of  annealed  iron 
was  shown  at  the  meeting  of  the  Society. 
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When  the  wire  has  fully  "  accommodated  ^'  itself,  a  very 
small  cause  will  disturb  the  accommodation  :  a  mechanical 
shock,  a  change  of  load,  a  slight  rise  or  fall  of  tempera- 
ture, or  even  rotation  of  the  molecules  by"magnetic  stress,  will 
necessitate  fresh  oscillations  before  the  friction  again  reaches 
its  minimum.  Consequently,  if  a  wire  be  raised  to  100°  C, 
and  be  then  cooled  again  rather  quickly,  it  does  not  imme- 
diately regain  the  accommodation  which  it  had  before  heating. 
The  time  taken  by  the  Avire  to  reaccommodate  itself  when 
the  accommodation  has  been  disturbed  by  change  of  tem- 
perature, depends  considerably  upon  the  direction  of  the 
change.  Thus,  when  the  wire  is  raised  from  the  temperature 
of  the  room  to  100°  C,  the  reaccommodation  is  effected  in  a 
very  much  shorter,  time  than  when  the  accommodation  has 
been  disturbed  by  lowering  the  temperature  from  100°  C.  to 
the  temperature  of  the  room. 

I  am  inclined  to  regard  both  the  temporary  and  permanent 
alterations  of  the  internal  friction  of  iron,  which  are  produced 
by  rise  of  temperature  not  exceeding  100°  C,  to  be  partly  due 
to  mere  agitation  of  the  molecules,  but  the  permanent  effects 
do  not  seem  to  be  entirely  due  to  molecular  agitation  ;  for  the 
maintaining  of  the  temperature  at  lOO'^  C.  for  some  time  does 
not  bring  down  the  friction  anything  like  so  much  as  repeated 
heating  and  cooling.  It  would  seem  that  the  slow  shifting 
backwards  and  forwards  of  the  molecules  induced  by  the  last 
process  is  in  a  great  measure  to  be  credited  with  the  permanent 
diminution  of  friction,  in  the  same  manner  that  the  shifting 
backwards  and  forwards  of  the  molecules  caused  by  torsional 
oscillation  has  been  shown  to  produce  permanent  diminution. 

The  Longitudinal  and  Torsional  Elasticity  of  Iron. 

It  might  readily  be  imagined  that  since  the  internal  friction 
of  iron  is  so  considerably  altered  by  change  of  temperature, 
the  elasticity  would  be  correspondingly  affected.  This,  how- 
ever is  not  so  ;  both  the  torsional  and  longitudinal  elasticity 
of  iron  are  affected  by  raising  the  temperature  to  100°  C,  but 
not  nearly  to  the  same  extent  as  the  internal  friction.  Thus 
an  annealed  iron  wire,  when  suspended  ready  for  torsional 
vibration,  was  heated  slightly  by  passing  the  flame  of  a 
Bunsen's  burner  rather  quickly  up  and  down  it  several  times. 
The  time  of  vibration  before  heating  was  1*154  second  ;  and  in 
5  minutes,  35  minutes,  and  245  minutes  after  cooling  was 
1*147,  1*142,  and  1*136  second  respectively.  Here  we  have 
a  small,  though  distinct,  permanent  increase  of  elasticity  ;  and 
it  will  bo  noticed  that  time  is  an  important  element  in  the 
amount  of  increase.  Again,  by  a  very  carefully  conducted 
set  of  observations,  I  have  shown  that  the  torsional  elasticity 
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of  annealed  iron  is  temporarily  decreased  to  the  extent  of  2*693 
per  cent.,  when  the  temperature  is  raised  from  0°  to  100°  C* 

Again,  an  annealed  pianoforte-steel  wire,  when  tested  with 
a  certain  load  at  the  temperature  of  12°  C,  was  temporarily 
elongated  to  the  extent  of  1'502  half-millimetres;  when  heated 
to  100°  C.  in  an  air-chamber  the  elongation  was  1*487  half-milli- 
metres; and  when  cooled  again  and  tested  24  hours  afterwards, 
was  elongated  by  1*450  half-millimetres  t'  Thus,  as  with  the 
torsional  elasticity,  there  was  a  permanent  increase  of  elasticity, 
and  a  temporary  decrease  of  2*58  per  cent.  Time  in  this  case 
also  is  an  important  element,  for  the  elasticity  immediately 
after  cooling  was  very  appreciably  less  than  when  a  long  rest 
had  been  given. 

Similarly,  I  have  shown  both  for  longitudinal  and  torsional 
elasticity  that  an  iron  wire,  after  having  been  permanently  ex- 
tended by  traction,  has  its  elasticity  very  perceptibly  increased 
by  long  rest.  It  is  also  well  known  that  the  portative  power  of  a 
magnet  can  be  considerably  increased  by  putting  on  the  load  by 
small  quantities  at  a  time,  with  long  intervals  of  rest  between. 

These  and  other  considerations  prove  beyond  a  doubt,  that  if 
the  molecular  arrangement  of  iron  be  disturbed  by  any  kind  of 
stress  whatever,  exceeding  a  certain  small  hmit,  the  molecules 
will  not  assume  at  ordinary  temperatures  those  positions  which 
will  secure  a  maximum  of  elasticity,  until  a  rest  of  many  hours 
has  been  given. 

The  Velocity  of  Soiind  in  Iron. 
According  to  AVertheim,  the  velocity  of  sound  in  iron  and 
steel  is  increased  by  a  rise  of  temperature  not  extending  beyond 
100°  C.|  Now  in  no  sense  w^hatever  is  this  statement  correct. 
It  is  true  that  the  longitudinal  elasticity  of  iron,  as  determined 
by  the  method  of  statical  extension,  may  be  found  greater  at 
100°  C.  than  at  0°  C,  provided  we  begin  with  the  lower  tempe- 
rature first  and  the  wire  has  not  been  previously  tested  at 
100°  C.  But,  as  we  have  seen,  the  apparent  temporary 
increase  of  elasticity  is  really  a  permanent  one ;  and  if  the  wire 
be  repeatedly  heated  to  100°  C.  and  then  cooled,  subsequent 
tests  will  always  show  a  less  elasticity  at  the  higher  tempe- 
rature than  at  the  lower,  if  su-fficient  rest  after  cooling  he 
alloiced.  When,  however,  we  come  to  such  small  molecular 
displacements  as  are  involved  in  the  passage  of  sound  through 
a  wire,  even  the  apparent  increase  of  elasticity,  mentioned 
above  as  taking  place  at  the  first  heating,  vanishes.  I  have 
been  able  to  prove  that,  when  an  iron  or  steel  wire  is  thrown ' 

*  Proc.  R.  S.  No.  244,  1886. 

t  Phil.  Trans.  Part  I.,  1883,  p.  130. 

X  Ann.  de  Chiynie  et  de  Phys.  S^e  g^rie,  1844,  p.  421. 
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into  longitudinal  vibrations,  so  as  to  produce  a  musical  note, 
the  pitch  of  this  note  becomes  lower  as  we  raise  the  temperature 
even  when  the  wire  is  heated  for  the  first  time.* 

It  seems  rather  strange  that  the  error  should  have  been  so 
long  allowed  to  remain  uncorrected  ;  for  it  has  been  known 
for  mau}^  years  that  the  pitch  of  a  steel  tuning-fork  is  lowered 
by  small  rises  of  temperature  to  a  greater  extent  than  would 
follow  from  mere  change  of  dimensions.  Calling  the  fre- 
quency of  the  fork  n  we  havef 

^'< (1) 


n  = 


where  m  is  an  abstract  number, 

h  is  the  velocity  of  sound  in  steel, 
I  is  the  length, 

K  the  radius   of  gyration  of  the  section  about  an  axis 
perpendicular  to  the  plane  of  bending. 
If  D  be  the  thickness  of  the  fork, 

D 

«=  — =. 

We  may  therefore  obtain  ,j       _ 
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m 
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From  (2)  and  the  value  of  the  coefficient  of  thermal  expan- 
sion of  steel,  it  follows  that  if  the  pitch  of  the  note  is  lowered 
by  rise  of  temperature  to  the  extent  to  which  it  is  known  to 
be,  the  velocity  of  sound  must  be  lowered  also.  Indeed  from 
the  coefficient  of  thermal  expansion  of  steel  and  from  my  own 
determination  of  the  effect  of  change  of  temperature  on  the 
longitudinal  elasticity  of  steel,  I  have  calculated  what  would  be 
the  lowering  of  pitch  of  a  certain  fork,  and  find  it  in  sufficient 
accord  with  the  lowering  of  pitch  as  determined  by  direct 
experiment. 

Wertheim  inferred  the  increase  of  velocity  of  sound  in  iron 
and  steel  from  the  apparent  increase  of  longitudinal  elasticity 
produced  by  rise  of  temperature.  From  his  experiments  on 
the  longitudinal  elasticity  of  these  metals  I  have  collected  the 
following  : — 

T.  r  ,  1  Increase  per  cent,  of  elasticity 

^^^^^^-  between  15^  to  20°  and  100°  C. 

Annealed  iron  4"90 

Annealed  iron  wire (3"91 

Annealed  cast  steel 2*79 

Annealed  steel  wire 23*20 

Steel  tempered  blue 5"  18 

•  The  loiceri7ig  of  pitch  produced  by  rise  of  temperature  was  shown 
before  the  Society. 

t  Lord  Kayleiph's  'Theory  of  Sound,'  vol.  i.  p.  219. 


252  Sir  W.  Thomson  on  the  Waves  produced  hy 

whereas  my  own  experiments  show  that  both  the  torsional 
and  longitudinal  elasticities  of  iron  and  steel  are  decreased  by 
about  2^  per  cent,  when  the  temperature  is  raised  from 
0°  C.  to  100°  0. 

I  have  dwelt  longer  than  I  should  otherwise  have  done  on 
this  part  of  my  paper  because  I  find  that  even  our  best  text- 
books relating  to  elasticity  and  sound  still  retain  what  I  am 
convinced  is  an  error. 


XXYII.  On  theWaves produced  hy  a  Single  Impulse  in  Water 
of  any  Depth,  or  in  a  Dispersive  Medium.  By  Sir  WiLLIAM 
Thomson,  LL.D.,  F.R.S* 

EOB,  brevity  and  simplicity  consider  only  the  case  of  two- 
dimensional  motion. 

All  that  it  is  necessary  to  know  of  the  medium  is  the  rela- 
tion between  the  wave-velocity  and  the  wave-length  of  an 
endless  procession  of  periodic  waves.  The  result  of  our  work 
will  show  us  that  the  velocity  of  progress  of  a  zero,  or  maxi- 
mum, or  minimum,  in  an}-  part  of  a  varying  group  of  waves 
is  equal  to  the  velocity  of  progress  of  periodic  waves  of  wave- 
length equal  to  a  certain  length,  which  may  be  defined  as  the 
wave-length  in  the  neighbourhood  of  the  particular  point 
looked  to  in  the  group  (a  length  which  will  generally  be  inter- 
mediate between  the  distances  from  the  point  considered  to  its 
next-neighbour  corresponding  points  on  the  preceding  and 
following  waves). 

Let /(?>?)  denote  the  velocity  of  propagation  corresponding 
to  wave-length  27r/\.  The  Fourier- Cauchy-Poisson  synthesis 
gives 

-\    dmcosm\jc—tf[m)~\    .     .     .     .     (1) 

for  the  effect  at  place  and  time  (.r,  t)  of  an  infinitely  intense 
disturbance  at  place  and  time  (0,  0).  The  principle  of  inter- 
ference, as  set  forth  by  Prof.  Stokes  and  Lord  Rayleigh  in 
their  theory  of  group-velocity  and  wave-velocity,  suggests  the 
following  treatment  for  this  integral  : — 

When  X'^tfim)  is  very  large,  the  parts  of  the  integral  (1) 
which  lie  on  the  two  sides  of  a  small  range,  ^jl  —  u  to  /x-l-«, 
vanish  by  annulling  interference  ;  /x  being  a  value,  or  the 
value,  of  m  which  makes 

dldm{m[x-tf{m)'\]=0      ....      (2) ; 

*  Communicated  by  the  Author,  having  beau  read  at  the  Meeting  of 
the  Eoyal  Society,  3rd  February,  1887. 
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so  that  we  have 

^=U/(/*)+/./'(/c.)}=V<   ....      (3), 
where 

^=m+t^f'{H)* (4); 

and  we  have  by  Taylor's  theorem  for  7?i— /a  very  small, 
mlt-tf{m)]=ixix-tM]-t[t,f''{,j)  +  y'{H)-]\[m-H:)'{h)-, 
or,  modifying  by  (3), 

m[x-tf{m)-]=.t[f.Y{ij)-)r[-l^f'\i^)-^f'{H^m{rn-t.y]  (6). 
Put  now 

and  using  the  result  in  (1),  we  find 

V2jr^(fo-cos[f^y(/^)+o-^]  .g. 

the  limits  of  the  integral  being  here  -co  to  oo  ,  because  the 
denominator  of  (7)  is  so  infinitely  great  that,  though  ±a,  the 
arbitrary  limits  of  m  —  fx,  are  infinitely  small,  a  multiplied  by 
it  is  infinitely  great. 
Now  we  have 

j      da  cos  a'^=\      da  sin  cr^  —  \/ -^  >     .     •     (9)- 

Hence  (8)  becomes 
_  cosltfiY{fji)]-sm[ffMy{fi)-] _  ^2cos[tfiY{fM)+i'rr] 

To  prove  the  law  of  wave-length  and  wave-velocity  for  any 
point  of  the  group,  remark  that,  by  (3), 

t^Y(,x)  =  f.[a:-tfif.)], 

and    therefore   the  numerator  of  (10)  is  equal  to  >/2cos^, 
where 

e=f.[a^-t/(f.)]+i7r      ....     (100, 

and  by  (2)  and  (3), 

d/di^{fj^[x-tf{[^)]}=0; 
by  which  we  see  that 

dd/dx=:fi,  and  de/dt=:-fif(iJ,)     .     .    (lO'O, 
which  proves  the  proposition. 

*  This  is  the  proup-velncity  according  to  Lord  Rayleigh's  gcaeraliza- 
tiou  of  Prof.  Stokes's  original  result. 
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Example  (1). — As  a  first  example  take  deep-sea  waves  ;  we 
have 

/('«)= v/| (11)' 

which  reduces  (4),  (3),  and  (10)  to 

«=  -^2  ^("o^ir  +  ^in'r )  =  Acosf?^  -  J)  .   (U) ; 

g^/lx^\      4:x  Ax/      gxi       \Ax      4/  ^ 

which  is  Cauchy  and  Poisson's  result  for  places  where  x  is 
very  great  in  comparison  with  the  wave-length  27r//z.  ;  that  is 
to  say,  for  place  and  time  such  that  gt^/ix  is  very  large. 
Example  (2). — Waves  in  water  of  depth  D, 


Example  (3). — Light  in  a  dispersive  medium. 
Examjyle  (4). — Capillary  gravitational  waves, 

/"'=\/(£+T») (16). 

Example  (5). — Capillary  waves, 

/H  =  V(Tm) (17). 

Example  (6). — Waves  of  flexure  running  along  a  uniform 
elastic  rod 

/(»0=m^? (18), 

where  B  denotes  the  flexural  rigidity  and  w  the  mass  per  unit 
of  length. 

These  last  three  examples  have  been  taken  by  Lord  Rayleigh 
as  applications  of  his  generalization  of  the  theory  of  group- 
velocity  ;  and  he  has  pointed  out,  in  his  "  Standing  Waves  in 
Running  Water^""  (London  Mathematical  Society,  December  13, 
1883),  the  important  peculiarity  of  example  (4)  in  respect  to 
the  critical  wave-length  which  gives  minimum  w^ave-velocity, 
and  therefore  group-velocity  equal  to  wave-velocity.  The 
working  out  of  our  present  problem  for  this  case,  or  any  case 
in  which  there  are  either  minimums  or  maximums,  or  both 
maximums  and  minimums,  of  wave-velocity,  is  particularly 
interesting,  but  time  does  not  permit  its  being  included  in  the 
present  communication. 

For  examples  (5)  and  (6)  the  denominator  of  (10)  is  ima- 
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ginary  ;  and  the  proper  modification,  from  (7)  forwards,  gives 
for  these  and  such  cases,  instead  of  (14),  the  following: — 

_cos[//xy^(/.)]+sin[^/.V^(/.)] 

The  result  is  easily  written  down  for  each  of  the  two  last 
cases  [Examples  (5)  and  (0)]. 


XXVIII.  On  the  Formation  of  Cor  eless  Vortices  hy  the  Motion 
of  a  Solid  through  an  Inviscid  Incompressible  Fluid.  By 
8ir  W.  Thomson,  LL.D.,  FM.S.^ 

TAKE  the  simplest  case  :  let  the  moving  solid  be  a  globe, 
and  let  the  fluid  be  of  infinite  extent  in  all  directions. 
Let  its  pressure  be  of  any  given  value,  P,  at  infinite  distances 
from  the  globe,  and  let  the  globe  be  kept  moving  with  a  given 
constant  velocity,  V. 

If  the  fluid  keeps  everywhere  in  contact  with  the  globe,  its 
velocity  relatively  to  the  globe  at  the  equator  (which  is  the 
place  of  greatest  relative  velocity)  is  |  V.  Hence,  unless 
P>f  V^t,  the  fluid  will  not  remain  in  contact  with  the  globe. 

Suppose,  in  the  first  j)lace,  P  to  have  been  >f  V^,  and  to 
be  suddenly  reduced  to  some  constant  value  <  |  V^.  The  fluid 
will  be  thrown  off  the  globe  at  a  belt  of  a  certain  breadth,  and  a 
violently  disturbed  motion  will  ensue.  To  describe  it,  it  will 
be  convenient  to  speak  of  velocities  and  motions  relative  to  the 
globe.  The  fluid  must,  as  indicated  by  the  arrow-heads  in  fig.  1, 
flow  partly  backwards  and  partly  forwards,  at  the  place,  I, 
where  it  impinges  on  the  globe,  after  having  shot  off  at  a  tan- 
gent at  A.  The  back-flow  along  the  belt  that  had  been  bared 
must  bring  to  E  some  fluid  in  contact  with  the  globe ;  and 
the  free  surface  of  this  fluid  must  collide  with  the  surface  of 
the  fluid  leaving  the  globe  at  A,  It  might  be  thought  that 
the  result  of  this  collision  is  a  "  vortex-sheet,"  which,  in  virtue 
of  its  instability,  gets  drawn  out  and  mixed  up  indefinitely, 
and  is  carried  away  by  the  fluid  further  and  further  from  the 
globe.  A  definite  amnout  of  kinetic  energy  would  thus  be 
practically  annulled  in  a  manner  which  I  hope  to  explain  in 
an  early  communication  to  the  Royal  Society  of  Edinburgh. 

But  it  is  impossible,  either  in  our  ideal  inviscid  incom- 
pressible fluid,  or  in  a    real  fluid  such   as   water  or  air,  to 

*  Communicated  by  the  Author,  having  been  read  at  the  Meeting  of 
the  Royal  Society,  3rd  February,  If-^S?. 

t  The  density  of  the  fluid  is  taken  as  unity. 
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form  a  vortex-sheet,  that  is  to  say,  an  interface  of  finite  slip, 
by  any  natural  action.     What  happens  in  the  case  at  present 

Fig.  1. 


under  consideration,  and  in  every  real  and  imaginable  case  of 
two  portions  of  liquid  meeting  one  another  (as,  for  instance, 
a  drop  of  rain  falling  directly  or  obliquely  on  a  horizontal 
surface  of  still  water),  is  that  continuity  and  the  law  of  con- 
tinuous fluid  motion  become  established  at  the  instant  of  first 
contact  between  two  points,  or  between  two  lines  in  a  class  of 
cases  of  ideal  symmetry  to  which  our  present  subject  belongs. 

An  inevitable  result  of  the  separation  of  the  liquid  from  the 
solid,  whether  our  supposed  globe  or  any  other  figure  per- 
fectly symmetrical  round  an  axis,  and  moving  exactly  in  the 
line  of  the  axis,  is  that  two  circles  of  the  freed  liquid  surface 
come  into  contact  and  initiate  in  an  instant  the  enclosure  of 
two  rings  of  vacuum  (G  and  H  in  fig.  2,  which,  however, 
may  be  enormously  far  from  like  the  true  configuration). 

The  "  circulation  "  (line-integral  of  tangential  component 
velocity  round  any  endless  curve  encircling  the  ring,  as  a 
ring  on  a  ring,  or  one  of  two  rings  linked  together)  is  deter- 
minate for  each  of  these  vacuum-rings,  and  remains  constant 
for  ever  after  :  unless  it  divides  itself  into  two  or  more,  or 
the  two  first  formed  unite  into  one,  against  which  accidents 
there  is  no  security. 
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It  is  conceivably  possible*  that  a  coreless  ring-vortex,  with 
irrotational  circulation  round  its  hollow,  shall  be  left  oscillating 
in  the  neighbourhood  of  the  equator  of  the  globe  ;  provided 
(|V^  — P)/P  be  not  too  gi^eat.     If  the  material  of  the  globe 

Fipr.  2. 


be  viscously  elastic,  the  vortex  settles  to  a  steady  position  round 
the  equator,  in  a  shape  perfectly  symmetrical  on  the  two  sides 
of  the  equatorial  plane;  and  the  whole  motion  goes  on  steadily 
henceforth  for  ever. 

If  (fV^  — P)/P  exceed  a  certain  limit,  I  suppose  coreless 
vortices  will  be  successively  formed  and  shed  off  behind  the 
globe  in  its  motion  through  the  fluid. 


XXIX.    On  the  Relative  Wave-lengths  of  the  Lines  of  the  Solar 
Spectrum.     By  Prof.  Henry  A.  Rowland f. 

EOR  several  years  past  I  have  been  engaged  in  making  a 
photographic  nuip  of  the  solar  spectrum  to  replace  the 
ordinary  engraved  maps,  and  I  have  now  finished  the  map 
from  the   extreme  ultra-violet,  wave-length   8200,   down   to 

•  If  this  conceivable  possibility  be  impossible  for  a  globe,  it  is  certainly 
possible  for  somw  cases  of  prolate  figures  of  revolution, 
t  Communicated  by  the  Author. 
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wave-length  5790.  In  order  to  place  the  scale  correctly  on 
this  map,  I  have  found  it  necessar}^  to  measure  the  relative 
wave-lengths  of  the  spectrum  and  to  reduce  them  to  absolute 
wave-lengths  by  some  more  modern  determination.  1  have 
not  yet  entirely  finished  the  work  ;  but  as  my  map  of  the 
spectrum  is  now  being  published, ^and  as  all  observers  so  far 
seem  to  accept  the  measures  of  Angstrom,  I  have  decided 
that  a  table  of  my  results  would  be  of  value.  For  as  they 
stand  now,  they  have  at  least  ten  times  the  accuracy  of  any 
other  determination.  This  groat  accuracy  arises  from  the  use 
of  the  concave  grating,  which  reduces  the  problem  of  relative 
wave-lengths  to  the  measure  of  the  coincidences  of  the  lines 
in  the  diti'erent  spectra  by  a  micrometer. 

The  instrument  which  I  have  employed  has  concave  gratings 
5  or  G  inches  in  diameter,  having  either  7200  or  14,400  lines 
to  the  inch  and  a  radius  of  21  tt.  6  in.  By  my  method  of 
mounting,  the  spectrum  is  normal  where  measured,  and  thus 
it  is  possible  to  use  a  micrometer  with  a  range  of  5  inches. 
The  spectrum  keeps  in  focus  everywhere,  and  the  constant  of 
the  micrometer  remains  unchanged  except  for  slight  variations 
due  to  imperfections  in  the  workmanship.  The  micrometer 
has  no  errors  of  run  or  period  exceeding  ^oixjo  i'^ch.  The 
probable  error  of  a  single  setting  on  a  good  clear  line  is 
about  ^;]^  of  the  wave-length.  1"  of  arc  is  about  '0012  inch. 
The  D  line  in  the  second  spectrum  is  "17  inch  or  4*4  millim. 
wide.  Determinations  of  relative  wave-length  of  good  lines 
seldom  differ  1  in  500,000  from  each  other,  and  never  exceed 
1  in  100,000,  even  with  different  gratings.  This  is,  of  course, 
for  the  principal  standard  lines,  and  the  chance  of  error  is 
greater  at  the  extremities  of  the  spectrum.  The  interpolation 
of  lines  was  made  by  running  the  micrometer  over  the  whole 
spectrum,  5  inches  at  a  time,  and  adding  the  readings  together 
so  as  to  include  any  distance,  even  the  whole  spectrum.  The 
wave-length  is  calculated  for  a  fixed  micrometer  constant,  and 

•  •  •        T 

then  corrected  so  as  to  coincide  everywhere  very  nearly  with 
the  standards.  I  suppose  the  probable  error  of  the  relative  de- 
terminations with^^the  weight  1  in  my  table  to  be  not  far  from 
1  in  500,000.  Angstrom  thinks  his  standard  lines  have  an 
accuracy  of  about  1  in  50,000,  and  ordinary  lines  much  less. 
Q  As  to  the  absolute  measure,  it  is  now  well  determined  that 
Angstrom's  figures  are  too  small  by  about  1  part  in  6000. 
This  rests,  first,  on  the  determinations  of  Peirce  made  for  the 
U.S.  Coast  Survey  with  Rutherford's  gratings,  and  not  yet 
completely  published  ;  secondly,  on  an  error^made  by  Tresca  in 
the  length  of  the  standard  meter  used  by  Angstrom*,  which 
•  Sur  le  Spectre  du  Fer,  Thal^n. 
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increases  his  value  by  about  1  ia  7700  ;  thirdly,  on  a  result 
obtained  in  my  laboratory  with  two  of  my  gratings  by  Mr. 
Bell,  which  is  published  with  this  paper.  Mr.  C.  S.  Peirce 
has  kindly  placed  his  grating  at  our  disposal ;  and  we  have 
detected  an  error  of  ruling  which  affects  his  result  and  makes 
it  nearly  coincide  with  our  own.  The  wave-length  of  the 
mean  of  the  two  E  lines  is — 

Angstrom  (Atlas) 5269' 12 ±-05 

„         (Corrected  by  Thalen)  .     .  5269-80* 

Peirce 5270-16 

„     (Corrected  by  Rowland  and  Bell)  5270-00 

Bell      .     .     .     .    ' 5270-04 

These  results  are  for  air  at  ordinary  pressures  and  tempera- 
tures. The  last  is  reduced  to  20°  C.  and  760  millim.  pressure. 
To  reduce  to  a  vacuum^  multiply  by  the  following  : — 

Fraunhofer  line A.  C.  E.  Q.  H. 

Correction-fac-tor  ..       1-000291      1-000292      1-000294      1-000297      1-000298 

^  The    relation    between    my    wave-lengtljs    and    those    of 

Angstrom    are    o-iven   by  the  folio vvingr,  Ano-strom's  values 

being  from  p.  31  of  his  memoir  : — 

o  A  (eclge).     B  (edge).  C. 

Angstrom 7597-5        68H7-10      6717-16      6562-10      6264-31 

Rowland  759397      6867-38      6717-83      6562-96      6265-27 

Difference -3-5  -28  -67  -86  -96 

Da.  Dp  Peirce's  line. 

Angstrom  5895-13      58^912      570845      5623-36      54.54-84 

Rowland    5896-08      589012      570956      562470      5455-68 

Difference -95  1*00  Ml  134  -84 

E.  E.  6,.  F. 

Angstrom  .5269-59      526867      518310      513878      486074 

Rowland   5270-43      5269-65      518373      5139  47      4861-43 

Difference -84  98  63  -69  "69 

AngstrGm    4702-44      4307-25 

Rowland   470311       430796 

Difference 67  '71 

The  greatest  variation  ingthese  differences  is  evidently  due 
to  the  poor  definition  of  Angstrom's  grating,  by  which  the 
numbers  refer  to  groups  of  lines  rather  than  ^  to  single 
ones.  Selecting  the  best  figures,  we  find  that  Angstrom's 
wave-lengths  must  be  multiplied  ^by  1*00016  to  agree  with 
Bell's,  while  the  correction  for  Angstrom's  error  of  scale 
would  be  1-000110. 

*  Sur  le  Sjiectre  du  For,  Thal^u. 
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It  is  impossible  for  me  to  give  at  present  all  the  data  on 
vvliicli  mv  determinations  rest  ;  but  I  have  given  in  Table  I. 
many  of  the  coincidences  as  observed  with  several  gratings, 
the  number  of  single  readings  being  given  in  the  parentheses 
over  each  set. 

Table  II.  gives  the  wave-lengths  as  interpolated  by  the 
uiicromcter.  It  is  scarcely  possible  that  any  error  will  be 
found  (except  accidental  errors)  of  more  than  '02;  and,  from 
the  agreement  of  the  observations,  I  scarcely  oxj)oct  to  make 
any  changes  in  the  final  table  of  more  than  01,  except  in  the 
extremities  of  the  spectrum,  where  it  may  amount  to  '03  in 
the  region  of  the  A  and  H  lines.  The  wave-lengths  of  weight 
greater  than  1  will  probably  be  found  more  exact  than  this. 
The  lines  can  be  identified  on  my  new  photograph  of  the 
spectrum  down  to  5790.  Below  this  there  is  little  trouble  in 
finding  the  right  ones.  All  maps  of  the  spectrum,  especially 
above  F,  are  so  imperfect  that  it  is  almost  impossible  to 
identify  my  lines  upon  them.  The  lines  can  only  be  properly 
identified  by  a  power  sufficient  to  clearly  divide  h^  and  ^4. 
Some  of  them  are  double,  and  most  of  these  have  been 
marked ;  but  as  the  table  has  been  made  for  my  own  use,  I 
have  not  been  very  careful  to  examine  each  line.  This  will, 
liowever,  be  finally  done.  Micrometric  measures  have  now 
been  made  of  nearly  all  the  lines  below  h,  with  a  view  of 
making  a  map  of  this  region. 

Table  I.  gives  the  coincidences  of  the  different  orders  of 
the  spectra  as  observed  with  several  concave  gratings  on  both 
sides  of  the  normal,  the  numbers  in  the  brackets  indicating 
the  number  of  observations.  The  observations  have  been 
reduced  as  nearly  as  possible  to  what  I  consider  the  true 
wave-length,  the  small  difference  from  the  numbers  given  in 
Table  I,  being  the  variation  of  the  observations  from  the 
mean  value.  The  true  way  of  reducing  these  observations 
would  be  to  form  a  linear  equation  for  each  series  and  reduce 
by  the  method  of  least  squares.  A  simpler  way  was,  how- 
ever, used,  and  the  relative  wave-lengths  of  the  standard  lines 
(marked  S  in  Table  11.)  were  obtained  ;  however,  some  other 
observations  were  also  included. 

Table  II.  gives  the  wave-lengths  reduced  to  Bell's  value  for 
the  absolute  wave-length  of  the  D  line.  These  were  obtained 
by  micrometric  measurement  from  the  standards,  as  described 
before.  The  weights  are  given  in  the  first  column,  and  some 
of  the  lines,  which  were  measured  double,  have  also  been 
marked.  But  the  series  has  not  yet  been  carefully  examined 
for  doubles.  The  method  is  so  much  more  accurate  than  by 
means  of  angular  measurement,  that  the  latter  has  little  or  no 
weight  in  comparison. 
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(2) 
7089969 
7027-658 
7023-676 
5269-656 
5270-448 

(6) 
7039-963 
4222-336 

7027-627 
5270-429 
5269-647 
4215-627 
7023-632 

(8) 
4691-516 
4690-260 
6624-696 
5624-184 

(6) 
4508-402 
4501-387 
5(>24-6ll6 
5624-181 
4496-990 
4494-077 

(18) 
6430-993 
6439-222 
4293-181 

(9) 
6439-222 
4293-181 

(2) 
4824-240 
4823-640 
7184-701 

(4) 
7247-569 
4824-249 
4823-630 

(4) 
7240-868 
4824-243 
4823  636 
7234-854 
7233-063 

(G) 
4501377 
07r)0-332 


(4) 
4691-517 
7035056 
7027-665 
7015-641 
7015-256 

(4) 
4691-517 
7027-675 

(10) 
4501-377 
6750-308 

(8) 
4508-381 
4504-921 
4502-791 
6752-830 
4501-377 
6750-306 

(4) 
6013-682 
4508-407 
6003-173 
4501-377 
4496-982 
4494-652 

(10) 
4215-613 
6322-820 

(4) 
6562-960 
6564-341 
4376-052 

(4) 
4222-309 
4215-613 

6322-817 
6318-165 
6278-255 
6252-698 
6246-451 

6562-960 
4376  041 

(3) 
4691-517 
7023-706 

(2) 
4691-517 
7027 -(ioS 

(1)  Phot. 
5624-691 
3754-63 
3747-09 


(1)  Phot. 

5914-32 

3942-72 

(1)  Phot. 

5914-32 

3942-70 

(1)  Phot. 
5890-12 
5896-10 
3926-12 

(4) 
6883-994 
4590-051 
4588-306 

(2) 
4823-638 
4824-261 
7233-103 
7240-902 

(2) 
5288-623 
6609-215 
6593-992 
6593-038 
5270-419 
5269-651 
6567  645 
6564-313 
4376-050 
5250-751 
5250-329 
6562-970 
6569-353 
6546-393 
6495-119 
6493-931 
6462  760 
5162  492 
5159-171 
6439-215 
6430-984 
6421-513 
642U090 
5133-805 
6411-776 
5110-506 
5109-754 
5068-878 
5060-191 
.'^049-932 
()322-833 
6318-150 
6265-256 
6261-221 


(1)  Phot. 

6024-2 

6016-8 

5948-7 

3953-9 

3950-4 

5916-4 

5914-3 

3916-8 

5862-5 

5859-8 

3897-5 

5791-1 

5788-1 


(1)  Phot. 

4789-7 

4789-4 

4788-8 

4754-1 

35(i4-6 

3549-9 

47275 

3545-2 

3540-2 

4691-5 

4690-3 


(14) 
5162-394 
6883  995 


(6) 
6594-016 
6593-072 
5270-427 
5269  647 
6569-348 
6562  970 
5250  325 
5250-752 
4376  032 


(4) 
6569-370 
4924-889 
4924-045 
6562965 
6546-409 
4903-419 
4859-866 
4861-4-28 
64()2-744 
4824-255 
48-23-(i31 


(6) 
5914-323 
5896-084 
5890-125 
4691-517 
4690-266 
5862-522 
5859751 
4683-691 

(G) 
4376-039 
5269-632 
5270420 

(4) 
4222-301 
4215613 
5270-435 
5269-654 

(12) 
5914-314 
4222-325 
4924-889 
4924-052 
4215613 
5896-083 
5890-125 
4903-411 

(4) 
4508-397 
4501-380 
5624-696 
5624-180 
4496-979 
4494-647 

(10) 
4508-396 
5405-901 
4501-377 
6750-299 
4496-977 
4494-66U 

(15) 
42)5-613 
6322-848 

(6) 
5896-091 
5890-124 
4703  112 
4691-517 
4690-272 
4683-694 

(«) 
5791-124 
4824-255 
4823-632 
5788-064 


(4) 
5914-314 
5896086 
5890-121 
5862-514 
5859753 
5857-613 

(fi) 
6564-330 
5270-430 
5269  647 

(8) 
5068-880 
6335-486 
4222-330 
5064-779 
4215-613 
5060-194 
6322-842 
6318-168 

(4) 
7027-671 
5624-696 
7035-107 
7039-980 

(6) 
4891-523 
5624696 
5624-184 
4686-345 
4678-971 

(4)" 
5896-080 
4691-517 
5862-506 

(  ) 
7039  975 
4691-532 
5624-696 
5624198 
7027-657 
7023-686 

(4) 
5270-431 
6322-825 
4508-397 
4501-393 

(14) 
6322825 
5270-431 

(16) 
4222-3-28 
5624-696 
5624-194 
4215-612 
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1 
Weight.  \ 

Wave-length. 

Weight. 

Wave-length. 

Weight. 

Wave-length. 

3169-4    1 

Miji). 

4496-984 

2 

5036  029 

32B1-6 

1  

4499  022 

3  

5049944 

3347  9 

1  

4499-267 

S  

5060-188 

3329-50 

S  

4501-384 

S  

5064-773 

3406-50 

s 

4508-400 

s 

5068-879 

3540-24 

2  

4554154   ; 

2  

5083-4(50 

3545-31 

2  

4571-214 

2  

5090-897 

3549-97 

2 

4572092 

2  

5097-071 

3564-64 

2  

4578-663 

3  

5105663 

3747-09 

4  

4588-320 

4  

5109-760 

3754-63 

4  

4590-055 

4  

5110  502 

3897-54 

2  

4602-107 

2  

5116-495 

3916-82 

2 

4611-376 

2  

5121-730 

3924-70 

2  

4629445 

2  

5126-309 

3925-38 

2 

4630-218 

2  

5127-468 

3925-81 

2  

4643-580 

4  

5133-812 

392615 

2 

4668-230 

Zd 

5139-472 

3942-54 

S  

4678-970 

2 

5141-845 

3950-45 

5  

4683  683 

2d 

5142-986 

3953-93 

S  

4686-344 

3  

5146-612 

3984-08 

S  

4690262 

3  

5150-957 

3985-54 

s 

4691-520 

2  

5154-157 

3987-000 

4  

4703-110 

2  

5155-864 

4005-261 

2  

4703910 

3  

5169-171 

4035-764 

2  

4727-565 

6  

5162-486 

2  

4048-821 

2  

4754-159 

o 

5165-518 

2  

4055-626 

2  

4805-186 

2d 

5Ui7--199t 

2  

4073-837 

S  

4823-630 

2d 

5169-094  § 

U 

4083-748 

S  

4824-250 

3  

5171-714 

3  

4107-578 

s 

4859-804 

2  

5172-795  11 

3  

4114-530 

s 

4861-4281 

3  

5173-838 

2 

4157-893 

2 

4890-885 

3  

5183-735 1 

2  

4184-992 

1  

4900039 

2d 

5188892 

2  

4199-190 

1  

4900-237 

2 

5193  071 

S  

4215-613 

:  s 

4903-409 

2 

6198-819 

S  

4222-323 

1  1 

4907-869 

3  

6202-422 

3  

4254-452 

1  2 

4919111 

2  

62U4-646 

1  

4267-974 

3  

4920-632 

4  

5210-492 

4  

4293-201 

S  

4924-050 

o 

5215-277 

2d 

4307-961  * 

!   s 

4924-887 

2 

5217-488 

2  

4318-782 

1  2  

4934181 

2  

5225-617 

U 

4325-924 

i  4  

4973-294 

2  

6229-950 

2  

4337-143 

!  4  

4978-712 

2 

5233  047 

2  

4343-304 

1  2  

4980-292 

2 

5241-599 

M 

4352-865 

2  

4981-836 

S  

5250-334 

2  (?)... 

4359-715 

2  

4994-251 

S  

5250-759 

2  

4369-887 

1  2  

4999-626 

2 

5253-558 

S  

4376039 

i  2  

5005-838 

2 

5261-815 

2  

4391-089 

!  2 

5006-239 

S  

5269-6-19  ** 

2 

4407-797 

!  3  

5007-370 

S^  ... 

5270-429  ** 

2  

4447-848 

o 

5014-350 

2d 

5273-379 

S  

4494-667 

3  .  ... 

5020-139 

9 



6276-138 

*  Fraunhofer's  G. 

§  Fraunhofer's  63. 

**  Fraunhofer's  E. 


t  Fraunhofer's  F. 
II   Fraunhofer's  h^. 


X  Fraunhofer's  b^. 
H  Fraunhofer's  b. 
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Weight. 

WaTe-length. 

Weight. 

Wave-length. 

Weight. 

Wave-length. 

2  

528]  -908 

2  

5641-595 

2 

5956-853 

2  

5283-747 

2  

5645-751 

2 

5975-508 

3  

5288-6-10 

2  

5655-645 

3  

5976-934 

3  

521)6-798 

3  

5658019  1 

2 

5984-977 

2 

5300-843 

2  

56(i2-679  j 

3  

5987-214 

2  

53U7-478 

2  

5675-593 

S  

6003-173 

2>d 

5316-803* 

2  

5679-184 

2  

6008-700 

2 

5324-311 

4  

5682-894   ll 

S  

6013-682 

2  

5333-038 

2 

5688-370 

4  

6;  )1 6-776 

3  

5353-530 

2 

5701-708 

2d 

6020-278 

2  

5361-752 

2  

5709-565 

2  

6021-948 

1  

5362-970 

o 

57O9-700 

4  

6024-207 

2 

5367-600 

3  

5715-244 

4  

6042-241 

2  

5370-093  ' 

4  

5731909 

3  

6056-153 

2 

5371-622 

2  

5741-994 

6  

6065-635 

2  

5379-704 

3  

5752-188 

6  

6078-635 

4  

5383-497 

3  

5753-278 

4  

6079-146 

2 

5389-611 

2 

5754-819 

3  

6102-864 

2 

5393-298 

3  

5763153 

1  

6103-346 

2  

5397-268 

2  

5772-299 

2  

6108-262 

S  

5405-914 

3  

5775-235 

2 

6111-206 

2  

5415-341 

2 

5782-285 

2 

6116-345 

2  

5424-203 

!  2  

5784-015 

5  

6122  357 

2  

5434-656 

s 

5788-075 

2  

6136-760 

2  

5447-046 

s 

5791-137 

3  

6141-882 

3i 

5455-682 

2 

5798-330 

4  

6162-.319 

2  

5462-666 

2 

5809-357 

2 

6169-699 

2 

5463-090 

1  2 

5816-504 

2  

6173-477 

3  

5463-408 

3  

5853-838 

2 

6176-943 

3  

5466-521 

i  4  

5857-606 

2 

6180-337 

2  

5477-040 

6  

5859-741 

3  

6191-324 

3  

5497-660 

1  7  

5862-511 

4  

6191-695 

2  

5501-609 

2 

5883-971 

5  

6200-455 

2  

5506-920 

i  3  

5889-804 

3  

6213-569 

2  

5513  122 

i  S 

5890-125  D., 

4  

6219-420 

3  

5528  560 

\    3  

5893-026 

4  

6230-876 

2 

5534-990 

!  S  

5896-080  D, 

2  

6237-452 

2  

5543-339 

2  

5898-327 

3  

6246-4ti0 

3  

5544-073 

2  

5901-630 

3  

6252-706 

3  

5555035 

1  3  

5905-820 

2 

6256-500 

2 

5569-772 

^d 

.5914-319 

3  

6261-234 

1  

5576-222 

3  

5916-409 

o  

62()5-271 

2  

5582-120 

2  

5919-795 

6  

6270-370 

2  

5588-910 

3  

5930-339 

0  

6278-225 

2i 

5603019 

2  

5934-809 

4  

6281-315 

2 

5615-451 

2 

5946-130 

1  

6289-542 

2  

5615-809 

4  

5948-685 

2  

(•)293-(i77 

S  

5624-181 

2  

5951-710 

2  

6296-066 

s 

6624-696  t 

2  

5955-106 

2  

6314-798 

*  Kirchhoff's  1474. 

t  Peircb's  standard,  given  by  him  5624-825  (Amer.  Journ.  of  Science), 
later  corrected  by  iiini  to  5()24-8(),  and  finally  corrected  by  Rowland  and 
J5ell  for  eiTor  of  ruling  of  grating  and  of  i^tandard  to  o624-Uti.  The  latter 
can  be  considered  as  very  near  to  what  the  final  corrected  value  of  Peirco 
will  be,  though  it  may  te  even  so  high  as  oi)24-76. 
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Weight. 

Wave-length. 

Weight. 

Wave-length. 

Weight. 

Wave-length. 

S  

6318-ir)0 

S  

6750-325 

1  

7122-431 

S  

6322-830 

4  

6752-876 

1  

7147-893 

8  

6335-479 

5  

6767-945 

1  

7148-276 

8  

6336-968 

5  

0772-479 

1  

7168-134 

2  

6344-297 

2  

6787-051 

2  

7176-279 

5  

6355-184 

2  

6807-007 

1  

7184-4<J1 

4  

6358-834 

4  

6810-432 

4  

7184-705 

2 

6380-889 

4  

6828-770 

2 

7186-470 

5  

6393-751 

2  

6841-518 

T 

7194-805 

2  

6400-453 

3  

6855-348 

1 

7199-689 

6  

6408-163 

3  

6867-382t 

1 

72nO-(>73 

6  

6411-793 

3  

6867-717 

1 

7216-693 

4  

6420-103 

2  

6870-123 

1 

7219-282 

7  

6421-498 

4  

6875-742 

2  

7223-830 

6  

6430-993 

2  

6876-879 

1  

7227-686 

5  

6439-224 

2  

6877-797 

1  

7232-419 

2  

6449-951 

G  

6879-212 

S  

7233-092 

7d 

6462-762 

6  

6880-102 

S  

7234-868 

2  

6471-805 

10  

6883-992t 

s 

7240-879 

2  

6480-198 

t  6  

68S5-925 

,  2  

7243-800 

4  

6482031 

6  

{;S86-898 

;  s 

7247-690 

5  

6493-921 

1  

6896-211 

1 

7264-770 

5  

6495127 

2  

6897-103 

I  1 

7265-750 

4  

6499-896 

2  

6901-032 

'  2  

7273-133 

2  

6516-226 

2 

6909-597 

1  

7287-690 

3  

6518  614 

4  

6919-160 

1  

7289-844 

4  

6532-496 

1  

6923-488 

2  

7290-621 

4  

6534  090 

4  

6924-340 

2  

7299-993 

5  

6546-400 

[  2d 

6929-687 

2  

7304-382 

2 

6552-758 

4  

6947-685 

2  

7318-678 

S  

6562-965* 

4  

6956-609 

1  

7331-101 

s 

6564-338 

4  

6959-634 

1  

7336-532 

7  

6569-360 

5  

6961-437 

1  

7442  574 

2  

6572-245 

2 

6978-586 

2  

7445-941 

2(^ 

6575-090 

6  

6986-755 

2  

7496-248 

2  

6592-725 

2 

6989-172 

2 

7511-188 

6  

6593068 

3  

6999-104 

1  

7545-817 

8  

6594-016 

2  

7006-069 

2  

7593-976§ 

6  

6609-253 

2  

7011-481 

2  

7621-18311 

2  

6633-898 

3  

7016-253 

2 

7623-425 

6  

6643-787 

3  

7015-639 

2 

7624-737 

2  

6663-601 

4  

7016-616 

7627-269 

6  

6678-141 

S  

7023-675 

7628-605 

5  

6703-719 

S  

7027-659 

7659-550 

5  

6705-262 

s 

7036-083 

7660679 

4  

6717-833 

2  

7038-398 

Id 

7665-683 

4  

6722-005 

s 

7039-968 

Id 

7671-412 

3  

6726-835 

1 

7090-612 

*  Fraunhofer's  C. 

t  First  line  in  -^'hat  may  be  called  the  head  of  Fraunhofer's  B. 

t  Single  line  bet-ween  what  may  be  called  the  head  and  tail  of  B. 

§  Edge  of  -what  may  be  called  the  head  of  A. 

II  Single  line  between  the  head  and  tail  of  A. 
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This  table  is  to  be  used  in  connection  with  my  photographic 
map  of  the  normal  spectrum,  to  determine  the  error  of  the 
latter  at  any  point.  The  map  was  made  by  placing  the  pho- 
tograph in  contact  with  the  scale,  which  was  the  same  for 
each  order  of  spectrum,  and  enlarging  the  two  together.  In 
this  way  the  map  has  no  local  irregularities,  although  the 
scale  may  be  displaced  slightly  from  its  true  position  and  may 
be  a  little  too  long  or  short,  although,  so  far  as  I  have  tested 
it,  it  seems  to  have  very  little  error  of  the  latter  sort.  The 
scale  was  meant  in  all  cases,  except  the  ultra-violet,  to  apply 
to  Peirce's  absolute  value,  and  so  the  correction  is  generally 
negative,  as  follows  : — 

Approximate  Correction  to  the  Photographic  Map  of  the  Normal 
Spectrum  to  reduce  to  latest  absolute  value. 

Correction. 

Strip  3200  to  3330   --05 

,,     3275  to  3530   —'05 

„     3475  to  3730   --02 

„     3675  to  3930   -'lO 

„     3875  to  4130   -'16 

„     4075  to  4330  -'04 

„     4275  to  4530   --08 

„     4480  to  4735   --10 

„     4685  to  4940  --IS 

„     4875  to  5130  -'14 

„     5075  to  5330  --15 

„     5215  to  5595   ...  about  --05 
„     5415  to  5790   ...  about  -'04 

„     3710  to  3910  --20 

„     3810  to  4000   —-14 

It  is  to  be  noted  that  the  third  spectrum  of  the  map  runs 
into  the  second  ;  so  that  it  must  not  be  used  beyond  wave- 
length 3200,  as  it  is  mixed  with  the  second  in  that  region. 

XXX,    On  the  Absolute   Wave-length  of  Light.     By   Louis 
Bell,  Fellow  in  Physics  in  Johns  Hopkins  University.* 

o 

Up  to  the  present  time,  Angstrom's  map  of  the  solar 
spectrum,  and  with  it  his  determination  of  absolute 
wave-length,  has  remained  the  final  standard  of  reference  in 
all  spectrosco])ic  matters.  But  since  Angstrom^s  work  was 
published,  optical  science,  particularly  that  part  of  it  which 
deals  with  the  manufacture  and  use  of  diffraction-gratings, 
•  Communicated  by  the  Author. 
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has  made  enormous  progress.  It  is  now  possible  with  the 
concave  grating  to  measure  relative  wave-lengths  with  an 
accuracy  far  greater  than  can  be  claimed  for  any  one  of  the 
absolute  determinations.  TJie  numbers  given  by  Angstrom 
are  now  known  to  be  too  small  by  as  nmch  as  one  part  in 
seven  or  eight  thousand,  as  has  been  shown  by^^Thalen,  in 
his  monograph  Sur  le  Spectre  du  Fer  •  and  since  Angstrom's 
work  but  one  careful  determination  has  been  made.  This  is 
by  Mr.  0.  S.  Peirce,  and  was  undertaken  some  eight  years 
since  for  the  U.  S.  Coast  and  Geodetic  Survey.  No  full 
report  of  this  work  has  as  yet  been  published,  though  it  is 
evidently  very  careful,  and  has  ah'eady  consumed  several 
years.  Certain  results  were  communicated  to  Prof.  Rowland 
of  this  University,  to  serv^e  as  a  standard  of  reference  for  his 
great  map  of  the  solar  spectrum  now  nearly  completed  ;  and 
it  was  to  serve  as  a  check  on  these  results  and  to  furnish  a 
value  of  the  absolute  wave-length  as  nearly  as  possible  com- 
mensurate in  accuracy  with  the  micrometrical  observations, 
that  the  experiments  detailed  in  the  present  paper  were  under- 
taken. Only  the  work  with  glass  gratings  has  been  as  yet 
completed  ;  but  since  the  relative  wave-Jengths,  which  are 
intrinsically  of  far  greater  importance,  are  now  ready  for 
publication,  and  have  been  reduced  by  the  value  herein  given, 
the  result  is  published,  leaving  for  further  work  with  speculum 
metal  gratings  its  final  confirmation  or  correction. 

This  portion  of  the  determination  is  delayed  awaiting  better 
facilities  for  carrying  it  out,  but  the  writer  intends  under- 
taking it  at  the  earliest  possible  moment,  and  hence  leaves  for 
a  future  paper  the  complete  discussion  of  the  problem. 

The  writer  desires  here  to  express  his  deep  obligations  to 
Prof.  Rowland,  under  whose  guidance  the  work  has  been 
carried  on,  and  to  whom  a  very  important  correction  is  due  ; 
and  to  Profs.  W.  A.  Rogers  and  C.  S,  Peirce  for  information 
given  and  courtesies  extended. 

Experimental. 
The  determination  of  absolute  wave-length  involves  two 
quite  distinct  problems — first,  the  exact  measurement  of  the 
angle  of  deviation  of  the  ray  investigated,  and  second,  the 
measurement  of  the  absolute  length  of  the  gratings  used. 
Each  portion  of  the  work  involves  its  own  set  of  corrections, 
frequently  quite  complicated  and  difficult,  but  it  is  the  latter 
part  that  is  peculiarly  liable  to  errors,  which  will  be  treated 
in  detail  further  on.  As  to  the  former  part,  several  import- 
ant questions  arise  at  the  very  outset.  First  is  the  choice 
between  transmission-  and  reflection-gratings.     The  principal 
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work  heretofore  has  been  done  with  the  former  ;  but  metallic 
gratings  possess  certain  advantages,  notably  from  the  ease 
with  which  their  temperature  can  be  accurately  measured,  and 
the  fact  that  they  can  easily  be  made  of  a  size  much  larger 
than  glass  gratings,  and  consequently  a  small  inaccuracy  in 
measuring  them  involves  much  less  error  in  the  result. 

On  the  other  hand,  the  coefficient  of  expansion  of  speculum 
metal  is  more  than  twice  as  great  as  that  of  glass,  and  being  a 
good  conductor  it  is  far  more  sensitive  to  small  changes  of 
temperature.  And  this  property  increases  the  liability  to 
irregularities  in  the  ruling,  particularly  in  large  gratings 
which  require  several  days  for  completion.  In  ruling  on 
glass  change  of  temperature  is  less  serious,  but  this  advantage 
is  more  than  offset  by  the  faults  caused  by  the  wearing  away 
of  the  diamond  point,  which  breaks  down  so  rapidly  that  it 
is  enormously  difficult  to  produce  a  glass  grating  free  from 
flaws  and  at  all  comparable  in  optical  excellence  with  those 
upon  speculum  metal.  The  determination  of  absolute  wave- 
length should  rest  on  measurements  made  with  both  classes  ; 
and  with  sufficiently  exact  instruments  and  very  careful  ex- 
perimentation, the  better  results  can  probably  be  obtained 
from  the  metallic  gratings.  For  the  reasons  previously  stated, 
this  paper  is  confined  to  the  results  from  glass  ones. 

Now  there  are  two  quite  distinct  ways  of  using  transmission 
gratings — first,  perpendicular,  or  nearly  so,  to  the  collimating 
or  the  observing  telescope  ;  and  second,  in  the  position  of 
minimum  deviation.  The  method  in  the  first  case  is  familiar; 
the  properties  of  the  second  are  as  follows  : — 

The  general  relation  between  the  incident  and  the  diffracted 
ray  is 

sm  i  +  sm  (b—t)  = — . 
a 

When  i=0°,  this  gives  the  ordinary  formula  for  normal  in- 
cidence.    Putting  it  in  the  form 


.2(a) 


(-1). 


the  deviation  represented  by  the  angular  term  will  evidently 

be  a  minimum  when  i  =  ,T  ;  and  the  wave-length  will  then  be 

given  by  the  formula 

.      2(a)    .     B 
m  z 

It  is  not  easy  to  say  which  method  of  procedure  is  prefer- 
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able;  but  on  the  whole  the  ordinary  plan  of  normal  incidence 
offers  fewer  experimental  difficulties,  and  therefore  was 
adopted  particularly  as  the  spectrometer  used  was  speciallj 
well  suited  to  that  method.  It  is  quite  certain  that  either 
method  will,  with  proper  care,  give  the  angular  deviation  with 
a  degree  of  exactness  far  surpassing  that  attainable  in  the 
measurement  of  the  gratings. 

The  Spectrometer. 

This  was  a  large  and  solid  instrument  by  Meyerstein,  with 
a  circle  on  silver  32  centim.  in  diameter  divided  to  tenths  of 
a  degree.  This  is  read  by  two  micrometer-microscopes  180° 
apart.  The  pitch  of  the  micrometer-screws  is  such  that  one 
turn  equals  about  2' ;  and  as  the  head  is  divided  into  sixty 
parts,  each  of  these  represents  2".  The  micrometer  can, 
however,  be  set  with  certainty  to  less  than  half  this  amount. 
The  collimating  and  observing  telescopes  are  of  4  centim. 
clear  aperture  and  35  centim.  focal  length,  and  the  lenses  are 
well  corrected.  The  collimator  is  fixed  to  the  massive  arms 
which  carry  the  reading  microscopes  ;  while  the  observing 
telescope  is  attached  to  a  collar  on  the  axis  of  the  main  circle, 
and  moves  freely  upon  it  or  can  be  firmly  clamped  so  as  to 
move  with  the  circle.  The  grating  is  carried  on  an  adjustable 
platform  with  a  circle  12'5  centim.  in  diameter,  divided  to 
30',  by  verniers  to  1',  and  moving  either  upon  or  with  the 
large  circle. 

This  arrangement  of  parts  does  not  admit  of  fixing  the 
grating  rigidly  normal  to  the  collimator ;  so  in  all  the  experi- 
ments it  was  placed  normal  to  the  observing  telescope,  a 
position  which  was  particularly  advantageous  in  the  matter 
of  adjustment.  The  instrument  was  set  up  in  a  southern 
room  in  the  physical  laboratory,  and  throughout  the  experi- 
ments the  collimator  pointed  about  south-south-east.  With 
the  eye-piece  used,  the  observing  telescope  had  a  power  of 
very  nearly  sixteen  diameters. 

Gratings. 

Very  few  glass  gratings  have  ever  been  ruled  on  Prof. 
Rowland's  engine,  since  for  most  purposes  they  are  much 
inferior  to  the  metallic  ones,  and  are  very  much  more  diffi- 
cult to  rule,  as  they  run  great  risk  of  being  spoiled  by  the 
breaking  down  of  the  diamond-jjoint.  A  very  few,  however, 
were  ruled  in  1884  with  special  reference  to  wave-length 
determination  :  and  of  these  the  two  best  were  available  for 
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these  ex{)eriments.  They  are  both  ruled  upon  plane  sextant 
mirrors,  and  are  of  very  nearly  the  same  size — thirty  milli- 
metres long,  with  lines  of  about  nineteen  millimetres.  Each 
hundredth  line  is  longer,  and  each  fiftieth  line  shorter,  than 
the  rest  ;  so  that  the  gratings  are  very  easy  to  examine  in 
detail.  The  ruling  of  both  is  smooth  and  firm,  without  breaks 
or  accidental  irregularities,  and  almost  without  flaws.  They 
were  ruled  at  different  temperatures  and  on  different  parts  of 
the  screw;  and  while  one  was  ruled  with  the  ordinary  arrange- 
ment of  the  engine,  the  other  was  ruled  to  a  very  different 
space  by  means  of  a  tangent-screw.  This  great  diversity  of 
conditions  in  the  two  gratings  is  far  from  favouring  a  close 
agreement  in  the  results  ;  but  tends  to  eliminate  constant 
errors  due  to  the  dividing-engine,  and  hence  to  increase  the 
value  of  the  average  result.  It  must  be  remembered  that 
two  gratings  ruled  on  the  same  part  of  the  screw  are  in  most 
respects  little  better  than  one.  The  grating  designated  I.  in 
this  paper  contains  12,100  spaces,  at  the  rate  of  very  nearly 
400  to  the  millimetre,  and  was  ruled  (by  tangent-screw)  at 
a  temperature  of  6°*7  C.  in  January  1884,  It  gives  excellent 
definition  with  almost  exactly  the  same  focus  for  the  spectra 
on  either  side,  and  is  quite  free  from  ghosts  or  other  similar 
defects. 

The  grating  designated  II.  has  8600  spaces,  at  the  rate  of 
about  7200  to  the  inch,  and  was  ruled  in  November  1884, 
at  11°'6  C.  Its  definition  and  focusing  are  very  nearly  as 
good  as  in  I.,  and,  like  it,  it  shows  no  trace  of  ghosts  or  false 
lines.  They  are  both  exquisite  specimens  of  the  work  which 
Prof.  Rowland's  engine  is  capable  of  doing,  though,  as  the 
event  showed,  I.  is  decidedly  the  better  grating,  in  the 
matter  of  regularity  of  ruling. 

Angular  Measurements. 

At  the  beginning  of  the  work  a  serious  question  of  adjust- 
ment arose.  There  aie  two  ways  of  using  a  grating  perpen- 
dicular to  one  of  the  telescopes.  In  the  first  place  it  may  be 
placed  and  kept  accurately  in  that  position  ;  and,  secondly,  it 
may  be  placed   nearly  in  the  position  for  normal   incidence, 

and  the  error  measured  and  corrected  for.  Angstrom  used 
the  latter  method,  which  involved  a  measurement  on  the 
direct  image  of  the  slit  as  well  as  on   the   lines  observed. 

o 

Using  Angstrom's  notation — let  a  and  a'  be  the  readings  on 
the  spectra,  and  M  that  on  the  slit.     Let  also 

-,       —  M  =  A  and       _—  =  c^. 
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Then  if  7  is  the  angle  made  by  the  incident  ray  with  the 
normal  to  the  grating,  and  N  the  order  of  spectrum, 

- —  =cos  (7  + A)  sm  9  ; 

also 

sin  7  =  sin  (7  +  A)  cos  ^, 

and  . 

,  cos  0     . 

tan  7=  .j ^A. 

'       1  —  cos  9 

But  from  the  second  of  the  above  equations, 

•     /         A  \       si"  7 

sm   7  +  A)  = j-. 

'  '      cos  cf) 

Now  it  was  found  that  with  the  collimating-eyepiece  belong- 
ing to  the  spectrometer,  7  w'ould  never  exceed  and  seldom 
reach  10'',  while  the  angles  of  deviation  observed  were  about 
45°.  Substituting  these  values  in  the  last  equation,  it  at 
once  appeared  that  the  cosine  of  (7  + A)  was  a  quantity  dif- 
fering from  unity  by  considerably  less  than  one  part  in  a 
million,  and  hence  entirely  negligible.  Further,  it  was  found 
that  the  grating  once  set  could  be  trusted  to  remain  perpen- 
dicular through  a  series  of  measurements  ;  and  though  at  the 
end  of  each  series  the  grating  was  adjusted  to  a  new  part 
of  the  circle,  and  a  close  watch  kept  for  its  slipping  out  of 
adjustment,  it  was  never  found  necessary  to  reject  a  series 
from  that  cause. 

The  grating  was  centred  and  adjusted  with  reference  to 
the  circles  and  their  axes  by  the  ordinary  methods.  Through- 
out the  experiments  the  light  was  concentrated  on  the  slit  by 
an  achromatic  lens  of  about  half  a  metre  focus,  which  was 
placed  behind  a  sheet  of  deep  yellow  glass,  which  served  to 
cut  oflF  the  overlapping  blue  raj's,  which  might  otherwise  have 
proved  troublesome.  A  heliostat  enabled  the  sun's  image  to 
be  kept  centrally  upon  the  slit. 

The  method  of  observation  was  as  follows  : — When  instru- 
ment and  grating  were  in  exact  adjustment,  readings  were 
taken  on  Dj  in  the  spectra  on  either  side  of  the  slit,  and  the 
angle  measured  from  three  to  six  times  in  rapid  succession, 
the  last  reading  being  of  course  on  the  same  side  as  the  first. 

Then  the  grating  was  rotated  about  ten  degrees,  readjusted, 
and  the  process  repeated. 

The  angles  observed  in  one  series  were  combined  to  elimi- 
nate errors  of  setting,  while  the  use  of  all  portions  of  the 
circle  served  to  correct  errors  of  subdivision,  since  the  num- 
ber of  independent  series  of  observations  was  quite  large. 
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To  eliminate  any  errors  which  might  be  due  to  imperfec- 
tions of  figure  in  the  gratings,  they  were  used  in  all  the  four 
possible  positions.  No  such  error,  however,  became  apparent 
either  from  critical  examination  of  the  gratings  themselves,  or 
from  the  results  obtained  in  the  different  positions. 

Observations  with  grating  I.  were  begun  late  in  October, 
1885,  and  occupied  the  clear  days  for  a  month.  Forty-eight 
series  of  measurements  were  made,  and  the  agreement  be- 
tween them  was  very  satisfactory.  After  correcting  for  tem- 
perature, thirty-six  of  the  number  fell  within  a  range  of  three 
seconds,  and  the  rest  were  clustered  closely  about  them. 
Observations  on  the  various  days  were  as  follows: — 


Date, 

Number  of 

Series. 

Angle. 

Oct.  19     . 

.      .            1 

45° 

1/ 

47// 

2 

20     . 

.      .            1 

45 

48 

4 

22     . 

.     .         2 

45 

48 

2 

23     . 

.     .         1 

45 

49 

8 

2G     . 

.     .         4 

45 

49 

3 

27     . 

.     .         3 

45 

48 

2 

81     . 

.     .         1 

45 

50 

1 

Nov.    3     . 

.     .         1 

45 

48 

6 

4     . 

.     .         3 

45 

47 

4 

5     . 

.     .         2 

45 

47 

9 

10     . 

.     .         4 

45 

47 

8 

11     . 

.     .         6 

45 

49 

7 

IG     . 

.     .         8 

45 

48 

2 

17     . 

.     .         5 

45 

47 

5 

20     . 

.     .         6 

n   V\m>  fln'vrl    snf 

45 

r-f  rn  ti 

1 

47 

■5 

surements  were  in  the  main  confined,  as  in  it  the  definition 
was  particularly  good  ;  and  it  being  the  highest  order  which 
could  be  conveniently  observed,  an  error  in  the  angle  would 
produce  the  minimum  effect.  The  spectra  on  both  sides  of  the 
slit  were  about  equal  in  brillianc}^  and  definition. 

The  observations  were  weighted  as  nearly  as  possible  accord- 
ing to  the  favourable  or  unfavourable  conditions  under  which 
they  were  made  ;  and  when  finally  combined,  gave  as  the  value 
of  the  angle  of  deviation  for  grating  I. : — 

</)  =  45°r48"-24  +  0'^-ll. 

The  above  probable  error  is  equivalent  to  a  little  less  than 
one  part  in  a  million,  and  can  introduce  no  sensible  error  into 
the  resulting  wave-length. 

Other  work  intervened,  and  the  measurements  with  grating 
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II.  were  not  taken  up  until  early  iu  the  succeeding  March. 
Precisely  the  same  method  of  observation  was  employed,  and 
the  results  were  nearly  as  consistent  and  satisfactory. 

The  observations  on  the  various  davs  were  as  follows  : — 


Date,  1886. 

Number  of 
Series. 

Angle. 

March    6     . 

.     2 

42°  h'    l"-2 

10     . 

.     1 

42   4  58  -6 

11     . 

.     7 

42   5     1-4 

15     . 

.     1 

42   5     4  0 

16     . 

.     6 

42   4  57  -8 

17     . 

.     6 

42   4  58  -5 

18     . 

.     7 

42   4  59  -1 

23     . 

.     6 

42   4   58  -3 

When  collected  thus  by  days,  the  observations  do  not 
appear  to  agree  nearly  as  well  as  those  made  with  grating  L, 
particularly  since  a  solitary  wild  reading,  that  of  March  15, 
is  retained.  The  distribution  of  the  various  readings,  how- 
ever, is  such  that,  after  weighing  and  combining,  the  final 
result  is  by  no  means  deficient  in  accuracy.     It  is 

<^  =  42°4'59"-28±0"-2. 

The  above  probable  error  amounts  to  about  one  part  in  six 
hundred  thousand.  The  observations  with  grating  11.  were 
uniformly  in  the  fourth  order  of  spectrum. 

Throughout  the  measurements  with  both  gratings,  the  tem- 
perature was  kept  uniform  within  a  few  degrees.  20°  C.  had 
been  selected  as  the  standard  temperature,  and  the  variation 
was  rarely  more  than  two  or  three  degrees  on  either  side  of 
that  figure.  The  question  of  temperature  determination  is  a 
serious  one  in  case  of  glass  gratings;  for  it  is  very  hard  to 
tell  what  heating  effect  the  incident  beam  has  on  the  grating, 
and  equally  hard  to  measure  that  effect.  It  is  hardly  safe, 
without  extraordinaiy  precautions,  to  assume  that  the  grating 
has  the  same  temperature  as  the  air  near,  and  it  is  such  a 
bad  conductor  that  it  would  not  easily  assume  the  tempera- 
ture of  the  apparatus.  In  these  experiments  a  sort  of  com- 
promise was  effected.  A  small  thermometer  was  attached  to 
the  thin  metallic  shp  that  held  the  edge  of  the  grating,  and 
shielded  by  cotton  from  air-currents,  which  of  course  would 
affect  it  much  more  than  they  would  the  grating.  The 
thermometer  was  a  small  Fahrenheit  graduated  to  quarter 
degrees,  and  quite  sensitive.  It  was  carefully  compared, 
throughout  the  range  of  temperatures  employed,  M'ith  thermo- 
meter Baudin  7312,  which  served  as  a  standard  in  all  the 
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measurements  regular  and  linear,  and  during  part  of  the 
time  was  placed  directly  over  the  grating  to  give  a  check  on 
the  attached  thermometer.  This  expedient  was  finally  aban- 
doned as  unlikely  to  be  of  much  use. 

The  corrections  for  temperature  were  deduced  from  the 
assumed  coefficient  of  expansion  of  glass,  which  was  taken  as 
0-0000085.  This  was  reduced  to  angular  correction  for  the 
approximate  value  of  (^,  and  applied  directly  to  the  observed 
angles.  Since  the  temperatures  at  which  observations  were 
made  varied  little  from  '10°  C,  and  were  quite  equally  distri- 
buted on  both  sides  of  that  figure,  any  error  in  the  assumed 
coefficient  would  hardly  affect  the  average  result,  but  would 
appear,  if  at  all,  as  a  slight  increase  in  the  probable  error. 

760  millim,  (reduced)  was  taken  as  standard  pressure,  and 
the  values  for  the  days  of  observation  were  taken  from  the 
U.  S.  Signal- Service  observations  for  the  hours  of  11  a.m. 
and  o  P.M.  on  those  days.  The  average  for  the  measurements 
made  with  grating  I.  was  7(il  millim.,  and  for  those  with 
oratino;  II.  760  millim.;  so  that  corrections  for  pressure  were 
uncalled  for. 

The  eflFect  of  the  velocity  of  the  apparatus  through  space  is 
a  subject  concerning  which  there  has  been  much  discussion. 

Angstrom  deduced  a  correction ;  but  Van  der  Willigen,  in 
quite  a  lengthy  discussion  of  the  whole  matter,  came  to  the 
conclusion  that  there  was  no  error  due  to  the  above  cause. 
Since  that  period  the  question  has  been  raised  from  time  to 
time,  but  no  decisive  investigations  on  the  subject  have  yet 
been  published.  At  present,  however,  it  seems  to  be  tolerably 
well  settled  that  no  correction  is  needed,  as  the  error,  if  there 
be  any,  is  of  an  order  of  magnitude  entirely  negligible,  and 
in  the  present  paper  none  has  been  applied. 

The  angular  measurements,  after  all  corrections  were  ap- 
plied, may  thus  be  regarded  as  determined  with  a  high  degree 
of  accuracy — most  probably  to  less  than  one  part  in  half  a 
million. 

Measurement  of  the  Gratings. 

The  exact  determination  of  the  grating-space  is  by  far  the 
most  difficult  portion  of  a  research  on  absolute  wave-length, 
and  has  been  uniformly  the  most  fruitful  source  of  errors. 
Besides  the  experimental  difficulties  of  the  task,  it  is  far  from 
an  easy  matter  to  secure  proper  standards  of  length.  The 
standards  used  in  various  former  investigations  have  proveil 
to  be  in  error,  sometimes  by  a  very  considerable  amount ;  and 
indeed  very  few  of  the  older  standards  are  above  suspicion. 
As  Peirce  has  very  justly  remarked  in   connection  with  this 
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subject — "  All  exact  measures  of  length  made  now  must  wait 
for  their  final  correction  until  the  establishment  of  the  new 
metric  prototype."  Short  standards  of  length  are  in  some 
respects  peculiarly  liable  to  error,  since  they  must  be  com- 
pared with  the  subdivisions  (often  not  sufficiently  well  deter- 
mined) of  secondary  standards ;  and  small  sources  of  uncer- 
tainty, such  as  poor  defining-lines,  slight  changes  in  the 
apparatus  and  the  like,  of  course  are  much  more  serious  as 
the  length  is  less. 

Fortunately,  there  were  available  for  the  measurement  of 
the  gratings  two  standard  double  decimetres,  which  have  been 
determined  with  almost  unprecedented  care  by  Professor  W. 
A.  Rogers.  They  are  upon  speculum  metal;  were  graduated 
and  determined  by  Professor  Rogers  early  in  1885,  and  were 
purchased  by  the  University  late  in  the  same  year.  They  are 
designated  respectively  S"  and  Sg,  and  are  discussed  at  length 
in  the  '  Proceedings '  of  the  American  Society  of  Microsco- 
pists  for  1885. 

The  bar  Sj  is  23  centim.  in  length.  Near  one  edge  is  the 
double  decimetre  S^  divided  to  centimetres,  the  5-centim. 
lines  being  triple.  S2  is  27  centim.  in  length,  and  graduated 
in  the  same  way.  The  defining-lines  in  both  are  fine  and 
sharp,  and  the  surfaces  are  accurately  plane.  They  are  stan- 
dard at  16°*67  C. ;  and  from  an  elaborate  series  of  compari- 
sons with  four  different  standards,  the  coefficient  of  expansion 
was  found  to  be 

17"946  fjb  per  metre  per  degree  C. 

S^  and  Sg  depend  for  their  accuracy  on  a  long  series  of  inde- 
pendent comparisons  with  Professor  Rogers'  bronze  yard  and 
metre  R2,  and  steel  standards  whose  relation  to  R2  Avas  very 
exactly  known.  Rg  has  been  determined  by  elaborate  com- 
parisons Avith  various  standard  metres  and  yards,  and  is 
described  and  discussed  at  length  in  the  '  Proceedings  '  of 
the  American  Academy,  vol.  xviii.  The  length  of  the  metre 
was  determined,  both  directly  and  through  the  yard,  by  com- 
parison with  the  following  standards  : — 

I.  The  metre  designated  T,  copper  with  platinum  plugs, 
traced  and  standardized  by  Tresca  in  1880  from  the  Conser- 
vatoire line-metre  No.  ll>,  which  bears  a  very  exactly  known 
relation  to  the  Metredes  Archives. 

II.  The  yard  and  metre  designated  C.  S.,  brass  with  silver 
plugs,  belonging  to  the  Stevens  Institute.  The  yard  was 
compared  with  the  Imperial  Yard  in  1880,  so  that  it  is  directly 
and  exactly  known.     It  was  afterwards  sent  to  Breteuil ;  and 
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the  metre  was  determined  with  great  exactness  by  elaborate 
comparisons  with  Type  I.  of  the  International  Bureau  of 
Weights  and  Measures. 

III.  "Bronze  11,"  a  primary  copy  of  the  Imperial  Yard, 
presented  to  the  United  States  in  1856.  It  was  taken  to 
England  in  1878;  and  finally  determined  by  direct  compari- 
son with  the  Imperial  Yard,  Bronze  Yard  No.  6,  and  Cast 
Iron  Yards  B  No.  62  and  G  No.  63. 

The  subdivisions  of  Rg  have  been  determined  with  very 
great  care;  and  thus  Si  and  So,  whose  lengths  relative  to  R2 
are  accurately  known,  may  finally  be  referred  to  the  ultimate 
standard  Type  I.  of  the  International  Bureau. 

Only  the  5-centim.  spaces  of  Si  and  S2  were  investigated 
by  Prof.  Rogers;  but  these  were  determined  by  various  methods 
under  widely  different  conditions,  and  their  relations  to  the 
standards  with  which  they  were  compared  may  be  regarded 
as  definitely  known.  From  a  combination  of  all  results  the 
subdivisions  of  S"  have  the  following  lengths  at  the  standard 
temperature  : — 

minim. 

Standard  S?=  199-99918 

dm.i  Si=  99-99995 

dm.2  Si=  99-99923 

5-cm.i  S?=  50-00010 

5-cm.2  S?=  49-99985 

5-cm.3S?=  49-99901 

5-cm.4  S?=  50-00022 

Similarly  the  following  values  were  derived  for  83  : — 

millim. 
Standard  82  =  199-99968 
dm.i  8^  =  100-00001 
dm.2  82=   99-99967 
5-cm.i  S^=  50-00020 
5-cm.2  8^=  49-99981 
5-cm.3  8^=  49-99931 
5-cm.4  S'^=  50-00042 
As  to  the  degree  of  accuracy  attained  in  determining  8" 
and  82,  Prof.  Rogers  says  that,  including  all  sources  of  un- 
certainty, either  standard  may  have  an  error  of  ±0-o/j,;  but 
the  moan  of  the   two,  since  the  determinations  were  inde- 
pendent, ought  to  be  even  more  reliable.     Taking  all  things 
into  consideration,  it  seems  verv  improbable  that  the  mean 

U2 
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value  of  Si  and  Ss  can  be  in  error  by  as  much  as  one  part  in 
half  a  million. 

So  much  for  the  standards  of  length.  The  comparator  used 
in  the  measurements  was  a  very  efiicient  instrument,  particu- 
larly suited  for  the  purpose.  It  consisted  essentially  of  a  long 
carriage  (^  metre)  running  on  V-shaped  ways  and  carrying 
the  microscope.  This  carriage  slides  against  adjustable  stops, 
and  is  ])ressed  against  them  with  perfect  uniformity  by  means 
of  weights.  An  adjustable  platform  below  carries  the  stan- 
dards and  objects  to  be  measured.  The  ways  of  both  carriage 
and  platform  had  been  ground  till  they  were  perfectly  uniform 
and  true,  and  the  working  of  the  instrument  left  little  to  be 
desired  in  the  way  of  accuracy.  Throughout  a  long  series  of 
measurements  the  stops  would  not  be  displaced  by  so  much 
as  O'lyu-  if  proper  care  were  used  in  moving  the  carriage. 
The  microscope  was  attached  so  firmly  as  to  avoid  all  shaking, 
and  was  armed  with  a  half-inch  objective  and  an  excellent 
eyepiece-micrometer.  The  objective  was  made  specially  for 
micrometric  work,  and  was  fitted  with  a  Tolles'  opaque  illu- 
minator. Measurements  were  made  as  follow? : — The  standard 
bar,  and  the  grating  mounted  on  a  polished  block  of  speculum 
metal,  were  placed  side  by  side — or  sometimes  end  to  end — 
on  the  platform  and  very  accurately  levelled.  The  sto})Swere 
set  very  nearly  three  centimetres  apart,  one  end  of  the  grating- 
brought  under  the  microscope  resting  against  one  of  the  steps, 
and  the  micrometer  set  on  the  terminal  line.  Then  the 
carriage  was  brought  against  the  other  stop,  and  the  micro- 
meter again  set.  The  same  process  was  then  gone  through 
on  three  centimetres  of  the  standard,  and  then  going  back 
to  the  grating  it  was  compared  in  the  same  manner  with 
succeeding  triple  centimetres  till  the  fifteen-centimetre  line 
was  reached,  thus  eliminating  the  errors  of  the  single  centi- 
metres and  making  the  determination  rest  only  on  the  fifteen- 
centimetre  line.  The  temperature  was  given  by  a  thermo- 
meter placed  against  the  standard  bar  or  the  block  that  carried 
the  grating.  In  this  manner  each  grating  was  repeatedly 
compared  with  the  first  fifteen  centimetres  of  each  bar,  at  or 
near  20°,  the  temperature  at  which  the  gratings  had  been 
used.  The  micrometer  constant  was  determined  by  measuring 
tenths  of  millimetres  ruled  on  Prof.  Rowland's  engine;  but  in 
practice  the  stops  were  so  adjusted  that  it  was  almost  elimi- 
nated. Each  division  of  the  micrometer-head  equalled 
0'28/A,  and  the  probable  error  of  setting  was  less  than  half 
that  amount. 

All  measurements  were  reduced  to  20°  C,  as  in  the  case  of 
the  angular  determinations.  The  line  along  which  the  linear 
measures  were  made  was   that  formed  by  the  terminations  of 
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the  rulings.  It  was  therefore  necessary  to  know  very  exactly 
the  angle  between  this  line  and  the  direction  of  the  individual 
rulings  ;  in  other  words,  the  angle  between  the  line  of  motion 
of  the  grating  and  the  direction  of  the  diamond  stroke  in  the 
dividing-engine.  This  was  ascertained  by  means  of  two  test 
plates  each  some  twelve  centim.  long  ruled  in  centims.,  and 
then  superimposed  line  for  line.  By  measuring  the  minute 
distances  between  each  end  of  a  pair  of  superimposed  lines, 
the  length  of  the  lines  and  the  amount  by  which  their  ends 
overlapped  at  each  end  of  the  test  plate,  the  required  angle 
could  be  deduced  with  great  exactness.  It  differed  so  little 
from  90°,  however,  that  the  correction  produced,  barely  one 
part  in  a  million,  was  entirely  negligible. 

After  all  reductions  and  corrections,  the  following  series 
of  values  were  obtained  for  the  grating-spaces  of  gratings  I. 
and  II.  : — 

Series.  Grating  1.  Standard, 

millim. 

1.  0-00250023  Sf 

2.  0-00250016  „ 

3.  0-00250013  „ 

4.  0-00250015  „ 
'5.  0-00250018  „ 

6.  0-00250021  S? 

7.  0-00250023  „ 

8.  0-00250023  „ 

9.  0-00250023  „ 

Mean  value  adopted  after  weighting  and  combining  the 
above  observations  was 

0-002500194  millim.  ±10. 
The  probable  error  thus   appears  to  be  not  far  from  one  part 
in  two  hundred  and  fifty  thousand.     The  difference  in  the 
results  obtained  from  the  two  standards  seems  to  be  purely 
accidental,  as  appears  from  the  measurements  on  grating  11. 

Standard. 


iries. 

Grating  II. 
millim. 

1. 

2. 
3. 
4. 
5. 

0-00351888 
0-00351883 
0-00351885 
0-00351886 
0-00351883 

6. 
7. 

8. 
9. 

0-00351893 
0-00351888 
0-00351888 
0-00351888 

>^l 


s^ 


Mean  adopted,  0-00351 8870 ±10. 
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The  probable  error  appears  to  be  rather  less  than  in  the 
measurements  of  grating  I.  As,  however,  the  angular  deter- 
minations made  with  I.  are  the  better,  so  far  as  probable 
errors  of  observation  are  concerned,  the  results  from  the  two 
gratings  are  about  equal  in  value. 

Computing  now  the  wave-lengths  corresponding  to  the  given 
values  of  (f)  and  A  for  each  grating,  we  have  finally  for  the 
wave-length  of  Dj  at  20°  C.  and  760  milhm.  pressure  : — 

From  grating    I.  uncorrected,  5896"11  tenth  metres. 
From  grating  II.  „  5895-95  „ 

The  diffei'ence  in  the  above  results  is  by  no  means  large 
compared  with  the  results  obtained  from  different  gratings  by 
other  investigators,  but  it  certainly  is  enormously  great  com- 
pared with  the  experimental  errors  alone. 

As  nearly  as  can  be  judged,  these  ought  not  in  either 
grating  to  exceed  one  part  in  two  hundred  thousand,  while 
the  above  discrepancy  is  ahout  one  part  in  thirty-five  thousand. 

Its  cause  must  be  sought  in  the  individual  peculiarities  of 
the  o-ratinos,  rather  than  in  the  method  of  using  them. 

All  gratings  are  subject  to  irregularities  of  rubng,  and  the 
effects  of  these  are  various,  according  to  the  nature  and 
magnitude  of  the  defects.  Linear  or  periodic  errors  in 
ruling,  unless  very  small,  will  make  themselves  apparent  by 
changing  the  focus  of  the  spectra  or  producing  ghosts,  re- 
spectively ;  and  if  such  errors  are  large,  render  the  grating 
totally  unfit  for  exact  measurement.  Accidental  errors,  such 
as  a  flaw  or  break  in  the  ruling,  are  also  serious,  but  are 
easil}^  detected  and  may  be  approximately  corrected,  as  was 

o 

done  by  Angstrom  in  the  case  of  one  of  his  gratings.  Any 
marked  and  extensive  irregularities  of  spacing  will  produce 
bad  definition  or  false  lines,  and  in  most  cases  both.  If,  then, 
a  grating  on  microscopical  examination  is  free  from  flaws 
and  on  the  spectrometer  gives  sharply  defined  spectra,  alike 
in  focus  and  free  from  ghosts,  it  is  safe  to  conclude  that  it  is 
tolerably  free  from  the  errors  above  mentioned  ;  but,  unfor- 
tunately, there  is  one  fault  that  does  not  at  once  become 
visible,  while  it  introduces  a  very  serious  error  in  the  measure- 
ments :  this  is  a  rather  sudden  change  in  the  grating-space 
through  a  portion  of  the  grating,  usually  at  one  end.  Such 
an  error  is  usually  due  to  abnormal  running  of  the  screv/ 
when  the  dividing-engine  is  first  started,  and  may  in  this 
case  be  avoided  by  letting  the  engine  run  for  some  time 
before  beoinning  to  rule.  Thus  gratino-  I.,  ruled  with  this 
precaution,  is  nearly  free  from  this  error.  Sometimes,  how- 
ever, it  is  the  terminal  or  an   intermediate  portion   of  the 
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grating  that  is  thus  affected,  in  which  case  the  error  may  be 
due  to  a  change  of  temperature  or  to  a  fault  in  the  screw.  If 
an  error  of  this  kind  is  extensive,  it  will  produce  the  effect  of 
two  contiguous  gratings  of  different  grating-space,  injuring 
the  definition  and  widening  or  reduplicating  the  lines.  When, 
however,  the  abnormal  spacing  is  confined  to  a  few  hundred 
lines,  it  produces  no  visible  effect  when  the  whole  grating  is 
used,  but  simply  diffuses  a  small  portion  of  the  light,  and 
increases  or  decreases  the  average  grating- space.  For  it  is 
evident  that  such  a  portion  of  the  grating  must  possess  little 
brilliancy  and  less  resolving  power  ;  and  the  more  its  spacing- 
differs  from  that  of  the  rest  of  the  grating,  the  less  chance  of 
visible  effect  and  the  greater  error  introduced.  Such  a  fault 
is  compatible  with  the  sharpest  definition,  but  can  be  detected 
by  cutting  down  the  aperture  of  the  grating  till  the  spectrum 
from  the  abnormal  portion  is  relatively  bright  and  distinct 
enough  to  be  seen.  The  effective  grating-space,  producing 
the  spectra  on  which  measurements  are  made,  is,  of  course, 
that  of  the  normal  portion  only.  Both  the  gratings  used  in 
these  experiments  were  affected  by  the  above  error,  No.  I. 
very  slightly,  No.  II.  somewhat  more  seriously.  Not  only 
the  discrepancies  between  different  gratings,  but  those  between 
different  orders  of  spectra  in  the  same  grating  are  due  to  this 
cause.  For  while  in  one  order,  where  the  effect  due  to  the 
abnormal  portion  is  imperceptible,  the  spectrum  as  measured 
is  produced  by  the  effective  grating-space  alone,  in  another 
order  there  may  be  produced  a  slight  shading-off  of  the  lines, 
so  that  their  apparent  centres  may  correspond  approximately 
to  the  average  grating-space.  In  any  case,  it  is  quite  clear 
that  a  combination  of  the  results  from  different  orders  of 
spectra  will  not  eliminate  the  error. 

The  remedy  lies  either  in  stopping  out  the  imperfect  por- 
tion of  the  grating,  or  measuring  it  and  introducing  a  cor- 
rection. As  the  work  of  angular  measurements  was  nearly 
finished  before  the  study  of  the  gratings  was  begun,  owing 
to  a  delay  in  getting  apparatus,  the  latter  course  was  adopted 
in  these  experiments.  Each  grating  was  examined  in  detail, 
and  the  relation  of  the  grating-spaces  in  the  various  portions 
of  it  carefully  determined.  From  these  data  a  simple  gra- 
phical method  gave  the  correction  to  be  applied  to  the  wave- 
length. In  each  grating  the  fault  was  confined  to  a  small 
portion  ;  and  as  the  order  of  the  spectrum  employed  in  each 
was  selected  on  account  of  its  good  definition  and  freedom 
from  anything  like  haziness  or  shading-off'of  the  lines,  it  seems 
safe  to  assume  that  the  abnormal  portion  produced  no  visible 
effect,  and  that,  consequently,  the  correction  above  mentioned 
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counteracts  the  error  quite  effectuall}'.  In  grating  I.  the 
correction  was  one  part  in  300,000,  and  in  grating  II.  one 
part  in  60,000.  Applying  these  to  the  wave-lengths  we  have 
for  grating  I. : — 

Wave-length 5896-11 

Correction —•02 

Corrected  w.-l 5896-09 

And  for  grating  II., 

Wave-length 5895-95 

Correction +-10 

Corrected  w.-l 5896-05 

Combining  these,  and  giving  to  grating  I.  the  greater 
weight  on  account  of  its  very  small  error  of  ruling,  we  have 
finally  for  the  wave-length  of  D^  at  20°  C.  and  760  millim. 
pressure,  5896*08 

or  in  vacuo,  5897-71. 

It  is  no  easy  matter  to  give  any  well-founded  estimate  of  the 
probable  error  of  the  above  result.  So  far  as  experimental 
errors  are  concerned,  the  result  with  either  grating  should  be 
correct  to  one  part  in  two  hundred  and  fiity  thousand;  but 
the  error  in  the  gratings  introduces  a  complication  by  no 
means  easy  to  estimate.  As  nearly  as  the  writer  can  judge, 
however,  it  seems  probable  that  the  error  of  the  final  result 
does  not  exceed  one  part  in  two  hundred  thousand.  For 
comparison,  the  values  deduced  from  the  work  of  Peirce  and 

o 

of  Angstrom  are  subjoined  : — 

Micrometer  measure  by  Eowland,  from  Peirce's 

preliminary  result     q. 5896*22 

Thalcn^s  correction  of  Angstrom 5895-89 

Both  being  in  air  at  ordinary  temperature  and  760  millim. 

As  neither  result  was  corrected  for  errors  in  the  gratings, 
the  cause  of  the  discrepancy  is  obvious. 

Two  determinations  of  absolute  wave-length  have  been 
published  since  this  work  was  undertaken  by  the  writer. 
One  is  a  very  elaborate  one  by  Miiller  and  Kempf,  who 
employed  four  gratings  by  Wanschaff,  and  used  the  method 
of  minimum  deviation.     Their  results  were  as  follows  : — 

Grating  .  .  .  (2151)  (5001)  (8001)  (80014) 
Wave-length      .    5896-46       5896-14       5895-97       5896-33 

By  a  correction  founded  on  the  unwarrantable  assumption 
that  the  mean  value  was  correct,  the  above  results  are  brought 
into  apparent  agreement.      Nothing,  however,  short  of  a  study 
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in  detail  of  each  grating  can  furnish  data  for  obtaining  any- 
thing Hke  an  accurate  result  from  the  above  figures.  It 
would  seem  that  (5001),  which  had  the  smallest  probable 
error,  should  show  but  a  trifling  error  of  ruling,  while  one 
would  expect  to  find  a  portion  or  portions  of  (2151),  in  which 
the  grating-space  is  abnormally  large.  Corresponding  errors 
of  ruling  should  appear  in  (8001)  and  (80014).     A  similar 

study  of  the  gratings  used  by  Angstrom  would  be  of  no  little 
interest. 

The  other  determination  alluded  to  is  one  by  M.  de 
Lepinay,  using  a  quartz  plate  and  Talbot's  bands.  Without 
discussing  the  method,  it  is  sufficient  to  say  that  the  result 
obtained  depends  on  the  relation  of  the  litre  to  the  decimetre, 
a  ratio  not  at  preseiit  exactly  determined. 

The  results  detailed  in  this  paper  are  in  a  certain  sense 
preliminary.  The  writer  hopes  that  in  the  near  future,  ex- 
periments with  metallic  gratings  will  enable  him  to  lessen  the 
probable  error  very  materially,  and  therefore  defers,  for  the 
present,  further  discussion  of  the  problem. 

Through  the  courtesy  of  Mr.  Peirce,  the  writer  has  been 
enabled  to  test  the  legitimacy  of  the  above  correction  and,  at 
the  same  time,  check  his  own  results.  Mr.  Peirce  kindly 
forwarded  his  gratings  and  standard  of  length  for  examination 
and  comparison,  and  the  results  were  decidedly  instructive. 

Grating  "  H,"  with  which  a  large  part  of  the  work  M^as 
done,  showed,  as  was  suspected,  a  local  error,  equivalent  to  a 
correction  of  one  part  in  55,000  in  the  resulting  wave-length. 
Tested  in  the  spectrometer,  the  portion  including  the  error 
showed  a  grating-space  distinctly  greater  than  that  of  the 
grating  taken  as  a  whole,  showing  thus  both  the  necessity  for 
and  the  algebraic  sign  of  the  correction.  The  other  gratings 
showed  similar  errors  varying  in  amount,  but  the  same  in 
sign,  the  correction  requiring  in  every  case  a  reduction  in 
the  wave-length.  The  abnormal  portion  was  invariably  at 
one  end  or  the  other  of  the  grating  concerned,  never  in  the 
middle. 

The  standard  of  length  used  by  Mr.  Peirce  ("  Eo.  3  "  a 
glass  decimetre)  was  compared  with  S^  and  S^;  and  the  pre- 
liminarv  results  show  that  the  lenoth  assigned  to  it  was  too 
great  by  very  nearly  2/a,  1  part  in  50,000.  Now  the  wave- 
length of  Dj,  as  deduced  from  grating  H,  was 

5896-26 
Less  error  of  ruling  .  .  —'10 
Less  error  of  "  No.  3  "     .       —-12 

Corrected  value  ....  5896*04  in  air  at  30  in.  pressure 

and  70°  F.: 
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which  shows  a  tolerably  close  correspondence  with  the  results 
obtained  by  the  writer.  A  more  complete  discussion  of 
Peirce^s  results  is  reserved  until  the  relation  between  "  No.  3  " 
and  S*  and  Sg  shall  be  more  exactly  known.  The  latter 
standards  would  appear  to  be  the  more  trustworthy,  since 
they  are  based  on  various  independent  determinations  ;  while 
"  No.  3 "  is  based  on  an  indirect  comparison  with  metre 
"  No.  49,"  a  standard  concerning  the  exact  length  of  which 
there  seems  to  be  some  little  doubt. 


XXXI.  Measuring-Instruments  used  in  Mechanical  lasting. 
By  Prof.  W.  C.  Unwin,  F.R.S*. 

THE  determination  of  the  exact  distance  between  two  fine 
marks  on  a  standard  of  length  is  an  operation  of  some 
difficulty,  as  is  well  known  to  physicists.  But  that  operation 
is  free  from  many  of  the  difficulties  which  attend  the  measure- 
ments which  have  to  be  made  in  the  engineering  laboratory. 
Among  these  the  determination  of  the  modulus  of  elasticity 
(Young^s  modulus)  of  a  bar  by  measuring  its  change  of  length 
by  stress  is  one  of  the  most  important.  Now  the  bars  sub- 
jected to  test  are  usually,  in  the  part  which  can  be  measured, 
not  more  than  10  inches  in  length  ;  and  the  whole  elastic  ex- 
tension of  such  a  bar  is  generally  only  about  0*007  inch.  It 
is  obvious,  therefore,  that  measurements  must  be  made  with 
considerable  accuracy  and  refinement  to  be  of  any  value. 
But  the  bar  cannot  be  placed  in  a  position  convenient  for 
measurement;  and  the  attachments  to  the  testing-machine  are 
more  or  less  in  the  way  of  the  measuring-apparatus  to  be 
applied.  The  bar  itself  is  a  somewhat  rough  bar,  the  form  of 
which  must  not  be  interfered  with  to  facilitate  the  measure- 
ments. Then  also  bars  of  very  different  forms  have  to  be 
tested,  fiat  and  round,  of  various  widths  and  diameters;  and 
the  measuring-apparatus  must  be  applicable  to  ail  these  with 
equal  readiness.  Last,  but  not  least,  the  work  of  an  engi- 
neering laboratory  is  pressing.,  and  measurements  must  be 
carried  out  with  rapidity. 

In  some  cases,  two  diamond  scratches  have  been  made  on 
the  bar,  and  the  distance  between  these  measured  by  two 
micrometer-microscopes.  Apparatus  of  this  kind  is  awkward 
to  apply  on  the  testing-machine,  and  tedious  to  adjust  and 
read . 

A  cathetometer  has  been  used.     But  then  two  adjustments 

*  Communicated  by  the  Physical  Society :  read  January  22,  1887, 
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have  to  be  made,  and  two  readings  taken  for  each  elongation. 
Also  the  limit  of  accuracy  of  the  cathetometer  is  hardly  suf- 
ficient for  the  purpose. 

Very  often  mechanical  magnification  by  a  lever  is  adopted. 
But  there  are  some  difficulties  in  satisfactorily  attaching  a 
lever-apparatus  to  the  bar  :  if  a  leverage  of  100  to  1  is  adopted, 
the  fulcrum  distance  becomes  very  short,  and  the  range  of  the 
apparatus  is  limited.  There  is  also  some  difficulty  in  the 
calibration  of  the  instrument  to  determine  the  value  of  the 
readings. 

A  micrometer-screw  is  sometimes  used  as  a  means  of  me- 
chanical magnification.  With  this  there  is,  again,  the  diffi- 
culty of  suitable  attachment  to  the  bar;  and,  as  generally 
used,  it  is  difficult,  to  ascertain  when  exact  contact  of  the 
screw  is  obtained  without  excessive  pressure. 

There  is  a  special  difficulty  in  measuring  the  elongation  of 
ordinary  test-bars  which  has  been  overlooked  in  the  construc- 
tion of  most  of  the  apparatus  of  this  kind.  It  is  difficult  to 
get  test-bars  which  are  rigidly  straight.  Even  if  the  test-bar 
is  strictly  straight,  it  is  difficult  to  hold  it  in  the  testing- 
machine,  so  that  the  resultant  of  the  stress  on  any  cross  section 
passes  strictly  through  the  centre  of  figure  of  the  section. 
Kow  if  this  condition  is  not  satisfied,  the  bar  becomes  curved 
during  the  test.  The  straightening  of  an  initially  curved  bar, 
or  the  curving  of  an  initially  straight  one,  introduce  errors 
in  the  measurements  of  very  considerable  amount. 

If  the  measurements  could  be  made  at  the  axis  of  the  bar, 
the  errors  of  this  kind  with  any  amount  of  curvature  likely 
to  occur  would  not  be  very  serious  ;  but  this  is  of  course 
impossible.  The  best  that  can  be  done  is  to  measure  at  the 
surface  of  the  test-bar.  But,  in  straightening,  the  surface  of 
the  bar  on  one  side  lengthens  and  on  the  other  shortens,  and 
thus  introduces  a  not  inconsiderable  error  of  measurement. 
If,  as  in  many  forms  of  elongation  measuring-a[)paratus,  the 
measuring-points  are  two  inches  or  more  from  the  axis  of  the 
bar,  the  errors  become  very  large  relatively  to  the  elongations 
to  be  measured. 

Let  fig.  1  represent  a  bar  bent  in  the  plane  of  the  paper, 
the  centre  of  curvature  being  0.  Then,  if  measurements 
could  be  made  on  the  axis  of  the  bar,  between  the  points  a  h, 
the  straightening  of  the  bar  would  introduce  an  error  equal 
to  the  ditterence  of  the  length  of  the  chord  a  h  and  arc  ach. 
With  any  amount  of  curvature  likely  to  occur  in  a  test-bar, 
this  error  would  not  be  very  serious,  (xenerally,  however, 
the  best  that  can  be  done  is  to  measure  the  distance  between 
points   «!  ^1   on   the   surface   of  the   bar.     Then,   since   by 
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straightening  the  lines  a  0,  h  0  become  parallel,  the   error 
introduced  is  the  difference  between  ai  h^  and  the  arc  acb  ; 

Fig.  1. 


.y' 


and  this  is  much  more  serious.  Most  commonly,  however, 
measurements  are  made  between  points  on  clips  fastened  to 
the  bar  at  1  or  2  inches  distance  from  its  surface,  such  as 
a2  &2'  Then  the  error  introduced  by  straightening  is  the 
difference  between  ac^,  h^  and  the  arc  a  c  5  ;  and  this  may  be  a 
serious  error,  even  with  a  very  small  amount  of  initial  cur- 
vature. 

If  simultaneous  measurements  are  taken  of  ax  h^  and  a^  bs, 
the  mean  of  these  will  have  no  greater  error  than  the  mea- 
surement of  ai.  That  is,  the  mean  of  measurements  on  two 
sides  of  the  bar  reduces  the  error  due  to  initial  or  induced 
curvature  to  the  same  amount  as  a  measurement  actually 
made  at  the  axis  of  the  bar. 

Prof.  Bauschinger,  of  Munich,  appears  to  have  been  the 
farst  to  recognize  the  importance  of  this  double  measurement 
symmetrically  on  the  two  sides  of  the  bar.  He  has  always 
used  an  apparatus  in  which  a  finger,  or  touch-piece,  attached 
to  one  end  of  the  bar,  presses  on  a  roller  attached  to  the  other 
end.  As  the  bar  extends,  the  roller  rotates  by  friction  against 
the  finger,   A  mirror  is  attached  to  the  roller  ;  and  the  amount 
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of  rotation  is  observed  by  noting  the  image  of  a  scale  in  the 
mirror  through  a  reading-telescope.  In  this  way  measure- 
ments to  .; — ^ th  of  an  inch  can  be  taken.     To  eliminate 

125000 

errors  due  to  curvature,  two  rollers  are  placed,  one  on  each 
side  of  the  bar,  and  two  sets  of  readings  are  taken.  This 
involves  the  adjustment  of  two  instruments  and  the  taking  of 
two  sets  of  readings.  But  the  principle  is  perfect;  and  no 
more  accurate  measurements  than  Bauschinger^s  have  pro- 
bably been  made. 

2'ouch-Micrometer  Extensoineter. — The  first  instrument  used 
by  the  author  was  a  kind  of  callipers.  Two  bars,  one  sliding 
in  the  other,  could  be  set  by  touch  to  the  distance  between 
two  fixed  clips  on  the  test-bar.  A  scale  was  engraved  on 
silver  on  one  bar ;  and  the  distance  of  the  nearest  division  from 
a  fixed  zero-mark  on  the  other  was  taken  by  a  microscope- 
micrometer.    Readino's  could  be  taken  to  ,  ^\^^  th  of  an  inch. 

^  10000       , 

The  instrument  is  easy  and  rapid  to  use.  Headings  can  be 
taken  on  both  sides  of  the  test-bar;  and  the  readings  are  direct 
on  to  a  carefully  graduated  scale,  so  that  no  calibration  of  the 
instrument  is  necessary. 

Screio- Micrometer  Extensometer. — This  aims  at  obtaining 
the  extension  along  the  axis  of  the  bar  by  a  single  reading. 
Two  clips  are  fixed  on  the  bar,  each  by  a  pair  of  steel  points, 
one  on  each  side,  gripping  the  bar  in  a  plane  through  its  axis. 
If,  then,  these  clips  can  be  made  to  preserve  the  same  relative 
position  to  the  bar,  the  middle  points  of  the  clips  will  move  in 
the  same  Avay  as  points  on  the  axis  of  the  bar.  Fig.  2  is  a 
diagranmiatic  sketch  of  the  apparatus,  a  a  and  h  h  are  the 
clips  on  the  test-bar,  fixed  to  it  by  points  in  its  middle  plane. 
c  c  are  projections  on  the  clips,  to  whicii  are  fixed  delicate 
spirit-levels ;  rf  is  a  small  screw  which  just  touches  the  test-bar; 
e  is  a  micrometer-screw  with  graduated  head,  which  supports 
the  upper  cli[t  on  the  lower  clip.  In  use  the  lower  clip  is 
first  levelled  by  the  screw  d  ;  then  the  upper  clip  is  levelled 
by  the  micrometer-screw,  and  a  reading  taken.  The  clips  being 
always  accurately  levelled,  in  a  plane  perpendicular  to  that  in 
which  the  four  points  attaching  the  clips  to  the  test-bar  lie, 
the  micrometer-readings  are  the  distances  between  the  middle 
points  of  the  two  parallel  clips  ;  and  their  differences  are  the 
mean  of  the  elongations  on  the  two  sides  of  the  test-bar,  or 
virtually  are  readings  at  the  axis  of  the  test-bar.     Readings 

to  lonoo^^  ^^  '"^  '\nc\\  can  be  taken. 

Roller- and-Mirror  Extensometer. — Fio-  3  is  a  diagrammatic 
sketch  of  another  instrument  on  the  same  principle,  a  and  h 
are  two  clips  similar  to  those  in  fig.  2 ;  the  lower  clip  is  sup- 
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ported  on  the  test-bar  by  a  screw  d  ;  the  upper  clip  is  sup^ 
ported  on  the  lower  by  a  stay-bar  with  knife-edges,  e.     At  r 

Fig.  2.  Fig.  3. 


'^^^v' 


^ 


a 


m 


and  m  are  the  roller  and  mirror,  the  axis  of  these  being  at  the 

same  distance  from  the  knife-edge  of  the  stay-bar  as  the  set 

screw  of  the  clip.     A  touch-piece  or  finger,  /,  attached  to  the 

lower  clip  presses  on  the  roller.     If  the  bar  extends,  the  roller 

approaches  the   lower  clip   by    an   equal    amount ;    it  turns 

against  the  finger  /';  and  the  amount  of  rotation  is  read  by  a 

telescope  and   scale.      This  instrument  will    easily    read    to 

,^^V;r7^th  of  an  inch.     The  roller  being  at  the  centre  of  the 
looopo  .  o 

clip,  its  movement  is  the  mean  of  the  elongations  on  the  two 
sides  of  the  test-bar. 

The  author  showed  a  third  instrument  on  the  same  principle, 
for  obtaining  the  compression  of  small  blocks  of  stone. 
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XXXII.  On  the  Equilibrium  of  a  Gas  under  its  oivn  Gravita- 
tion only.     By  Sir  W.  Thomson*. 

THIS  problem,  for  the  case  of  uniform  temperature,  was 
first,  I  believe,  proposed  by  Tait  in  the  following 
highly  interesting  question,  set  in  the  Ferguson  Scholarship 
Examination  (Glasgow,  October  2nd,  1885)  : — "  Assuming 
Boyle's  Law  for  all  pressures,  form  the  equation  for  the 
equilibrium-density  at  any  distance  from  the  centre  of  a 
spherical  attracting  mass,  placed  in  an  infinite  space  filled 
originally  with  air.  Find  the  special  integral  which  depends 
on  a  power  of  the  distance  from  the  centre  of  the  sphere 
alone." 

The  answer   (in   examinational   style !)   is : — Choose  units 
properly  ;  we  have 

^  r 

J             p  \  pr'^  dr 
^--     ^°  (1), 


dr 


.2 


where  p  is  the  density  at  distance  r  from  the  centre.   Assume 

p  =  Kr" (2) . 

We  find  A  =  2,  /c=—2;  and  therefore 

P  =  ^ (3) 

satisfies  the  equation  in  the  required  form. 

Tait  informs  me  that  this  question  occurred  to  him  while 
writing  for  '  Nature '  a  review  of  Stokes^'s  Lecture  f  on 
Inferences  from  the  Spectrum  Analysis  of  the  Lights  of 
Sun,  Stars,  Nebulae,  and  Comets  ;  and  in  the  '  Proceedings 
of  the  Edinburgh  Mathematical  Society  '  he  has  given  some 
Transformations  of  the  equation  of  Equilibrium.  The  same 
statical  problem  has  recently  been  forced  on  myself  by  con- 

*  Communicated  by  tlie  Author,  liaTiug  been  read  before  the  Royal 
Society  of  Edinburgh  on  the  7th  and  2lst  February,  1887. 

Note  of  Fcbriian/ 22,1887. — Having-  yesterday  sent  a  finally  revised 
pi'oof  of  this  paper  for  press,  I  have  today  received  a  letter  from  I'rof. 
Newcomb,  calling-  my  attention  to  a  most  important  paper  by  Mr.  J. 
Homer  Lane,  "  On  the  Theoretical  Temperature  of  the  Sun,"  published 
in  the  American  .Tournal  of  Science  for  July  1870,  p.  ;'57,  in  which  pre- 
cisely the  same  problem  as  that  of  my  article  is  very  po"werfiilly  dealt 
■with,  mathematically  and  practically.  It  is  impossible  no-w,  before  going- 
to  press,  for  me  to  do  more  than  refer  to  Mr.  Lane's  paper;  but  I  hope  to 
profit  by  it  very  much  in  the  continuation  of  my  present  work  -wbich  I 
intended,  and  still  intend,  to  make. — W.  T. 

t  Lecture  III.  of  Second  Course  of  "  Burnet  Lectures,"'  Aberdeen, 
Dec.  1884;  pubUshed,  London,  1885  (Mticmillan). 


288  Sir  William  Thomson  on  the  Eguilihrium  of 

siderations  which  I  could  not  avoid  in  connection  with  a 
Icctuie  which  I  recently  gave  in  the  lloyal  Institution  of 
London,  on  "  The  Probable  Origin,  the  Total  Amount,  and 
the  Possible  Duration  of  the  Sun^s  Heat/^ 

Helniholtz's  explanation,  attributing  the  Sun's  heat  to 
condensation  under  mutual  gravitation  of  all  parts  of  the 
Sun's  mass,  becomes  not  a  hypothesis  but  a  statement  of 
fact,  when  it  is  admitted  that  no  considerable  part  of  the  heat 
emitted  from  the  Sun  is  produced  by  present  in-fall  of  meteoric 
matter  from  without.  The  present  communication  is  an 
instalment  towards  the  gaseous  dynamics  of  the  Sun,  Stars, 
and  Nebulae. 

To  facilitate  calculation  of  practical  results,  let  a  kilometre 
be  the  unit  of  length  ;  and  the  terrestrial-surface  heaviness 
of  a  cubic  kilometre  of  water  at  unit  density,  taken  as  the 
maximum  density  under  ordinary  pressure,  be  the  unit  of  force 
(or,  approximately,  a  thousand  million  tons  heaviness  at  the 
earth's  surface) .  If  p  be  the  pressure,  p  the  density,  and  t  the 
temperature  from  absolute  zero,  we  have,  by  Boyle  and 
Charleses  laws, 

p^'S.pt (4); 

where  t  denotes  absolute  (thermodynamic*)  temperature,  with 
0°  Cent,  taken  as  unit ;  and  H  denotes  what  is  commonly,  in 
technical  language,  called  "the  height  of  the  homogeneous 
atmosphere'^  at  0°  C.  For  dry  common  air,  according  to 
Regnault^s  determination  of  density, 

H  =  7-985  kilometres      ....      (4'). 

Let  /3  be  the  gravitational  coefficient  proper  to  the  units 
chosen  ;  so  that  /3mrn'/Y)'^  is  the  force  between  m,  m'  at 
distance  D.  The  carth^s  mean  density  being  5*(3,  and  radius 
6370  kilometres,  we  have 

~  .  6370  .  5-6/^=1  ;  and  therefore  47r^=  1/11890  .  .  (5). 
o 

Let  now  the  p,  p,  t  of  (4)  be  the  pressure,  density,  and  tem- 
perature at  distance  r  from  the  centre  of  a  spherical  shell 
containing  gas  in  gross-dynamicf  equilibrium.     We  have,  by 

*  The  notation  of  the  text  is  related  to  temperature  Centigrade  on  the 
thermodynamic  principle  (which  is  approximately  temperature  Centigrade 
by  the  air-thermometer),  as  follows  : — 

=  -^  (temperature  Centigrade  -|-273)  ; 

see  my  Collected  Mathematical  and  Physical  Papers,  vol.  i.  Arts,  xxxix., 
and  xlviii.  part  vi.  §§JJ0,  100  j  and  article  "Heat,"  §§35-38  &  47-67, 
Encijc.  Brit.,  and  vol.  iii.  (soon  to  be  published)  of  Collected  Papers. 

tNot  in  molecular  equilibrium  of  course;  and  not  in  gross-thermal 
equilibrium,  except  in  the  case  of  t  uniform  throughout  the  gas. 


■^l-  -^)=-^7r/3r'p (7; 
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elementary  hydrostatics, 

whence  d  /r'  dp' 

d7\p  dr 

where  M  denotes  the  whole  quantity  of  matter  within  radius  a 
from  the  centre ;  which  may  be  a  nucleus  and  gas,  or  may  be 
all  gas. 

If  the  gas  is  enclosed  in  a  rigid  spherical  shell,  impermeable 
to  heat,  and  left  to  itself  for  a  sufHciently  long  time,  it  settles 
into  the  condition  of  gross-thermal  equilibrium,  by  "  conduc- 
tion of  heat,^'  till  the  temperature  becomes  uniform  through- 
out. But  if  it  were -stirred  artificially  all  through  its  volume, 
currents  not  considerably  disturbing  the  static  distribution  of 
pressure  and  density  will  bring  it  approximately  to  what  I 
have  called  convective  equilibrium*  of  temperature — that  is  to 
say,  the  condition  in  which  the  temperature  in  any  part  P  is 
the  same  as  that  which  any  other  part  of  the  gas  would  acquire 
if  enclosed  in  an  impermeable  cylinder  with  piston,  and  dilated 
or  expanded  to  the  same  density  as  P.  The  natur'al  stirrimj 
produced  in  a  great  free  fluid  mass  like  the  Sun's,  by  the 
cooling  at  the  surface,  must,  I  believe,  maintain  a  somewhat 
close  approximation  to  convective  equilibrium  throughout  the 
whole  mass.  The  known  relations  between  temperature, 
pressure,  and  density  for  the  ideal  "  perfect  gas,"  when  con- 
densed or  allowed  to  expand  in  a  cylinder  and  piston  of 
material  impermeable  to  heat,  aref 

i^  =  HTp^ (8), 

t  =  'lp'-' (9); 

where  k  denotes  the  ratio  of  the  thermal  capacity  of  the  gas, 
pressure  constant,  to  its  thermal  capacity,  volume  constant, 
which  is  approximately  equal  to  l'4i  or  1-40  (we  shall  take 
it  1*4)  for  all  gases,  and  all  temperatures,  densities,  and  pres- 
sures ;  and  T  denotes  the  temperature  corresponding  to  unit 
density  in  the  particular  gaseous  mass  under  consideration. 
Using  (8)  to  eliminate  2?  from  (7)  we  find 

*  See  "  On  the  Convective  Equilibrium  of  Temperatiu'o  in  the  Atmo- 
sphere," Manchester  Phil.  Soc.  vol.  ii.  .:h'd  series,  18(52 ;  and  vol.  iii.  of 
Collected  Papers. 

t  See  my  Collected  Mathematical  and  I'hysical  Papers,  vol.  i. 
Art.  xlviii.  note  3. 
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which,  if  we  put  p^"^  =  u (11), 

l/(/;-l)  =  /c (12), 

and  _i      /      HTA:       _  /,... 

takes  the  remarkably  simple  form 

'  fi=-": (14). 

Let/(.r)  be  a  particular  solution  of  this  equation  ;  so  that 

and  therefore  [.     .     •     (15). 

f" [mx)  =  -  [  j\rnx)  'Y  m-Kv-^    J 

From  this  we  derive  a  general  solution  with  one  disposable 
constant,  by  assuming 

xL  =  Q,f{mx) (16); 

which,  substituted  in  (14),  yields,  in  virtue  of  (15), 

m^^i^-'-^^ (17); 

so  that  we  have,  as  a  general  solution. 


«  =  C/'[.fC-^^''-'^] (18). 


Now  the  class  of  solutions  of  (14)  which  will  interest  us 
most  is  that  for  which  the  density  and  temperature  are  finite 
and  continuous  from  the  centre  outwards,  to  a  certain 
distance,  finite  as  we  shall  see  presently,  at  which  both  vanish. 
In  this  class  of  cases  u  increases  from  0  to  some  finite 
value,  as  x  increases  from  some  finite  value  to  co  .  Hence  if 
u=f(^x)  belongs  to  this  class,  u  =  Cf(mx)  also  belongs  to  it; 
and  (18)  is  the  general  solution  for  the  class.  We  have 
therefore,  immediately,  the  following  conclusions  : — 

(1)  The  diameters  of  different  globular*  gaseous  stars  of 
the  same  kind  of  gas  are  inversely  as  the  ^(/c  —  l)th  powers 
(or  I  pow' ers)  of  their  central  temperatures,  at  the  times  when, 
in  the  process  of  gradual  cooling,  their  temperatures  at  places 
of  the  same  densities  are  equal  (or  "  T  •'"'  the  same  for  the  dif- 
ferent masses).  Thus,  for  example,  one  sixteenth  central 
temperature  corresponds  to  eight-fold  diameter  :  one  eighty- 
first  central  temperature  corresponds  to  twenty-seven  fold 
diameter. 

*  This  adjective  excludes  stars  or  nebulae  rotating  steadily  with  so 
f^reat  angular  velocities  as  to  be  much  flattened,  or  to  be  annular  ;  also 
nebulae  revolving  cii'cularly  with  ditfereut  angular  velocities  at  ditierent 
distances  from  the  centre,  as  may  be  approximately  the  case  with  spiral 
nebulae.  It  would  ajiproximately  enough  include  the  sim,  with  his  small 
angular  velocity  of  once  round  in  25  days,  were  the  fluid  not  too  dense 
through  a  large  part  of  the  interior  to  approximately  obey  gaseous  law. 
It  no  doubt  applies  very  accm-ately  to  earlier  times  of  the  sun's  history, 
when  he  was  much  less  dense  than  be  is  now. 
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(2)  Under  tbo  same  conditiuns  as  (1)  (that  is,  H  and  T  the 

same  for  the  different  masses),  the  central  densities  arc  as  the 

/cth  powers  (or  f  powers)  of  the  central  temperatures  ;  and 

2/c  2  10 

therefore  inversely  as  the = ,  or  ^ — y,  or  -^ ,  powers  of  the 

diameters.  '^~^        ^~''         "^ 

(3)  Under  still  the  same  conditions  as  (1)  and  (2),  the 
quantities  of  matter  in  the  two  masses  are  inversely  as  the 

(^ — 7  —  3]th  powers,  (inversely  as  the  cube  roots)  of  their 

diameters. 

(4)  The  diameters  of  different  globular  gaseous  stars,  of  the 
same  kind  of  gas,  and  of  the  same  central  densities,  are  as  the 
square  roots  of  their- central  temperatures. 

(5)  The  diameters  of  different  globular  gaseous  stars  of 
different  kinds  of  gas,  but  of  the  same  central  densities  and 
temperatures,  are  inversely  as  the  square  roots  of  the  specific 
densities  of  the  gases. 

(6)  A  single  curve  [.y=/(*'~0]  ^^'i^^  scale  of  ordinate  (r) 
and  scale  of  abscissa  (y)  properly  assigned  according  to  (18), 
(17),  and  (11)  shows  for  a  globe  of  any  kind  of  gas  in  mole- 
cular equilibrium,  of  given  mass  and  given  diameter,  the  abso- 
lute temperature  at  any  distance  from  the  centre.  Another 
curve,  {y=  [/(^'~')]''}j  with  scales  co'/respondingly  assigned, 
shows  the  distribution  of  density  from  surface  to  centre. 

It  is  easy  to  find,  with  any  desired  degree  of  accuracy,  the 
particular  solution  of  (13),  for  which 

u  =  K,  and  ^  =A',  where  x  =  a       .     .     (19), 

a  denoting  any  chosen   value  of  .f,  and  A  and  A'  any  two 
arbitrary  numerics,  by  successive  applications  of  the  formula 


'-=^-j>(^'-J>5) 


(20) 


the  quadratures  being  performed  with  labour  moderately  pro- 
portional to  the  accuracy  required,  by  tracing  curves  on 
"section "-paper  (paper  ruled  with  small  squares)  and  counting 
the  squares  and  parts  of  squares  in  their  areas.  To  begin,  u^^ 
may  be  taken  arbitrarily ;  but  it  may  conveniently  be  taken 
from  a  hasty  graphic  construction  by  drawing,  step  by  step, 
successive  arcs*  of  a  curve  with  radii  of  curvature  calculated 
from  (13)  with  the  value  of  du/cLv  found  from  the  step-by- 
step  process.     If  this  preliminary  construction  is  done  with 

*  This  luetliod  of  f;Tapliic-ally  iiitt  gnitiiig'  a  dili'ereutial  equation  ol' the 
second  (u-der,  wliich  iirst  occurred  to  me  many  years  ago  as  suitable  for 
tinding  tlie  shapes  of  particular  cases  of  the  capillary  surface  of  revolution, 
was  successfully  carried  out  for  me  by  I'rof .  John  Perry,  when  a  student  in 

X2 


292     Equilibrium  of  a  Gas  under  its  own  Gravitation  only. 

care,  by  aid  of  good  drawing-instruments,  Ui  calculated  from 
Wo  by  quadratures  will  be  found  to  agree  so  closely  with  n^J, 
that  ?/o  itself  will  be  seen  to  be  a  good  solution.  If  any  dif- 
ference is  found  between  the  two,  v<j  is  the  better:  r/j,  is  a 
closer  a])])roximation  than  w^;  and  so  on,  with  no  limit  to  the 
accuracy  attainable. 

Mr.  Magnus  Maclean,  my  official  assistant  in  the  University 
of  Glasgow,  has  made  a  successful  beginning  of  working-out 
this  process  for  the  case  m  =  16  where  x=^^  ;  and  has  already 
obtained  a  somewhat  approximate  solution,  of  which  the  pro- 
duce useful  for  our  problem  is  expressed  in  the  following 
table. 

dPu 


Numei'ical  Solution  of 


dx' 


+  .f 


'=0. 


Mass  within  dis- 

Distance from 

centre 

=r—\lx. 

Reciprocal  of 
distance  from 

Temperature 

Density 

tance  r  from 
the  centre 

centre 

=  2<. 

=  ?(2-5. 

—duldx 

=.r=l/r. 

=^ldxu'^-^x-\ 

U 

CO 

16^00 

1024 

•00 

•100 

10 

14-46 

795-2 

•28 

•111 

9 

14-14 

751-6 

•38 

•125 

8 

13-71 

695-8 

•52 

•143 

7 

1310 

621-2 

•731 

•167 

6 

12-20 

520-0 

1-056 

•200 

5 

10-92 

394-1 

1-566 

•250 

4 

9-00 

243-0 

2^336 

•333 

3 

6-15 

93-81 

3-436 

•500 

2 

2-25 

7-595 

4-366 

•667 

1^5 

0 

0 

4-49 

The  deduction  from  these  numbers,  of  results  expressing  in 
terms  of  convenient  units  the  temperature  and  density  at  any 
point  of  a  given  mass  of  a  known  kind  of  gas,  occupying  a 
sphere  of  given  radius,  must  be  reserved  for  a  subsequent 
communication . 

One  interesting  result  which  I  can  give  at  present,  derived 
from  the  first  and  last  numbers  of  the  several  columns  of  the 
preceding  table,  is,  that  the  central  density  of  a  globular 
gaseous  star  is  22^  times  its  average  density. 

my  lalDoratory  in  1874,  in  a  series  of  skilfully  executed  drawings  repre- 
senting a  large  variety  of  cases  of  the  capillary  surface  of  revolution, 
■which  have  been  regularly  shown  in  my  Lectures  to  the  Natural  Philo- 
sophy Class  of  the  University  of  Glasgo-w.  These  curves  were  recently 
published  iu  the  Proc.  Roy.  Instit.  (Lecture  of  Jan.  29,  1886),  and 
'  Nature,'  July  22  and  29,  and  Aug.  19,  1886 ;  also  to  appear  in  a  volume 
of  Lectures  now  iu  the  press,  to  be  published  in  the  'Nature'  series. 
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XXXIII.  Preliminary  Experiments  on  the  Effects  of  Percus- 
sion in  Changing  the  Magnetic  Moments  of  Steel  Magnets. 
By  William  Brown,  Thomson  Experimental  Scholar, 
Physical  Laboratory,  University  of  Glasgow*. 

Part  I. 

THE  experiments  described  in  this  paper  were  made  in 
the  Physical  Laboratory  of  Grlasgow  University.  They 
were  first  suggested  by  some  casual  observations  made  while  I 
was  assisting  Mr.  T.  Grray  during  his  recent  determination  of 
the  horizontal  intensity  of  the  Earth's  magnetic  force,  and  I 
am  greatly  indebted  to  him  for  many  hints  and  much  valuable 
advice  during  the  progress  of  the  experiments. 

This  paper  is  an  account  of  some  preliminary  observations 
on  a  subject  which  is  at  present  being  investigated  in  this 
Laboratory,  and  I  hope  to  give  the  results  of  further  experi- 
ments in  an  early  number  of  this  magazine. 

The  effects  of  percussion  in  changing  the  magnetic  moments 
of  steel  magnets  have  not  (so  far  as  I  know)  been  made  the 
subject  of  special  observation.  The  results  hitherto  published 
have,  for  the  most  part,  formed  less  important  sections  of  other 
investigations. 

A  number  of  interesting  experiments  on  magnets  were  made 
by  Joule  at  intervals  from  1864  to  1882.  Among  other  results, 
he  gives  an  interesting  set  on  "  the  effect  of  mechanical 
violence  on  the  intensity  of  magnetic  bars,"  an  account  of 
which  is  published  in  his  Scientific  Papers,  vol.  i.  p.  596. 

In  1878,  Mr.  T.  Grayf  published  a  very  accurate  series  of 
investigations  on  magnetic  moments  in  absolute  measure. 
One  of  the  objects  of  his  investigation  was  to  obtain  informa- 
tion as  to  the  permanence  or  non-permanence  of  magnetism 
in  steel  bars  when  left  undisturbed  for  a  length  of  time.  On 
page  328  of  the  same  paper,  however,  he  gives  a  short  series 
of"  observations  on  the  direct  effects  of  percussion,  which,  so 
far  as  they  go,  agree  with  my  own  results. 

There  has  been  published  quite  recently  an  excellent  series 
of  papers  on  the  "  Electrical  and  Magnetic  Properties  of  the 
Iron  Carburets,"  by  (J.  Barus  and  V.  Strouhal,  of  the  U.S.A. 
Geological  Survey! . 

*  Communicated  by  Sir  W.  Thomson,  having  been  reail  before  tlie 
Mathematical  and  Physical  Section  of  the  Philosophical  Society  of 
Glasf^ow,  November  iiO',  1886. 

t  "On  the  Experimental  Determination  of  Maornetic  Moments  in 
Absolute  M(!asure,"  Phil.  Mag.  November  1878,  pp.  .321-o-"51, 

I  liuUetiu  No.  14,  1885,  Department  of  the  iiiterior. 
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In  one  of  these  papers  the  authors  treat  incidentally  of 
magnetic  retentivenoss,  but  more  with  respect  to  the  effects 
of  annealing  than  of  direct  percussion.  Annealing  appears  to 
play  an  important  part  in  the  ultimate  retentive  power  of 
magnets,  and  on  the  constancy  of  their  magnetic  moments. 
My  own  experiments  on  annealed  magnefs  are  not  yet  com- 
plete enough  to  be  put  into  presentable  form,  and  with  two 
exceptions  the  results  given  are  for  magnets  tempered  glass- 
hard.  Regarding  the  effects  of  annealing  generally,  the 
results  of  Barus,  Strouhal,  and  Gray  appear  to  agree  on  the 
whole. 

On  pages  326  &  327  of  T.  Gray's  paper  it  appears  that  an- 
nealing increased  the  magnetic  moment.  This  is  the  result 
stated  generally  in  the  text ;  but  a  marginal  note  and  curve 
in  the  copy  in  my  possession  show  that  the  magnetic  moment 
did  not  increase  continuously  as  the  annealing  went  on,  but 
increased  at  first,  then  diminished,  then  again  increased — 
thus  passing  a  maximum  when  the  annealing  temperature  was 
about  150°  C,  and  a  minimum  when  the  temperature  was 
about  230°  C. 

Another  set  of  results  given  in  this  paper  is  a  series  of 
magnetic  moments  for  bars  of  the  same  steel  tempered  in  oil, 
the  temperature  of  which  was  varied  so  that  the  bars  should 
be  suddenly  cooled  only  to  the  same  temperature  as  that  to 
which  in  the  first  set  they  were  heated  in  the  annealing  pro- 
cess. The  results  in  this  second  set  show  precisely  the  same 
characteristics  as  those  of  the  first  set,  only  that  the  maximum 
and  minimum  points  are  much  more  pronounced. 

The  curves  given  by  Mr.  T.  Gray  indicate  an  interesting 
peculiarity  which  does  not  seem  to  have  been  noticed  by 
any  previous  observer,  inasmuch  as  they  show  that  the 
minimum  point  may  be  preceded  by  a  maximum,  the  effects 
of  annealing  depending  greatly  on  the  kind  of  steel  used. 
The  steel  used  by  Gray  was  ahnost  a  pure  charcoal  steel, 
whereas  that  used  by  Barus  and  Strouhal  was  of  the  kind 
known  as  "English  silver  steel;"  that  is  to  say,  of  a  kind 
similar  to  that  which  I  have  been  experimenting  on. 

Mr.  Gray  in  his  paper  refers  very  briefly  to  some  experi- 
ments on  other  steels,  chiefly,  it  would  appear,  for  the  purpose 
of  showing  how  very  different  results  may  be  expected  from 
different  specimens.  In  one  set,  which  took  an  average  mao- 
netic  moment  of  about  50  per  gramme,  the  magnetic  moment 
was  slightly  diminished  by  hardening ;  whilst  in  another  set 
the  direct  opposite  was  arrived  at  in  a  very  marked  manner, 
showing  how  very  much  the  effect  of  annealing  depends  on 
metallic  impurities  in  the  steel.     The  diminution  of  the  mao- 
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netic  moment  of  one  of  his  specimens  by  annealing,  Mr.  Gray 
tells  me,  he  believes  to  be  due  to  the  known  presence  of 
manganese  in  it. 

The  behaviour,  however,  of  alloys  in  the  annealing  and 
magnetic  retentiveness  of  steel  magnets  needs  further  eluci- 
dation before  anything  very  definite  can  be  said  on  the  subject. 
The  effects  of  small  quantities  of  tungsten  in  increasing  the 
magnetic  retentiveness  of  steel  are  well  known  ;  whereas  the 
recent  experiments  of  Dr.  J.  Hopkinson,  J.  T.  Bottomley, 
and  others  tend  to  show  that  a  very  moderate  quantity  of 
maganese  in  steel  almost  totally  destroys,  not  only  the  mag- 
netic retentiveness,  but  even  the  magnetic  susceptibility. 

With  respect  to  the  "  silver  steel,^'  of  which  my  magnets 
are  made,  I  am  in  doubt  as  to  whether  it  really  contains  silver. 
Some  well-known  steelmakers  say  it  is  only  a  trade  name. 

In  preparing  the  magnets,  great  care  was  taken  to  have 
them  made  straight,  and  the  ends  made  as  accurately  as  pos- 
sible at  right  angles  to  their  length.  In  tempering  them  they 
were  put  into  an  iron  tube  having  one  end  closed,  and  the 
whole  put  into  a  brisk  coal  fire  and  left  there  till  they  attained 
a  bright  red  heat.  The  tube,  with  the  magnets  inside,  was 
then  taken  out,  and,  with  the  open  end  temporarily  closed  by 
a  glass  plate,  was  held  vertically  above  a  vessel  of  water  at  a 
temperature  of  15°  C.  and  about  20  inches  deep.  The  glass 
cover  was  then  quickly  withdrawn,  and  the  magnets  were 
allowed  to  drop  perpendicularly  into  the  water,  thus  making 
them  all  glass-hard. 

A  greater  number  of  magnets  than  were  actually  required 
were  treated  in  this  manner,  and  only  the  straightest  and  most 
uniform  in  temper  were  chosen  for  the  experiments.  This 
was  the  method  employed  in  tempering  all  the  glass-hard 
magnets,  and  was  adopted  mainly  in  order  to  obtain  an  indi- 
cation of  what  kind  of  results  were  to  be  expected.  In  sub- 
sequent experiments,  however,  a  method  somewhat  similar  to 
that  used  by  T.  Gray  and  Barus  will  be  employed.  The  two 
exceptions  to  glass-hardness  already  referred  to  (those  tem- 
pered blue  and  j^ellow)  were  first  tempered  glass-hard  along 
with  the  others  ;  they  were  then  laid  on  the  top  of  a  hot 
metallic  plate,  where  they  were  allowed  to  remain  till  they 
exhibited  the  oxide  tints  characteristic  of  those  tempei'S. 

The  magnets  were  all  magnetized  to  saturation  by  placing 
them  between  the  poles  of  a  large  Ruhmkorff  electromagnet, 
excited  by  a  dynamo  giving  a  ])otential  of  between  80  and  90 
volts.  During  the  process  of  magnetizing,  the  magnets  were 
reversed  several  tinu's  between  the  poles  of  the  electromagnet 
and  then  finally  magnetized.     This  was  done  in  every  case 


296         Mr.  W.  Brown  on  tlie  Effects  of  Percussion  in 

for  the  first  set  of  six  magnets,  wlien  they  were  remagnetized 
after  a  series  of  observations. 

In  order  to  obtain  the  deflections  for  calculating  the  mag- 
netic moments,  the  apparatus  used  consisted  of  a  lamp  and 
scale,  a  magnetometer,  and  a  cradle  for  holding  the  magnets. 
The  magnetometer  was  of  the  ordinary  Bottomloy  type,  con- 
sisting of  a  small  circular  mirror,  with  two  short  magnetic 
needles  attached  to  the  back  of  it,  and  suspended  by  a  single 
torsionless  silk  fibre,  the  whole  being  enclosed  in  a  slot  cut  in 
a  pyramidal  block  of  wood,  and  the  slot  covered  by  a  plate  of 
thin  glass.  On  the  base  of  this  pyramid  were  fixed  three 
conical  feet,  which  fitted  accurately  into  the  conical  hole, 
groove,  and  plane  arrangement  of  Sir  William  Thomson.  The 
hole  and  groove  were  cut  out  of  a  piece  of  thick  plate  glass, 
which  was  firmly  fixed  to  the  table  in  a  position  where  the 
horizontal  component  of  the  Earth's  magnetic  force  was 
known.  When  the  magnetometer  was  put  in  position,  the 
mirror  and  the  attached  needles  of  course  placed  themselves 
in  the  magnetic  meridian. 

Immediately  to  the  west  of  the  magnetometer,  at  a  distance 
of  40  centim.,  was  placed  a  cradle  for  holding  the  magnets 
during  the  deflection  observations.  The  base  of  this  cradle 
was  made  on  the  same  geometrical  principle  as  that  of  the 
magnetometer,  and  was  so  arranged  that  the  magnet  could  be 
reversed  relatively  to  the  magnetometer,  without  touching  the 
magnet  by  hand.  This  cradle,  I  may  say,  was  made  and  used 
by  Mr.  Gray  in  his  recent  determination  of  the  Earth^s  hori- 
zontal magnetic  force ;  the  whole  arrangement  is  fully 
described  and  illustrated  by  a  drawing  in  his  paper*. 

To  the  east  of  the  magnetometer,  at  a  distance  of  129  centim., 
was  a  glass  scale  divided  to  millimetres,  and  having  a  lamp 
placed  immediately  behind  it.  The  deflection  of  the  spot  of 
light  from  the  lamp  when  reflected  by  the  mirror  of  the  mag- 
netometer upon  the  scale  could  be  read  to  jq  of  a  millimetre, 
by  means  of  the  shadow  cast  by  a  fine  wire  stretched  across 
the  orifice  in  the  side  of  the  copper  funnel  of  the  lamp. 

The  magnet  and  magnetometer  being  placed  in  position, 
the  magnetic  moment  of  the  magnet,  M,  is  given  by  the 
following  equation  : — 


M 


_Htan%^-Z^)^ 


where  r=  the  distance  of  the  centre  of  the  magnet  from  the 
centre  of  the  magnetometer-needle  ; 

*  "  On  tlie  Measuremeut  of  the  Intensity  of  the  Horizontal  Component 
of  the  Earth's  Magnetic  Field,"  Phil.  Mag.  December  1.^85,  pp.  484-497. 
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I  =  half  the  distance  between  the  poles  of  the  deflecting 
magnet  (in  these  experiments,  taken  as  half  the 
actual  length  of  the  magnet)  ; 

H  =  the  horizontal  component  of  the  Earth's  magnetic 
force  ='153  C.G.S.  unit  ; 

6  =  the  deflection,  in  degrees,  of  the  magnetometer- 
needle. 

In  order  to  test  the  constancy  of  the  magnetic  field  during 
the  experiments,  the  deflections  given  by  a  standard  magnet 
were  occasionally  taken. 

The  method  employed  to  obtain  the  eflFects  of  percussion, 
with  the  least  possible  amount  of  handling  of  the  magnets, 
was  as  follows  : — A  series  of  glass  tubes,  wide  enough  inside 
to  allow  the  magnets  to  fall  through  them  freely,  Avere  fixed 
on  a  long  narrow  board  by  means  of  brass  clamps,  which  were 
just  loose  enough  to  allow  the  tubes  to  slip  easily  through  them. 
This  was  for  the  purpose  of  raising  the  tube  vertically  in  order 
to  take  the  magnet  out  after  falling  through  it,  A  thick  shelf 
was  firmly  fixed  at  one  end  of  this  board  and  a  thick  plate  of 
glass  fastened  to  it.  The  magnets  were  held  in  the  hand  and 
allowed  to  fall  vertically  through  the  tube  upon  the  glass  plate 
at  the  bottom,  and  alwa3^s  with  the  true  north  end  of  the 
magnet  downwards. 

A  few  trial  experiments  were  made  in  letting  the  magnets 
fall  through  a  height  of  a  half  metre  and  one  metre  respec- 
tively ;  but  to  give  uniformity  in  the  results,  the  1"5  metre 
height  was  adopted  throughout. 

The  plan  of  experimenting  was  as  follows  : — The  magnets 
were  magnetized  and  laid  aside  undisturbed  for  the  periods  of 
time  specified  in  Table  I.  One  of  them  was  then  taken,  and 
the  deflection  for  calculating  its  magnetic  moment  was  ob- 
served.  It  was  then  allowed  to  fall  once  through  the  height 
of  1*5  metre,  and  the  deflection  again  taken.  It  was  then  let 
fall  three  times  in  succession  through  the  same  height,  and  the 
deflection  again  taken.  Each  magnet  in  turn  was  put  through 
the  same  series  of  operations. 

The  percentage  loss  in  the  magnetic  moment  due  to  the 
one  fall,  and  that  due  to  the  three  falls,  and,  finally,  that  due 
to  the  whole  four  falls,  were  all  calculated,  and  are  shown  for 
the  fourteen  glass-hard  magnets  in  Table  II. 

In  Table  I.  the  percentage  loss  due  to  the  four  falls  alone 
is  given.  The  magnets  specified  in  Ta])le  II.  had  been  lying 
aside  for  a  period  of  six  months  after  being  magnetized,  and 
before  they  were  experimented  on. 
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Table  I. 


Table  IT. 
The  Magnets  in  this  Table  were  all  tempered  Glass-hard. 
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By  inspection  of  Table  I.,  we  see  that  in  the  case  of  the 
two  glass-hard  magnets  the  percentage  loss  diminishes  the 
longer  they  are  left  undisturbed  before  they  are  subjected  to 
percussion  ;  it  would  also  appear  that  the  smaller  the  dimen- 
sion ratio  the  greater  is  the  loss. 

The  other  four  magnets,  so  far  as  the  experiments  go, 
appear  to  show  that  the  greater  the  amount  of  annealing  the 
greater  is  the  loss  ;  the  observations,  however,  have  not  been 
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sufficiently  extended  to  allow  any  detailed  deductions  to  be 
made;  and  the  effects  of  annealing  will  form  one  of  the  chief 
parts  of  subsequent  investigations. 

From  Table  II.  it  will  be  seen  that  the  greater  part  of  the 
magnetism  has  been  shaken  out  by  the  first  fall ;  this  holds 
throughout,  except  in  the  case  of  magnet  No.  10.  I  am  in- 
clined to  think  that  this  is  due  to  an  error  in  placing  the  magnet 
in  position  ;  in  this  case  also  the  percentage  loss  was  calcu- 
lated from  a  diminished  deflection  of  one  scale-division  only. 


XXXIV.  Notices  respecting  Neio  Books. 

Annual  Companion  to  the  'Observatory,'  a  Monthly  Review  of  Astro- 
nomy.    Edited  by  E.  W.  Mauxder,  F.R.A.S.,  A.  M.  W.  Down- 
ing, M.A.,  F.R.A.S.,  and  T.  Lewis,  F.R.A.S.     London  :  Taylor 
and  Francis,    1887. 
/'^UE  contemporary  '  The  Observatory,'  which  was  started,  some 
^     ten  years  ago,  by  the  present  Astronomer  Royal,  to  supply  a 
want  then  very  greatly  felt,  used  to  supply  its  readers  every  month 
with  an  Astronomical  Ephemeris. 

This  Ephemeris  was  useless  to  its  many  subscribers  in  the 
Colonies  and  other  distant  parts  of  the  world.  Partly  for  this 
reason,  and  partly  in  order  to  extend  the  scope  of  the  work,  the 
Editors  resolved  to  prepare  all  the  information  desirable  more  than 
a  year  in  advance,  and  this  they  have  carried  out  in  the  '  Companion 
to  the  Observatory.'  The  idea  suggested  itself  to  them  towards 
the  end  of  1885,  and,  acting  upon  it  at  once,  the  '  Companion '  for 
1886  appeared  in  time.  The  present  number,  for  1887,  is  so  com- 
plete, so  well  arranged,  and  so  admirably  suited  to  the  wants  of  the 
practical  Astronomer,  that  it  is  difficult  to  suggest  any  improve- 
ment to  it. 

It  begins  with  a  short  Introduction,  stating  the  sources  whence 
the  Ephemerides  have  been  de-ived,  frequently  such  as  are  not 
generally  available  to  the  English  reader  ;  such  as  the  Annuaire  du 
Bureau  des  Longitudes,  the  'American  Nautical  Almauac,'  the 
Astronomische  Naclirichten,  &c. 

The  first  part  of  the  work  is  a  Calendar,  giving  for  every  day  the 
times  of  rising,  culminating,  and  setting  of  the  Sun  and  Moon  ; 
the  Equation  of  Time,  in  the  form  of  Mean  Time  at  Apparent 
Noon  ;  the  Sidereal  Time  at  Mean  Noon  ;  the  fraction  of  the  year 
elapsed  since  Jaiuiary  1;  the  quarterings  of  the  Moon;  and  the 
principal  showers  of  iShooting-stars. 

Next  follow  the  places,  diameters,  times  of  rising,  culminating, 
and  setting  of  the  major  Planets  ;  particulars  of  Eclipses  and  of 
Occultations  of  iixed  Stars  by  the  Moon,  visible  at  Greenwich,  in 
which  a  better  mode  of  reckoning  the  angles  is  introduced.  The 
phenomena  of  .Tiq)iter's   Satellites   are  given  in  extcnso  from  the 
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'  Nautical  Almanac,'  than  which  no  better  exist.  They  are  founded 
on  Damoiseau's  Tables,  with  the  modifications  introduced  by  Adams 
and  Woolhouse. 

The  complete  Ephemerides  of  the  Satellites  of  Saturn,  Uranus, 
and  Neptune,  together  with  the  diagrams  of  their  orbits,  will  be 
duly  appreciated  by  the  now  sufficiently  numerous  possessors  of 
large  telescopes.  For  Physical  observations  of  the  Sun,  we  are 
given  the  positions  of  the  Sun's  axis,  and  the  latitude  and  lougitude 
of  the  centre  of  disk  for  every  fifth  day  of  the  year.  I'or  Jupiter, 
the  time  is  given  of  every  third  passage  of  the  famous  Red  Spot 
over  the  central  meridian  of  the  planet. 

Stars  with  remarkable  spectra  are  treated  at  some  length,  and 
the  information  in  regard  to  Variable  Stars  is  more  complete  than 
exists  anywhere  else  in  the  English  language.  The  work  closes 
with  a  table  of  the  Selenographical  Latitudes  and  Longitudes  of  100 
lunar  formations. 

Ill  this  work  the  public  is  supplied,  at  a  merely  nominal  cost, 
with  a  vast  amount  of  accurate,  well  chosen,  and  well  arranged 
information,  some  of  which  is  original.  Even  the  professional 
Astronomer  will  frequently  tm'u  to  its  pages  from  mere  conve- 
nience, while  to  the  amateur  it  is  almost  indispensable.  AVe  can 
only  hope  that  the  care  and  judgment  displayed  in  its  compilation 
will  be  appreciated  by  the  numerous  class  for  whom  it  is  intended. 

A  Synojysis  of  Elementary  Besults  in  Pure  Mathematics  ;  containing 
Proposition,  Formtdce,  and  Metliods  of  Analysis,  with  abridged 
Demonstrations.  By  Gr.  S.  Caer,  M.A.  London :  Francis 
Hodgson,  1886;  pp.  xxxviii  4-936 +  285  diagrams. 

Though  the  first  sections  of  this  book  v,^ere  issued  in  1880,  the 
compilation  of  it  commenced  about  twenty  years  ago,  many  of 
the  abbreviated  methods  and  mnemonic  rules  having  been  drawn 
up  for  the  use  of  the  author's  pupils. 

The  completed  work  admirably  serves  the  object  Mr.  Carr  set 
before  himself,  viz.  that  of  presenting  in  a  moderate  compass  the 
fundamental  theorems,  formulte,  and  processes  in  the  chief  branches 
of  Pure  Mathematics.  We  hope  he  will  be  encouraged  by  the 
reception  accorded  to  the  present  venture  to  complete  his  original 
plan,  and  supplement  this  work  by  a  similar  one  on  Applied  Mathe- 
matics. We  will  let  the  author  speak  as  to  his  intentions.  "  The 
work  is  intended,  in  the  first  place,  to  follow  and  supplement  the 
use  of  the  ordinary  textbooks,  and  it  is  arranged  with  the  view  of 
assisting  the  student  in  the  task  of  revision  of  book-work.  To 
this  end  I  have,  in  many  cases,  merely  indicated  the  salient  points 
of  a  demonstration,  or  merely  referred  to  the  theorems  by  which 
the  proposirion  is  proved.  I  am  convinced  that  it  is  more  bene- 
ficial to  the  student  to  recall  demonstrations  with  such  aids  than 
to  read  and  re-read  them.  Let  them  be  read  once  but  recalled 
often ....  In  the  second  place,  I  venture  to  hope  that  the  w  ork 
may  prove  useful  to    advanced  students  as  an  aide-memoire  and 
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book  of  reference.  The  boundary  of  mathematical  science  forms, 
year  by  year,  an  everwidening  circle,  and  the  advantage  of  having 
at  hand  some  condensed  statement  of  results  becomes  more  and 
more  evident.  To  the  original  investigator  occupied  with  abstruse 
researches  in  some  one  of  the  many  branches  of  Mathematics,  a 
work  which  gathers  together  synoptically  the  leading  propositions 
in  all,  may  not  therefore  prove  unacceptable."  In  an  undertaking 
of  such  magnitude  it  would  not  be  difficult  to  detect  faults,  but 
these  are  in  the  main  corrected  by  the  lists  of  Errata ;  and  some 
others,  as  the  unfortunate  wrong  numbering  of  a  limited  number 
of  sections  in  Section  viii,,  which  is  indicated  on  p.  473,  are  allowed 
for  in  the  Index.  Every  subject  that  can  be  classed  under  the 
head  of  Pure  Mathematics,  with  the  exception  perhaps  of  Quater- 
nions, appears  to  us  to  have  been  carefully  treated  on  the  author's 
lines.  A  little  difficulty  is  at  first  experienced  in  working  with 
such  a  vast  Index ;  but  it  will  be  found  with  use  that  this  i)art  is 
as  carefully  done  as  the  rest  of  the  work.  To  many  of  our  readers 
a  most  useful  part  will  be  found  to  be  comprised  in  that  portion 
which  is  represented  by  the  closing  words  of  the  titlepage, 
"•  Supplemented  by  an  Index  to  the  Papers  on  Pure  Mathematics 
which  are  to  be  found  in  the  principal  Journals  and  Transactions 
of  learned  Societies,  both  English  and  Foreign,  of  the  present 
Century."  These  are  thirty-two  in  number,  are  tabulated  mth 
great  care,  and  references  to  the  British  Museum  Catalogue  are 
appended.  This  is  such  a  valuable  feature  of  the  book  that  we 
should  like  to  see  the  list  considerably  extended,  so  as  to  include  for 
instance  references  to  our  own  columns,  in  which  from  time  to  time 
most  important  articles  on  Pure  Mathematics  have  been  furnished 
by  Cayley,  Sylvester,  Boole,  and  others  of  our  leading  men. 

The  typography,  arrangement  of  text,  colour  of  paper,  and 
figures  leave  little,  or  we  would  rather  say  nothing,  to  be  desired, 
for  readers  can  consult  the  book  with  comfort  under  almost  any 
light. 


XXXV.  Tntelli(/ence  and  Miscellaneous  Articles. 

ON  THE  ACTION  OF  THE  DISCHARGE  OF  ELECTRICITY  OF  HIGH 
POTENTIAL  ON  SOLID  PARTICLES  SUSPENDED  IN  THE  AIR.  BY 
A.  VON  OBERMAYER  AND  M.  VON  PICHLER. 
nPHE  purification  of  air  from  dust  by  electrical  discharges  has  been 
-*-  observed  by  Aitken  ('Nature,'  vol.  xxviii.  p.  822),  and  Lodo-e 
(Phil.  Mag.  [5]  xvii.  p.  214).  The  authors  have  examined  the  dis- 
charges of  a  double-influence  machine  in  tui'pentine-smoke ;  this 
was  contained  in  a  glass  tube,  11  centim  in  diameter  and  111  ceu- 
tira.  in  length,  provided  with  brass  mounts.  The  discharge  took 
place  between  rods  pro^'ided  with  combs  at  the  ends,  and  which 
were  8U])ported  in  insulated  mounts  nearly  parallel  to  the  axis  of 
the  tube.  The  smoke  was  deposited  in  large  flakes  near  the  combs 
in  less  than  a  second.     The  spark  of  an  induction-coil  and  of  a 
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magneto-electrical  machine  acted  more  slowly,  la  like  maiinei', 
when  the  brush-discharge  was  produced  from  sixteen  points  in  the 
chimney-pipe  of  a  stove  towards  the  sides,  the  smoke  was  almost 
completely  deposited,  especially  if  the  points  were  connected  with 
the  negative,  and  the  pipe  with  the  positive  electrode  of  the  ma- 
chine ;  and  two  double  induction-machines  connected  together  were 
used. 

Kundt's  dust-circles  were  also  obtained,  when  the  points  and 
the  plate  were  connected  with  the  poles  of  an  induction-machine, 
and  the  discharge  coutinued  for  some  time.  They  are  equal  for 
the  two  electricities.  If  the  metal  disk  is  not  dusted  with  sulphur 
or  lycopodium  until  the  discharge  takes  place,  dust-rings  are  formed 
instead  of  dust-circles.  Here  also  the  rings  are  equal,  whether  the 
point  is  positive  or  negative.  If  the  point  is  very  close,  dust- 
circles  appear  surrounded  by  an  annular  surface  almost  entirely 
free  from  dust,  and  again  surrounded  by  slight  dust  near  the  edge 
of  the  plate. 

With  a  positive  plate  215  millim,  in  diameter,  with  a  fine  nega- 
tive point  at  a  distance  s,  the  magnitude  of  the  rings  is  as  follows 
(Da  and  D,  being  the  outer  and  inner  diameter  of  the  dust-circle  or 
dust-rings,  D  that  of  the  dusted  surface  : — 

s     5         10         15         20         30         45        60  millim. 

Da 30         55         75         90       110       135      160     „ 

D;   0  0         35         40         55         65        75     „ 

D 70       100       130       160  >2T5  mm. 

The  explanation  of  the  various  figures  is  ascribed  by  the  authors 
to  the  electrification  of  the  badly-conductiug  particles  of  dust 
which  lie  on  the  plate,  and  which  in  consequence  adhei'e  to  the 
plate  as  in  Kundt's  figures.  If  to  this  is  added  the  electrical  aura, 
it  blows  the  particles  awiiy  from  the  middle  and  lodges  them 
towards  the  edge,  where  they  adhere  in  consequence  of  permanent 
electrification. 

If,  instead  of  metal  plates,  A^ertical  networks  of  1  centim.  width 
of  mesh  are  used,  a  horizontal  point  being  brought  to  within  a  dis- 
tance of  7  centim.,  while  the  net  and  the  point  are  connected  \\  ith 
the  conductors  of  two  influence-machines  connected  with  each 
other,  and  if  sulphur-po\Ader  is  dusted  on  the  net  while  the  brush- 
discharge  takes  place  from  a  negative  point,  a  dust-ring  is  formed  of 
38  centim.  external  and  15  centim.  internal  diameter.  If  the  powder 
blown  through  the  net  is  caught  on  a  horizontal  paper,  a  tongue 
about  15  centim.  in  width  appears  free  from  dust,  to  which  fol- 
low zones  on  each  side  of  tolerably  dense  powder.  With  a  positive 
point  the  same  result  is  obtained,  except  that  the  dust-free  zone  is 
not  so  distinct.     Lycopodium  flies  further  away. 

If  a  fine  point,  and  a  wire  gauze  of  1  centim.  width  of  mesh,  is 
placed  at  a  distance  s  parallel  in  the  electrodes  of  an  induction- 
machine,  and  these  latter  are  adjusted  at  a  distance  D  so  that 
spai'ks  alternately  pass  between  the  electrodes,  and  brush-discharges 
take  place  from  the  point,  the  following  values  were  obtained  for 
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the  potentials  V  correspoudiug  to  s,  D,  and  for  V/D  the  following 
numbers  : — 

5       10         20        30        40        50  centim. 
1-10    2-37     4-97     7-47     8-33     8-55     „ 
28        44        60        69        74 
25-5     18-5     12-1       9-2       8-8 
The  equivalent  striking  distances  D  approach  a  limit  as  s  increases ; 
they  increase  more  rapidly  than  the  corresponding  potentials. 

In  the  discharge  of  electricity  from  points  towards  a  wire  gauze, 
the  velocity  of  the  electrical  aura  could  be  determined  by  means  of 
an  anemometer  placed  behind  the  wire  gauze. 

When  the  point  was  at  a  distance  s  =  7  centim.  between  the 
point  and  the  wire  gauze,  the  following  velocities,  in  metres  and 
seconds,  were  obtained  : — 

D     -    12       5-7       109  157    207  centim. 

V     1-71     1-69     1-19         0-61        0 

Hence,  by  means  of  the  electrical  aura,  fine  particles  of  dust  can 
be  carried  to  great  distances. —  Wiener  Berichte,  xciii.  p.  408(1886); 
Beibldtter  der  Physik,  vol.  x.  p.  641. 


ON  A  SIMPLE  AND  CONVENIENT  FORM  OF  WATER-BATTERY. 
BY  HENRY  A.  ROWLAND. 

I'or  some  time  I  have  had  in  use  in  my  laboratory  a  most  simple, 
convenient,  and  cheap  form  of  water- battery,  whose  design  has 
been  in  one  of  my  note-books  for  at  least  fifteen  years.  It  has 
proved  so  useful  that  I  give  below  a  description  for  the  use  of  other 
physicists. 

Strips  of  zinc  and  copper,  each  two  inches  wide,  are  soldered 
together  along  their  edges  so  as  to  make  a  combined  strip  of  a  little 
less  than  four  inches  wide,  allowing  for  the  overlapping.  It  is 
then  cut  by  shears  into  pieces  about  one  fourth  of  an  inch  wide, 
each  composed  of  half  zinc  and  half  copper. 

A  plate  of  glass,  very  thick  and  a  foot  or  less  square,  is  heated 
and  coated  with  shellac  about  an  eighth  of  an  inch  thick.  The 
strips  of  copper  and  zinc  are  bent  into  the  shape  of  the  letter  U, 
with  the  branches  about  one  fourth  of  an  inch  apart,  and  are 
heated  and  stuck  to  the  shellac  in  rows,  the  soldered  portion  being 
fixed  in  the  shellac,  and  the  two  branches  standing  up  in  the  air,  so 
that  the  zinc  of  one  piece  comes  within  one  sixteenth  of  an  inch  of 
the  copper  of  the  next  one.  A  row  of  ten  inches  long  \\\\\  thus 
contain  about  thirty  elements.  The  rows  can  be  about  one  eighth 
of  an  inch  apart,  and  therefore  in  a  space  ten  inches  square  nearly 
800  elements  can  be  placed.  The  plate  is  then  warmed  carefullV 
so  as  not  to  crack,  and  a  mixture  of  beeswax  and  resin,  whicli  melts 
more  easily  than  shellac,  is  then  poured  on  the  plate  to  a  depth  of 
half  an  inch  to  hold  tlie  elements  in  place.  A  frame  of  wood 
is  made  around  the  back  of  the  plate  with  a  ring  screwed  to  the 
centre,  so  that  the  whole  can  be  hung  u|)  with  the  zinc  and  copper 
elements  below. 

When  required  for  use,  lower  so  as  to  dip  the  tips  of  the  ale- 
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ments  into  a  pan  of  watei'  and  hang  up  again.  The  space  between 
the  elements  being  J^  inch,  will  hold  a  drop  of  water  which  will 
not  evaporate  for  possibly  an  hour.  Thus  the  battery  is  in  opera- 
tion in  a  miinite,  and  is  perfectly  insulated  by  the  glass  and  cement. 
This  is  the  form  i  have  used ;  but  the  strips  might  better  be 
soldered  face  to  face  along  one  edge,  cut  up  and  then  opened. — 
Silliman's  American  Journal,  Tebi'uary  1887. 


ON  THE  GALVANIC  POLARIZATION  OF  ALUMINIUM. 
BY  DR.  F.  STREINZ. 

Plates  of  aluminium  v.ere  investigated  by  a  method  described  in 
Wiedemann's  Amialen,  vol.  xxix.  p.  181,  and  modified  by  opening 
and  closing  tlie  polarizing-curreut  by  a  tuning-fork  instead  of  by  the 
polarization-current  itself.  Phenomena  were  thereby  observed 
which  were  very  surprising. 

The  original  difference  of  potential  between  amalgamated  zinc  in 
a  concentrated  solution  of  zinc  sulphate,  and  the  bright  metallic 
aluminium  plates  of  the  voltameter,  amounted  to  0'32  volt. 

If,  now,  the  latter  were  polarized,  and  lirst  one  and  then  the 
other  plate  compared  with  the  zinc  plate  at  the  electrometer,  it 
was  found  that  the  difference  of  potential  of  the  plate  charged  with 
Oxygen  increased  within  very  wide  limits  with  the  electromotive 
force  of  the  polarizing-cell,  while  the  plate  charged  with  hydrogen 
at  small  electromotive  forces  showed  none,  or  only  a  very  small 
polarization  ;  but  at  considerable  electromotive  forces,  a  difference 
of  potential  opposite  in  direction  to  ordinary  hydrogen  polarization. 

A  few  of  the  numbers  found  are  collated  in  proof  of  this.  For 
the  two  polarizations  (Zn/ Al-|-0  and  Zn/Al  +  H„),  fifteen  minutes 
after  alternate  closing  and  opening  of  the  primary  current  by  the 
tuning-fork,  there  was  found  for  the  electromotive  forces  of 

Zn/AI-l-0.  Zn/Al+H^. 

1  Dauiell    1-12  volt.  0-31  volt.' 

2  Daniells 1-94     „  0-32     „ 

3  Daniells 2-81     „  0-29     „ 

4  Daniells 3-31     „  0-36     „ 

7  Daniells 5-52     „  0-49     „ 

11  Daniells 7*50     „  0-76     „ 

If  the  primary  current  was  permanently  open,  the  high  values 
for  oxygen  polarization  at  once  fell  considerably,  while  the  values 
for  hydrogen  polarization  usually  changed  but  little.  It  may  still  be 
observed  that  the  disengagement  of  gas  at  the  aluminium  elec- 
trodes, even  when  the  primary  current  has  great  electromotive 
force,  is  very  small  compared  with  that  observed  in  other  metals. 
The  cause  of  this  phenomenon  is  obviously  to  be  sought  in  the 
great  opposing  force  of  oxygen  polarization.  To  confirm  this, 
measurements  of  the  intensity  in  the  primary  current  were  made. 
On  this,  and  on  the  further  results  of  the  investigations,  a  report 
will  be  made. — Kaiserl.  AJcad.  der  Wiss.  in  Wien,  December  16, 
1886. 
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XXXVI.  On  t/ie  Asmmptlons  necesaarij  for  the  Theoretical 
Proof  of  Avogadro's  Law.  ^y  Prof.  LuD WIG  BoLTZMANN 
[of  Graz)* 

PROFESSOR  TAITf,  by  making  a  number  of  special 
assumptions,  has  given  a  very  exact  proof  of  Avogadro's 
Law — or,  rather,  of  the  proposition  that  in  the  case  of  the 
heat-equilibrium  of  two  mixed  gases  the  mean  potential 
energy  of  the  molecules  must  be  equal.  Prof.  Tait  does  not 
appear  to  me,  however,  to  have  given  the  least  proof  that  the 
special  assumptions  which  he  makes  as  the  basis  of  this  pro- 
position are  necessary,  or  even  that  the  more  general  pro- 
positions stated  by  myself  j  and  Maxwell  §  are  incorrect. 

I  believe  that  in  my  calculations  I  have  stated  precisely 
the  assumptions  made,  and  have  invariably  drawn  the  logical 
conclusions  from  them  ;  and  therefore  that  I  have  not 
deserved  the  reproach  which  Prof.  Tait  makes,  that  they  are 
"  rather  of  the  nature  of  playing  with  symbols  than  of  reason- 
ing by  consecutive  steps,''^  which  must  also  apply  to  the  just- 
mentioned  treatise  of  Maxwell,  when  he  accepts  and  further 
develops  the  propositions  of  mine  upon  which  Prof.  Tait  throws 
doubt.  The  contradiction  of  these  proposit  ions  by  certain  expe- 
rimental facts  seems  to  me  to  have  resulted  only  from  too  great 

*  Translated  from  an  advance  proof,  communicated  by  the  Author, 
from  the  Sitzber.  d.  Wien.  Akad.  d.  Wissensch.  vol.  xciv.,  having  been 
read  at  the  Meeting  on  the  7th  October,  188G. 

t  Phil.  Mag.  [o]  vol,  xxi.  p.  .34:!  (1886). 

t  Sitzber.  d.  Wkm.  Akad.  d.  Wissensch.  vol.  Iviii.  (1868)  ;  vol.  Ixiii. 
March  9  and  April  1.3,  1871  ;  vol.  Ixvi.  October  10,  1872. 

§  Camb.  Phil.  Trans,  vol.  xii.  part  1-3,  p.  547  (1S79). 

Phil.  Mag.  S.  5.  Vol.  23.  No.  143.  April  1887.  Y 
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a  generalization  thereof.  We  must  remember  that  analysis 
can  deal  only  with  systems  more  or  less  analogous  to  the 
molecules  of  nature,  but  not  with  the  molecules  themselves. 

The  behaviour  of  hot  bodies  is  certainly  influenced  by  heat- 
radiation,  probably  also  by  movements  of  electricity  &c. — 
conditions  which  have  not  been  taken  into  account  by  me, 
nor  in  any  other  mechanical  theory  of  heat.  Absolute  agree- 
ment with  facts  cannot  therefore  be  expected.  It  is  therefore 
only  possible  to  consider  (1)  whether  the  propositions  stated 
really  follow  logically  from  the  assumptions  made,  and 
(2)  whether  the  analogy  between  the  properties  of  the 
system  considered  aiid  those  of  hot  bodies  undoubtedly  exists. 

This  a;nalogy  can  only  be  made  perfectly  clear  by  reference 
to  all  my  papers,  and  in  particular  to  those  on  the  second  law 
of  Thermodynamics. 

Although  Mr.  Burbury*  has  made  M'ell- founded  objections 
to  the  propositions  of  Prof.  Tait,  it  appears  to  me  desirable  to 
discuss  still  more  rigorously  the  question,  Which  of  Prof. 
Tait's  assumptions  are  really  necessary  to  the  proof  ?  In  doing 
this  I  will  follow  Prof.  Tait's  method,  and  at  first  will  treat 
only  some  special  cases,  in  order  not  to  become  unintelligible 
by  too  great  a  generalization.  Although  he  does  not  expressly 
say  so.  Prof.  Tait  yet  implicitly  assumes  that  two  molecules 
upon  impact  behave  like  elastic  spheres.  For  under  any  other 
law  of  mutual  action  Prof.  Tait's  equations  on  p.  346  would 
only  hold  good  in  case  the  quantities  which  he  denotes  by  u 
and  V  were  the  components  in  the  direction  of  the  apsides  ;  and 
the  calculations  on  p.  347  would  then  not  be  applicable  to 
these  equations.  I  will  make  the  same  assumption,  and  use 
the  notation  of  my  Theory  of  Gaseous  DiflPusion,  part  i.f 

I  have  there  treated  the  impact  of  two  elastic  balls  as 
generally  as  possible  with  reference  to  the  Theory  of  Gases. 
The  figures  and  formulas  are  certainly  a  little  copious,  but 
are  generally  applicable,  and,  as  I  believe,  also  clear,  when 
once  their  meaning  has  been  comprehended. 

Let  two  elastic  spheres  (molecules)  of  masses  m  and  M 
impinge  upon  each  other.  Let  v  =  Vlv  and  V  =  OV  be  their 
velocities  before  impact  (see  fig.  1),  and  v'^^Vlv'  and  V  =  fiV' 
their  velocities  after  impact,  h  the  sum  of  radii  of  the  spheres, 
7'i=vV  their  relative  velocity  before  impact,  and  suppose  their 
relative  velocity  after  impact  to  have  the  direction  r'  =  v'Y'. 
Let  nC  be  the  line  of  centre  of  the  spheres  at  the  moment  of 
impact. 

*  Phil.  Mag.  [6]  vol.  xxi.  p.  481  (1886). 

t  Sitzher.  d.  Wten.  Akad.  d.  Wissensch.  vol.  Ixxxvi.  p.  63  (June  1882). 
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Let  <|:vV  =  T,     <rr=(l,      <7V  =  2S,     <r,  nC  =  90°  +  S, 

Fiff.  1. 
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Let  0  be  the  angle  of  the  planes  r,  v,  and  ?•,  HC;  and  0' 
the  angle  of  the  planes  r',  v\  and  7'',  flC.  I  denote  the  sines 
and  cosines  of  the  angles  by  the  corresponding  Roman  and 
Greek  letters.  For  the  sake  of  clearness  I  include  in  fig.  1 
those  lines  of  fig.  2  of  my  Theory  of  Gas  Diffusion,  just 
mentioned,  which  are  here  necessary.  Then,  according  to 
formula  (21)  of  p.  72  of  that  treatise, 
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The  right-liand  side  agrees  completely  with  the  expression 

P 

which    Prof.    Tait   finds    on    p.   346    for    —  (u'-  — u^),   since, 

according  to  equation  (20)  of  my  treatise,  the  quantity  which 
Prof.  Tait  denotes  by  n  has  the  value  r(  — r/cr47so),  where 
u  —  V  is  the  projection  of  r  on  HO,  which  is  equal  to  ra.  Now 
let  there  be  very  many  molecules  of  mass  tn  (molecules  of  the 
first  kind),  as  also  of  those  of  mass  M  (molecules  of  the  second 
kind),  uniformly  mixed  in  a  space  and  uniformly  distributive 
with  reference  to  the  directions  of  their  velocities.  Of  all 
possible  impacts  which  in  general  may  occur,  we  will  first 
select  only  those  for  which  the  variables  r,  V,  T,  iS,  0  lie 
between  the  infinitely  close  limits, 

V  and  V  +  dv,    V  and  \  +  dY,    T  and  T  +  dT,-\ 

SandS  +  cZS,     OandO  +  rfO.  J    •    •  (   ) 

In  fig  1  a  sphere  of  radius  S,  supposed  concentric  with 
one  of  the  molecules  of  mass  M,  is  drawn.  All  straight  lines 
are  drawn  dotted  from  their  intersections  with  the  surface  of 
this  sphere.  The  arcs  are  arcs  of  great  circles  of  this  sphere. 
The  molecules  of  mass  m  fly  against  this  sphere,  so  that  their 
centres  describe  the  straight  line  AO  relative  to  the  first 
molecule  which  is  parallel  to  rV  and  OR.  At  the  point  C 
the  centres  are  reflected  in  the  direction  OB,  which  is  parallel 
to  v'Y  and  HR'.  The  relative  motion  before  impact,  with 
which  alone  we  are  concerned,  remains  unaltered  if  we  imagine 
the  molecules  of  mass  in  at  rest  and  the  sphere  drawn  in  fig.  1 
moving  with  the  velocity  r  =  vY  in  direction  o})posite  to  XIR. 
If  its  surface  be  divided  by  a  plane  passing  through  its  centre 
at  right  angles  to  IIR,  then,  with  our  last-mentioned  con- 
ception of  relative  motion,  the  preceding  half-sphere  would, 
in  unit  time,  pass  through  a  space  bounded  by  two  half-spheres 
and  a  cylindrical  surface  of  volume  ttSV.  Of  this  whole 
space  a  small  portion  is  now  to  be  cut  out,  as  follows  : — flC 
is  that  radius  of  the  sphere  which  is  parallel  to  the  direction 
of  the  line  of  centres.  Whilst  the  point  0  is  so  moved  on  the 
surface  of  the  sphere  that  S  increases  by  the  amount  c/S  without 
change  of  direction  of  HR,  C  describes  a  linear  element  of 
length  S(/S.  If,  on  the  other  hand,  we  move  C  so  that  0 
increases  by  dO,  C  describes  a  linear  element  of  length  hsdO. 
These  two  determine  an  element  of  area  on  the  surface  of  the 
sphere  of  area  h'^sd^dO.  This  is  inclined  at  an  angle  S  to  the 
direction  of  r.  Since  the  half-sphere  moves  with  the  velocity 
r  in  the  direction  —OR,  this  element  of  surface  moves  through 
a  prism  of  volume  r8'^."?crrfSc?0.     So  soon  as  the  centre  of  a 
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molecule  of  the  first  kind  lies  within  this  prism,  it  impinges  in 
the  manner  described  upon  a  molecule  of  the  second  kind. 

Of  all  molecules  of  the  first  kind  lying  within  this  prism, 
we  have  to  consider  only  those  whose  velocities  lie  between 
the  limits  v  and  v  +  dv,  and  which  are  moving  in  directions 
making  angles  with  the  direction  of  V  which  lie  between 
the  limits  T  and  T  +  dT.  If  there  are  in  the  unit  volume 
4'7rv'^f(v)dv  molecules  of  the  first  kind  which  fulfil  the  first 
condition,  then,  in  the  above-described  prism,  there  are 

^TTvyivyb^Tsa- .  dvd^dTdO 

molecules  of  the  first  kind  which  also  satisfy  the  second  con- 
dition. 

Let  us  further  suppose  that  in  the  unit  volume  there  are 
4:7rY^F  {Y)dY  molecules  of  the  second  kind  whose  velocities 
lie  between  the  limits  V  and  Y  +  dV.  Then,  by  multiplying 
the  above  expression  by  this  factor,  the  following  expression 
for  the  total  number  of  impacts  which  occur  in  unit  time  in 
unit  volume  between  a  molecule  of  the  first  kind  and  a 
molecule  of  the  second  kind,  so  that  the  conditions  (2)  are 
fulfilled, 

dZ  =  S7rh''Y-f(v)F{Y)r8''TsadvdY dT dSdO,  .     .     (3) 

is  obtained. 

In  order  to  obtain  from  this  the  number  Z  of  all  the 
impacts  which  may  occur  altogether  in  the  unit  volume  in 
unit  time  between  a  molecule  of  the  first  kind  and  one  of  the 
second  kind,  we  have  to  integrate  with  reference  to  0  from  zero 
to  27r,  with  reference  to  T  from  zero  to  tt,  with  reference  to  S 

from   zero   to  ^,  and  with  reference  to  v  and  V  from  zero 

to  X)  ;  which  we  may  express  by  Z  =  \dZ. 

J  =  ^DdZ  is  the  energy  which  is  brought  by  all  these 
impacts  to  molecules  of  the  first  kind.  If  we  integrate  the 
expression  D  dZ  first  with  reference  to  0  and  S,  sve  obtain 

8.^.y(.).V^F(V)-.S-V*.VrfT^j(v,.,  +  j^_);  .  (4) 

whilst  dZ  integrated  with  reference  to  the  same  variables 
gives 

S7r'rf{v)Y''  F  (V)  r8-T  dv  dY  dT. 

The  quotient  of  the  two  expressions  may  be  considered  to  be 
the  energy  which,  on  the  average,  is  transferred  from  mole- 
cules of  the  first  kind  to  molecules  of  the  second  kind,  when 


310     Prof.  L.  Boltzmann  on  tlie  Assumptions  necessary 

the  magnitudes  of  the  velocities  v  and  V  and  their  angle  T 
are  given.     This  quotient  is 

This  agrees  exactly  with  the  first  expression  for  //  — ^i, 
which  Stefan*  finds  in  his  treatise  on  the  dynamical  theory 
of  the  diffusion  of  gases  towards  the  end  of  the  second  part, 
and  which,  after  correction  of  some  printer's  errors,  is  as 
follows  : — 

for,  in  Stefan's  formula, 

h  =  m^,     /g  =  M  y,     .%\X2  +  ?/i?/2  +  ^12-2  =  vYt  =  vrg  +  v  , 

and 

Y^'  =  v^  +  r''  +  2vrg. 

But  the  first  conclusions  of  Stefan's  would  apply  only 
where  the  molecules  act  upon  each  other  with  a  force  in- 
versely proportional  to  the  fifth  power  of  the  distance.  In 
this  case  the  factor  r  disappears  from  the  expression  dZ,  and 
on  further  integration  in  respect  of  dT  the  terms 

^lA'2  +  ?/i?/2  +  -1^2 

disappear. 

With  elastic  spheres,  on  the  other  hand,  the  impacts  are  so 

much  the  more  probable  the  greater  the  relative  velocity  r ; 

therefore,   for  each  of  the  products  x^x^,  y\}J2i  ^iHi  positive 

values  are  more  probable  than  negative  values,  and  we  cannot 

therefore  suppose  , 

.'i'ia-2+.yiy2  + -1-2  =  0 

on  the  average.     In  fact,  if  we  wish  also  to  integrate  express- 
sion  (4)  with  reference  to  T,  we  must  observe  that 
r2  =  v2  +  Y2_2i,V^     and     rg  =  \t-v. 
Integration  gives,  therefore, 

the  upper  hmit  is  V  +  v,  the  lower  Y —v  or  v—\  according 
as  V>i'  or  the  reverse.  In  the  first  case  the  integral  has 
the  form 

-^v'-lv^Y''  +  cY^+^^^^{\v'  +  2v^Y''  +  vY').    .     (5) 

*  Sitzber.  d.  Wien.  Akad,  d.  Wissensch.  vol.  Ixv.  April  1872. 
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In  the  latter  case  V  and  v  must  be  exchanged.  If,  there- 
fore, the  functions  /  and  F  are  chosen  quite  arbitrarily, 
jDf/Z  will  in  general  not  disappear  if  the  molecules  of  the 
first  and  second  kinds  have  equal  energy.  In  other  words, 
even  though  the  molecules  of  the  first  and  second  kinds  have 
equal  energy,  yei,  if  _/"  and  F  are  chosen  arbitrarily,  energy 
may  at  first  be  transferred  from  molecules  of  the  first  kind 
to  molecules  of  the  second  kind,  or  vice  versa.  It  would  be 
transferred  to  them  continuously  if  by  any  external  action 
the  originally  chosen  values  of  the  functions  /  and  F  were 
maintained  constant. 

If,  for  example,  with  uniform  distribution  in  space  and 
equal  probability  of  all  directions  of  velocity,  the  molecules  of 
the  first  kind  had  all  the  same  velocity  f,  the  second  kind  all 
the  same  velocity '  V  >  y,  then  there  would  be  at  first  no 
transference  of  energy  to  the  molecules  of  the  first  kind  by 
the  molecules  of  the  second  kind  if  expression  (5)  should 
disappear.     If  we  put  the  positive  quantities 

m-M_         \^_ 
we  have 


y       15   '     5 


;  =  2m-M  +  y^|(5»i2-2mM  +  2M2). 


If  7H  is  only  a  little  larger  than  M,  say  ?«  =  M(1  +e),  then 
this  gives  nearly 

for  7/1  =  4M,  we  have 

MV2=mf2(l-21  .  .  .). 
If  m  is  very  much  greater  than  M,  we  have  nearly 

The  condition  that,  on  the  average,  no  energy  shall  be 
communicated  in  the  first  moment  to  the  molecules  of  the  first 
order,  requires  then  that  the  molecules  of  smaller  mass  should 
have  greater  energy  than  the  others.  But  it  must  be  observed 
that  this  only  holds  good  for  the  first  moment ;  the  velocities 
even  of  the  molecules  of  the  first  kind  immediately  become 
different  amongst  themselves  as  the  result  of  impacts,  and  so 
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also  those  of  the  molecules  of  the  second  order  ;  so  that 
the  conditions  at  once  Lecome  completel}'  altered. 

If  we  assume  Maxwell's  law  of  distribution  of  velocities,  by 
putting /(ij)  =A<?~°^",  F(V)  =  Be~''^'  we  find,  by  precisely  the 
same  calculation  as  that  of  Prof.  Tait,  that  there  is  no  exchange 
of  energy  between  the  molecules  of  the  first  kind  and  those  of 
the  second,  if  the  mean  energy  of  both  is  the  same — which, 
(following  Prof.  Tait)  we  will  call  Maxwell's  Theorem. 

So  far  all  Prof.  Tait's  conclusions  are,  without  doubt,  cor- 
rect. But  it  does  not  yet  follow  from  this  that  the  existence 
of  Maxwell's  law  of  distribution  must  be  assumed  in  order  to 
prove  Maxwell's  theorem.  It  may  rather  be  shown  that, 
whatever  the  masses  and  ratio  of  diameters  may  be,  if  only  the 
molecules  of  the  first  order  come  generalh'  into  collision  with 
those  of  the  second  order,  then  Maxwell's  distribution  of  velo- 
cities is  spontaneously  brought  about  both  amongst  the  former 
and  also  amongst  the  latter  molecules. 

In  this  it  is  not  even  necessary  to  assume  that  the  molecules 
of  the  first  order  are  generally  in  collision  amongst  themselves, 
nor  that  the  molecules  of  the  second  order  are  in  collision 
amongst  themselves.  The  only  assumptions  are  :  that  both 
the  molecules  of  the  first  and  also  those  of  the  second  order 
are  uniformly  distributed  over  the  whole  space;  that  through- 
out they  behave  in  the  same  way  in  all  directions;  and  that  the 
duration  of  the  impact  is  short  in  comparison  with  the  time 
between  two  impacts.  I  have  given"^  the  proof  of  this  in  my 
paper  on  the  Thermal  Equilibrium  of  Gases  acted  on  by  Ex- 
ternal Forces,  at  the  conclusion  of  §  1  ;  but  as  I  have  there 
only  briefly  indicated  the  mode  of  calculation  and  have  only 
given  the  result.  Prof.  Tait  has  probably  quite  overlooked  the 
passage,  and  I  will  be  more  explicit  on  the  present  occasion. 

Let  the  molecules  of  the  first  and  second  kinds  of  gas  be  at 
the  beginning  of  the  time  (^  =  0)  uniformly  distributed  in  a 
space  enclosed  by  rigid  perfectly  elastic  walls  ;  but  let  the 
distribution  of  energy  among  them  be  altogether  arbitrary. 
Exactly  as  before,  let 

AiiTv^fiv,  o)  dv 

be  the  number  of  molecules  of  the  first  kind  of  gas  in  the  unit 
volume  whose  velocities  lie  between  the  limits 

V  and  v  +  dv (6) 

In  exactly  the  same  way,  let  47rY^F(V,  o)  dY  be  the  number 
of  molecules  whose  velocities  lie  between 

VandV  +  fZV (7) 

*    Wien.  Sitzh.  vol.  Ixxii.,  October  1875. 
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Since  no  direction  in  space,  and  also  no  element  of  volume, 
has  any  advantage  over  another,  we  may  assume  that  the  dis- 
tribution of  energy  also  remains  uniform  for  all  succeeding 
time.  But  in  general  this  is  prevented  by  the  collisions- 
which  occur.  At  the  time  t,  let  there  be  in  the  imit  volume 
47rt'^y'(i',  t)  dv  molecules  of  the  first  kind  of  gas  whose  velocities 
lie  between  the  limits  (0),  F(t',^)  having  a  similar  signifi- 
cation. 

Evidently  the  problem  is  conceived  in  its  utmost  generality 
if  we  imagine  f{v,o)  and  F(V,  o)  having  any  given  values, 
and  determine  the  changes  of  these  functions  in  course  of 
time.     Evidently  we  have  first  of  all  to  determine  the  increase 

^t  ^t 

which  the  functions/  and  F  undergo,  whilst  the  time  increases 
from  t  to  t  +  6.  During  the  element  of  time  6,  let  n  molecules 
in  the  unit  volume  out  of  the  47ri'^/(r,  t)  dv  molecules  of  the 
first  kind  therein  contained,  whose  energies  lie  between  the 
limits  (6),  enter  into  collision  wdth  other  molecules  of  the  first 
kind,  and  N  molecules  with  those  of  the  second  kind.  Let 
us  imagine  6  so  chosen  that  n  and  N,  although  large  numbers, 
are  yet  small  in  comparison  with  4:7rirf[v,  t)  dv. 

Since  the  number  of  those  molecules  for  which  the  velocities 
after  impact  also  lie  between  the  limits  (6),  or  for  which  the 
velocity  of  the  second  impinging  molecule  lies  between  the 
same  limits,  is  of  an  order  higher  only  by  an  infinitely  small 
amount,  Ave  may  assume  that  the  velocities  of  all  these  n  mo- 
lecules and  also  of  the  N  molecules  after  lapse  of  the  time  6, 
no  longer  lie  between  the  limits  (6).  ?i  +  N  is  therefore  the 
number  of  those  molecules  whose  velocities  were  at  the  be- 
ginning of  the  time  6  between  those  limits,  but  at  the  end  of 
that  time  were  not  between  the  same  limits. 

But  during  the  time  6,  other  molecules  whose  velocities 
were  not  previously  between  the  limits  (6),  in  consequence  of 
impacts  acquire  a  velocity  lying  between  these  limits.  Let, 
then,  p  molecules  of  the  first  kind  acquire  a  velocity  lying 
between  these  limits  by  impacts  with  other  molecules  of  the 
first  kind,  and  P  molecules  of  the  first  kind  by  impacts  with 
molecules  of  the  second  kind.     Then 

47ri'2^^1''^^=i>  +  P-M-N.     ...     (8) 
Of 

We  found  before  the  expression  (3)  for  the  number  of 
im[)acts  which  in  unit  time  and  unit  volume  so  occur  that  the 
variables  r,  V,  T,  S,  and  0  lie  between  the  limits  (2). 
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Integrating  this  expression  for  ;ill  the  other  differentials  up 
to  dv  and  nniltiplying  by  6,  wo  have 

'N  =  S'7rh'y{v,t)dcB''di  "  i^  y  C\^F{Y,t)rrsadVd1d^dO.  (9) 

».'o    •-  0  ^  0  Jo 

The  kind  and  mode  of  impact  is  completely  determined  by 
the  values  of  the  variables  v,  V,  T,  S,  and  0.  The  magnitudes 
v'  and  V  of  the  velocities  of  both  molecules  after  impact,  their 
angle  T'  as  Avell  as  the  angle  0'  which  the  plane  RHR'  of  the 
two  relative  velocities  makes  with  the  plane  v'fl'Y'  of  the  two 
absolute  velocities  v'  and  V''  after  the  impact,  may  therefore 
be  expressed  as  functions  of  v,  V,  T,  S,  and  0.  For  all  impacts 
for  which  the  latter  variables  lie  between  the  limits  (2), 
v',  V^,  T',  S',  and  0'  will  also  lie  between  certain  infinitely 
close  limits,  which  we  may  denote  by 

v'  and  v'  +  dv',     Y'  and  V  +  dY', 

T  and  T  +  dT,     0'  and  O'  +  dO',     S  and  S  +  f/S.   .   (10) 

The  angle  S  has  the  same  meaning  before  and  after  impact, 
and  is  therefore  after  impact  also  included  within  the  limits  S 
and  S  +  rfS.  But  it  is  now  clear  that  each  impact  may  also 
be  taken  in  inverted  order.  If,  therefore,  invei'sely  the  values 
of  the  variables  before  impact  lay  between  the  limits  (10), 
then  they  would  also  after  impact  lie  between  the  limits  (2) . 
Exactly  as  with  expression  (3),  so  also  will 

dZ'  =  Sirh'^Y^iv',  t)¥(Y',  t)dr8h'sa- d/ dY' dT dO' r/S^    (11) 

be  the  number  of  impacts  which,  in  the  unit  volume  during 
the  time  0,  occur  between  a  molecule  of  the  first  order  and 
one  of  the  second,  so  that  after  impact  the  variables  shall  lie 
betw^een  the  limits  (2).  Since  v',  Y',  V,  and  0''  are  known 
as  functions  of  v,  V,  T,  0,  and  S,  we  may  here  again  intro- 
duce the  differentials  of  the  latter  variables,  and  obtain] 

dZ'  =  S7rh''^Y"/{v',  t)  F  ( V,  0  OrB-r'saA  dv  dYdTdOdS,  (12) 
where 

A_V4.?)^''    BV'    ^T'   -dO'  ..„. 

-dt'  *BV  'bT'bO'     •     •     •     •    ^^^^ 

the  partial  differentials  being  taken  under  the  supposition 
that  S  is  constant.  If  we  integrate  expression  (12)  for  all 
variables  except  dv,  we  obtain  all  impacts  which  occur  in  unit 
volume  during  the  time  6  between  a  molecule  of  the  first  and 
a  molecule  of  the  second  kind,  so  that  after  impact  the  velo- 
cities of  the  molecules  of  the  first  kind  lie  between  the  limits  (6). 
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Hence  n 

F=8'ir^eS'dv r    (  "("' j  '\''^Yy{v',t)F{V',t)rr'saAdydTdSdO.  (14) 

Maxwell*  has  already  given  an  equation  which  in  our 
notation  is 

Ar'-'V'V=rV-T (15) 

He  has,  it  is  true,  indicated  a  proof  of  this  equation,  but 
has  not  clearly  shown  its  truth. 

I  have  proved  this  proposition  more  fully,  and  obtained  a 
similar  one  for  polyatomic  molecules  ;  on  which  account  I 
have  also  assumed  it  in  my  treatise  on  the  thermal  equilibrium 
of  gases  upon  which  external  forces  act.  The  most  general 
proposition,  in  which  all  similar  propositions  are  included,  is 
shown  in  Maxwell's  paper  "  On  Boltzmann's  Theorem."  f 
But  since  all  the  necessary  formulge  are  now  at  our  disposal, 
I  will  here  verify  equation  (15)  by  direct  calculation  of  the 
functional  determinants. 

If  we  first  of  all  introduce,  instead  of  V  and  T,  the  variables 
r  and  G,  we  obtain  Y~dYTdT  =  7'''^dr>ydG,  as  is  geometrically 
evident.     So  also 

Y'-dYWUlV  =  r\lrYdG'. 

Since  r  is  not  altered  by  impact,  we  introduce,  instead  of  dv, 
dGr,  dO,  the  differentials  of  the  three  variables, 

,2       2^4Mrr,     ,  ,       4MVV 

?7i  +  M^"-  ^      {rn  +  My 

y  =  (m  +  My  +  2Mvrc/  +  Mr", 

Z  =  VJ(0. 

The  calculation  of  the  functional  determinants  gives 

dx  dy  dz  = ^  [  {m  +  M)  v{2gsa-—<yK^o  -\-  ya'o)  +  2Mrscr]  dv  dG  dO. 

Further,  from  the  spherical  triangle  RKE,'  (fig.  1),  we  have 

&):&)'=  sin  R'HK  :  sin  ROK  ; 
and  from  the  triangles  PIli?  and  PI2y', 

sin  EHK  :  j  =v  :  HP, 

sinIl'nK:y  =  r)':nP; 

•  Phil.  Mag.  [4]  vol.  xxxv.  (March  1868). 

t  Cambridge  Phil.  Trans,  vol.  xii.  part  3,  p.  647  (1879).  JFied.  Beibl. 
V.  p.  403  (1881). 
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therefore 

vyw  =  v''y'w'  =  z; (16) 

whence 

Wy'or  =  v'''-vy-'-vS'^-'  =  L{%jsa-ys'o  +  y<j'o)  +  ^^^' 

Therefore 

dx  dy  dz  =  4Mv"-€'vyio'dv  dG  dO. 
Since,  further, 

x  =  v'^,  y  =  (m  +  M)  v'^  +  2Mv'rg'  +  Mr',  z  =  v'ry'o)', 

it  follows  that 

dx  dy  dz  =  4:M.v'^ry'''o'dv'd(}'dO'; 

whence  the  relationship  to  be  proved  between  dv  dQ  dO  and 
dv'dG'dO'  follows.  But,  accordino-  to  equation  (15),  it 
follows  from  (14)  that 

v^Yy\v>,t)Y{Y',t)rTsadYd'Td^dO.{\l) 
0    Jo  «^o  Jo 

n  and  ;j>  can  be  found  from  N  and  P  by  simple  exchange  of 
the  function  F  and  the  mass  M  for /and  m,  and  in  place  of 
h  we  have  X  the  diameter  of  a  molecule  of  the  first  kind. 

Hence 


n  =  ^'rr%%v,  t)  dv  \w{     P  ['  f'VyCV,  t)rrs<T  c/V  dT  c/S  .^0, 
Jo    «.  0  Jo  Jo 

TT 

p  =  ^'jT%HvX'e^     {^VCyyiv',t)f{\<,t)rTsadYdTd^dO, 

Jo   Jo  Jo  Jo 
and  thence 

IT 

'^^  ^  ^''^l "rrl"^^^'^  ~-^^'  m'TsadY  c/T  cZS  dO  ^ 

»  "  .    1   I  "  >  (19) 

+  27rS^r     rCr(/'F\-fF,)Y^rTsadYdTd&dO,) 
Jo    Jo  Jo  Jo 

~^^"       Jo  Jo  Jo  Jo  (^'^'-F^^)^"'^^^•'^^^^Tc^s./o^ 

+  27rS2|  {f'F\-fl\)v'rrs<7dvdTd^dO.     ) 

»   0      t    0  »  0  J 
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In  this  /=:/(^.,  0,  /i=/(V,0,.  f'=f(v',t),  f,'=f(Y',t), 
F  =  F(t-,0,  F'  =  F{v',t),  ¥,  =  F{Y,t),  F/  =  F(V',  0-  A  is 
the  diameter  of  a  molecule  of  the  second  kind. 

By  means  of  these  equations  we  can  show  that  the  quantity 

E==i    A{f-^ydv+{    Fi(/Fi-l)V2^V    .     .     (21) 

(whose  intimate  connection  with  the  magnitude  called  by 
Clausius  "Entropy"  I  have  remarked  elsewhere)  can  only  de- 
crease or  (in  an  extreme  case)  remain  constant,  /  denotes 
the  natural  logarithm.     We  have 

^^       Jo        ^t  J^    ■'         ^t 

therefore,  with  reference  to  the  equations  (20), 

J_BE 

2-77    'dt 

=  r  r  p  r  r^  wf.  {ffi  -ff^ywrrso-  dv  dY  dT  d^  do 

Jo   Jo    Jo     'o  Jo 

+  {    (    (^CC^AHFT,{F'F^-¥¥iyY^rTs<TdvdYdTd^dO  }  (22) 

Jo    Jo    .0  Jo  Jo 

IT 

+  r  C]\  '  ^'^bVfif'F.'-fF^yYh^TsadvdYdTd^dO 

Jo    Jo  *^0  »^  0  "^  0 

+  \      \      \     \    \     B'^lF.if'F.'-fF.yv'V'rTsadvdYdTd^dO 

Jo    Jo    «-  0  Jo  .   0 

From  the  circumstance  that  every  impact  may  take  place 
also  in  inverted  order,  it  follows  at  once  that  the  value  of  any 
definite  integral  which,  according  to  the  above,  is  to  be 
extended  over  all  possible  values  of  the  variables  before 
im])act,  does  not  alter  if  we  exchange  the  value  of  the  variables 
before  impact  for  their  values  after  impact,  and  vice  versa, 
and,  finally,  again  integrate  for  all  possible  values. 

We  shall  have,  therefore,  for  each  function  ^  compounded 
in  any  way  of  the  variables  under  the  functional  sign, 
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\      f    (  M  '  r  "^(^^  ^'  T,  0,  v',  Y',  S)  dv  dY  dT  dS  dO 

Jo    Jo    Jo  -'o    Jo 

{    f     1     y   {  \{v',  Y',  T,  0',  V,  Y,  T,  0,  S)  A  dv  dY  d1  dO  dS  ; 

Jo    Jo    «  0  .'o    Jo 
where 

A  =  v^V^T:v'^Y'^'r'. 

Therefore  the  third  line  of  the  equation  (22)  is  also  equal  to 

j     r    r  r  i  "^//(/F,  -/'  F/)  U2V2/.T.SC7  dv  dY  dT  dS  dO  ; 

^  0  I'o   Jo  Jo  4  0 

also  the  fourth  is  equal  to 

i      f"  rr  f  "S^^Fi'(/Fi-/'  FiO^^'VVTscrc/t'^^Vc/Tc/Sc/O. 

»  0   Jo   ^'o  ^'o  Jo 

For  the  sum  of  the  third  and  fourth  lines  we  find,  by- 
taking  the  arithmetic  mean  of  the  expressions  found  now  and 
previously, 

if    (    y('('^B^fF,'-fF,)l-^v^Y'rrsadvdYdJdSdO. 

The  same  transformations  are  to  be  applied  to  the  first  and 
second  lines  of  equation  (22),  But  in  the  latter  expressions, 
moreover,  the  two  impinging  molecules  play  exactly  the  same 
part ;  so  that  we  may  here  exchange  the  quantities  which 
refer  to  the  first  molecule  for  those  which  refer  to  the  second, 
and  vice  versa.  If  both  molecules  belong  to  the  same  order, 
we  have  again,  generally, 

(     f "  r  P  f  ^(t;,  V,  T,  0,  v',  V,  V,  0',  S)  dv  dY  dT  dS  dO 

t  0    Jo  Jo  Jo  Jo 

=  r  C  r  p  rV(V,  V,  T,  0,  V,  v',  T,  0',  S)  dv  dY  dT  dS  dO. 

Jo  Jo   Jo  Jo   Jo 

Therefore  the  first  line  of  equation  (22)  may  also  be  written 

p  p  rC'  C'\Hf\{f'f,'-ff^)v'^Y'rTsadvdYdTd^dO. 
Jo  Jo  Jo  Jo  Jo 

If  we  once  more  apply  to  this  the  transformation  mentioned 
on  the  previous  page,  we  obtain  a  fourth  value  for  the  first 
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line  of  equation  (22)  ;  and  we  have  novv  to  substitute  the 
arithmetic  mean  of  all  foui'  values.  If  we  treat  in  the  same 
way  the  second  line  of  this  equation,  we  obtain  finally 


2^^E 

nr 


^-^  =  f"  f "  {^  ('  (\''Yh'Tsa  dv  dY  dT  d^  dO 
<«       Jo  Jo  Jo  Jo  Jo 

/TV 
/A 


X  [v^(./-7i' -/:/':)  •  ^  7^  +  ^'  (F'  F/-F  F,)  .  I  -~< 


+  26\f'¥,'-fF,).lj^^--]. 


For  the  condition  of  equilibrium  of  energy, /and  F  and 
also  E  must  therefore  be  independent  of  the  time  ;  we  must 

therefore  have  -^-  =  0.     But  we  see  at  once  that  the  last-found 
at 

/7F 
integral  for  —j-  represents  a  sum  of  infinitely  small  members, 

which  are  all  negative   or  at  most    equal    to    zero  ;    for  if 

ff 
f'fi—ffi   is  positive  the  factor  ^7rf-4,  is  negative,  and  vice 

J  J\ 

versa. 

dE 
Therefore  -^-  can  only  vanish  when  each  of  these  members 
dt  -^ 

itself  vanishes. 

If  the  molecules  of  the  first  kind   were    very   small    in 

comparison    with   those    of    the    second    kind,    then    would 

X=:0,   A  =  S.     We   may  assume,  still   more  generally,  that 

the  molecules  of  the  first  kind  are  perfectly  permeable  for 

each  other,  and  so  also  those  of  the  second  kind  for  each 

other,  and  that  each  of  the  latter  molecules  onlv  is  surrounded 

by  a  sphere  of  radius  S,  at  which  the  centres  of  the  molecules 

of  the   first  kind  are  reflected   like  infinitely  small  elastic 

spheres;  in  the  latter  case  we  should  have  A=\=0.     As 

soon  as  S  differs  from  zero,  /'  F/  must  always  be  equal  to 

/F|  for  all  values  of  the  variables  under  the  functional  sign. 

Since  V,  V,  and  v'  are  quite  ind(qiendent,  and  only  V'  is 

determined    by    the    equation  of  energy,   we    find,  without 

difficulty, 

/=Ae-'""',     F  =  Be-'''''\ 

But,  in  consequence  of  the  impact  of  molecules  of  the  first 
kind  with  those  of  the  second,  there  will  therefore  be  pro- 
duced Maxwell's  distribution  of  velocities  and  equality  of  mean 
energy  amongst  all  the  molecules.  I  take  the  present  0])por- 
tunity  of  remarkinfj  that  I  do  not  understand  how  nrravitation 
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is  to  be  explained  if  we  ascribe  to  Lesage's  ultramundane 
particles  the  properties  of  gaseous  molecules  ;  for,  whilst  the 
sun  protects  the  (^arth  from  certain  impacts,  it  reflects  other 
particles  towards  the  earth  which  would  not  otherwise  have 
reached  it.  Only,  if  the  particles  are  not  reflected  by  the 
earth  and  sun,  but  absorbed  or  perhaps  reflected  with  a  loss 
of  energy,  would  attraction  be  produced  between  the  sun  and 
the  earth. 

I  have  carried  out  calculations  similar  to  the  above  in  my 
treatise,  "  Further  Studies  on  the  Thermal  Equilibrium  of 
Gaseous  Molecules,^'  '^  for  a  single  kind  of  molecules  after  u 
somewhat  difl^'erent  method,  which,  I  believe,  is  characterized 
by  great  clearness ;  and  I  venture  to  recommend  to  the 
reader  who  is  so  disposed  a  perusal  of  the  first  section  of  this 
treatise. 

We  can  easily  apply  the  method  there  described  to  a  mixture 
of  two  kinds  of  gas.  For  the  first  of  these  let  \/x  .  (f>{a;,  t)dx 
be  the  number  of  molecules  in  the  unit  volume  whose  energy 
at  the  time  t  lies  between  the  limits  x  and  x+dx.  Let 
<f>{x,  t)  have  a  similar  meaning  for  the  second  kind  of  gas.  I 
have  then  used 

v/^<^(.?;,  t)dx<j){X,  t)  dXfix,  X,  x')dx 

to  express  the  number  of  impacts  which  occur  in  unit  time 
and  volume  between  two  molecules  of  the  first  kind,  so  that 
before  impact  their  energies  shall  lie  between  the  limits 
X  and  x-^dx^  X  and  X  +  </X,  whilst  after  impact  that  of  the 
one  molecule  lies  between  x  and  x'  +  dx' . 

By  variable  distribution  of  conditions  we  are  always  to 
understand  the  number  of  impacts  during  a  very  short  time 
divided  by  that  time;  ^^  has  a  similar  meaning  for  the  impacts 
of  the  molecules  of  the  first  kind  with  those  of  the  second 
kind. 

Then  we  easily  convince  ourselves  that 

O^  Jo     'o 

slx\x-^X-x')^{x',  x-^X-x',  x)  -(j){x,  t)(f>{X,  t)  V^^(^,  X,  x^)    y  (; 
+  (f>{a^,  t)^{x  +  X-aJ,  t)  X   \/x'{x  +  X-x')x{''v',  x  +  X-x',  x) 
- <f>  {X,  t)  ^{X,  t)  ^/JXxi^v,  X,  ^) ] 

,-,^<x>(x,  0 

wherein  we  obtain  yX ^7 by  interchange  of  <f)  and  ^, 

•  Sitzber.  d.  Wien.  Akad.  d.  Wissensch.  vol.  Ixvi.,  October  1872. 
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X  and  X,  i/rand  ^.     In  place  of  x'  we  have  X',  the  energy  of 
the  second  molecule  after  impact. 

We  have  further,  except  for  a  constant  factor, 

E=  \    s/x(^{x,  t)[l(f){^v,  t)  -l]dx 

+  J^  s/X^{X,t)ll^(K,t)-l]dx,  \.  (24) 

Before  we  substitute  the  above  values  in  equation  (24), 
we  have  still  to  establish  two  properties  of  the  functions  i/r, 
^,  and  'x^.  In  the  functions  ■^  and  ^  both  impinging  mole- 
cules play  the  same  part.  It  is  then  just  as  probable  that 
before  impact  the  energy  of  the  first  should  lie  between  x 
and  x  +  dx,  that  of  the  second  beween  X  and  X  +  ^X,  and, 
after  impact  that  of  the  first  between  x'  and  x'  +  da/,  as  that 
inversely  before  impact  the  energy  of  the  first  molecule  should 
lie  between  X  and  X  +  ^X,  that  of  the  second  molecule  between 
X  and  X  +  dx,  and  after  impact  that  of  the  second  between  x' 
and  x'  +  da^.  Therefore  that  of  the  first  lies  between  x  +  X — x' 
and  x  +  X—x'  +  dx'.     Or,  in  algebraic  language, 

'f{x,X,x')=f(X,x,x  +  X-x'),.     .     .     (25) 

^(X,  ^,  X')=^(^,  X,  ^  +  X-X').       .     .     (26) 

The  second  property  may  be  obtained  as  follows.  We  found 
the  value  (3)  for  the  number  dZ  of  impacts  which  occur  in 
unit  time  and  volume  between  a  molecule  of  the  first  and  one 
of  the  second  kind  in  such  a  way  that  the  variables  v,  V,  T, 
S,  0  lie  between  the  limits  (2).  We  will  first  introduce  the 
variables  r,  G  instead  of  V  and  T.  Then,  instead  of  G-,  twice 
the  energy  of  both  molecules, 

3/  =  (m  +  M)y2  +  Mr^  +  2'Kvrg  =  {m  +  M)v'^  +  Mr^  +  2Mv'rg'; 

this  gives 

47r2 
dZ=  -^vr''s<rdvdrdi/d^dOf{v)F(V)B\ 

We  will  now  for  the  constants  v,  r,  y,  and  S  introduce  the 
variable  v'  instead  of  0.     Since  in  this  g  is  also  constant, 

aZ  =  ^^^  27rVv;8^  dvdi^drdyd^f{v)  F  (V) . 
Phil.  Mag.  S.  5.  Vol.  23.  No.  143.  April  1887.         Z 
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If,  lastly,  instead  of  v,  v'  we   introduce   the   energies   x 
and  x', 

,n  +  M  ?2^,,,,,M   MS/{v)F{V). 
m^M.^     vyco 

Now  47ruy(t7)(f«=  y/x(^{x,t)dx;  therefore 

/(.)=i:;^«.M),F(V)=|^*(X,0; 
then,  since  for  constants  a- and  a-'  evidently  c7?/  =  f?X, 

m  +  M^  ,.     A^(x,  t)'^dxda^dXdrd^. 
16  v/wM^  ^T« 

Hence  the  quantity  formerly  denoted  by  \^,xXx{x,  X,x') 
is  equal  to 

m  +  M     ^^^CCrdrd^ 


,CCrd^ 


16  \/mM     J  J    ^'7<y 

where  the  integration  is  to  be  extended  over  all  possible  values 
with  the  given  x,  X,  a^.  If  we  interchange  the  values  before 
and  after  impact,  we  have 

m  +  M         r  rrdrd^ 

x/x'{x  +  X-x')x(^v',  .v  +  X-x',x)=  16VmM^JJ?7a7- 

Since  according  to  equation  (16)  v'j'o)' =  1-^0),  and  also  the 
limits  of  the  two  double  integrals  are  the  same,  it  follows  at 
once  that 

x^xXxi'h  X,  x')=  s/x'{x-X-x')x{x',  x+X-x',  x).   (27) 

Two  analogous  equations  hold  for  yjr  and  '^. 

The  further  calculations  are  now  purely  algebraical  trans- 
formations of  definite  integrals,  and  are  effected  exactly  as  in 
the  first  section  of  the  already  mentioned  "  Further  Studies." 
I  will  therefore  only  briefly  indicate  the  method  to  be  adopted. 

,     .      .         I          1          V  'dffiUv,  t)        ,  "b^iX,  t)  . 
After  substitutmg  the  values  ot      "^     —    and  '  m 

equation  (24),  we  have  a  term  with 

l<f>{x,  t)  .  [<}>{x',  t)<p{x  +  X  +  x',  t)-<f>(x,  O0(X,  0]. 

This,  wuth  the  aid  of  an  equation  for  yp'  analogous  to  equa- 
tion (27),  is  to  be  transformed  into  a  similar  term,  with  the 
factor  —l(f){x',  t)  before  the  square  bracket.  Both  are,  by 
means  of  equation  (25),  to  be  transformed  into  two  terms, 
having  the  factors  1(}>{X,  t)  and  —l(J3{x  +  X—x',  t)  before  the 
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square  bracket.  The  arithmetic  mean  of  the  four  expressions 
thus  obtained  is  to  be  substituted  in  equation  (24)  for  the 
transformed  term.     The  term 

Z(D(X,  t)  .  [0(X',  O^G^'  +  X-X,  t)-^{X,t)^{cc,  t) 

is  to  be  treated  in  exactly  the  same  way. 

The  remaining  terms  have  now  only  to  be  once  transformed 
by  means  of  equation  (27),  so  that  the  factors  — /^(a'',  t)  and 
—  l^{x  +  'S^—x',t)  appear  instead  of  the  factors  lj>{x,  t)  and 
Z$(X,  t);  and  again  the  arithmetic  mean  of  the  original  and 
transformed  expressions  is  to  be  takea.     In  this  way  again 

— —  proves  to  be  a  sum  of  terms  of  which  each  vanishes  sepa- 

rately  if  -j-  vanishes.   ■>/r  and  '^  may  be  equal  to  zero.  As  soon 

as  p^^  vanishes  for  no  definite  set  of  variables,  that  is  only  so 
soon  as  the  molecules  of  the  first  kind  impinge  freely  upon 
those  of  the  second  kind,  these  terms  only  Vanish  separately  if 
Maxwell's  distribution  of  velocities  holds  amongst  the  mole- 
cules of  the  first  kind  as  well  as  those  of  the  second  kind. 

The  foregoing  considerations  serve  also  to  completely 
establish  the  &till  more  general  proposition  which  Mr.  Burbury 
has  stated  in  the  place  already  referred  to.  In  fact,  let  us 
assume  that  the  first  kind  of  gas  consists,  as  above,  of  very 
many  molecules  (molecules  A)  which  do  not  impinge  amongst 
themselves  ;  but  that  the  second  kind,  on  the  other  hand, 
consists  but  of  a  single  molecule  B  which  comes  into  collision 
with  the  molecules  of  the  first  sort.  Let  the  time  of  its  free 
motion  be  great  in  comparison  with  the  time  of  a  collision. 
Let  the  whole  be  enclosed  in  a  vessel  R  with  rigid  elastic 
walls.  Let  R  denote  also  the  volume  of  the  vessel.  There 
must  at  length  ensue  a  stationary  condition  in  which  the 
molecules  of  the  first  kind  are,  on  the  average,  uniformly  dis- 
tributed through  the  vessel,  and  in  which  any  direction  is  as 
probable  as  another  for  their  velocity.  In  this  condition,  let 
there  be  in  unit  volume  Airv^fi{v)dv  molecules  whose  velo- 
cities lie  between  the  limits  (G).  The  molecule  B  will  of 
course  continually  change  its  velocity ;  but  if  we  take  a  very 
long  time  after  the  commencement  of  the  stationary  condition, 
then  during  that  time  its  velocity,  on  the  average,  will,  with 
equal  probability,  have  assumed  all  possible  directions  in 
space;  and  the  probability  that  its  velocity  will  lie  between 
the  limits  (7)  will  be  expressed  as  some  function  of  V,  which 
we  will  denote  by 

47rV2Rri(V)tZV. 

Let  us  now  imagine  a  very  great  number  of  similar  vessels 

Z2 
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R,  in  each  of  whicli  let  there  be  an  equal  number  of  molecules 
A  constituted  as  before,  and  each  with  the  same  distribution 
of  velocities.  Let  A'7rv^f{v)dv  be  the  number  of  molecules  in 
the  unit  volume  whose  velocities  lie  between  the  limits  (6) . 

In  each  of  the  vessels  R  let  there  be  a  single  molecule  B 
which  in  each  vessel  shall  be  now  here,  now  there,  now  moving 
in  this  direction,  now  in  that  with  equal  probability.  Let  the 
number  of  vessels  R  for  which  the  velocity  of  the  molecule 
B  shall  lie  between  the  limits  (7)  be  47rNV2RF(V)rfV,  where 
N  is  the  number  of  all  the  vessels,  of  which  each  has  the  volume 
R.  Further,  let  there  be  no  other  impacts  than  those  of  the 
molecule  B  in  each  vessel  with  the  molecules  A.      Then  evi- 

dently,  at  least  for  the  first  moment  of  time,  -^—  is  determined 

BF(V  t') 
by   the  same  equation  by  which  ^  '    '  was  determined 

above,  since  it  is  quite  indifferent  whether  all  the  molecules 
B  are  in  the  same  vessel  or  whether  each  is  in  a  separate  one. 

But  if  we  now  imagine  all  the  N  vessels  of  volume  R  brought 
together  into  one,  we  obtain  a  vessel  of  volume  NR  in  which 
in  the  unit  volume  there  are  47rV^F(V)rfV  molecules  of  the 
second  kind  whose  velocities  lie  between  the  limits  (7).  In 
order  that  this  may  not  be  a  proper  fraction^  but  a  A^ery  large 
number,  we  may  imagine  the  unit  volume  to  be  very  small  in 
comparison  with  R;  that  is,  R  as  any  large  number,  which 
must,  however,  be  still  very  small  in  comparison  with  N. 

The  change  in /will  no  doubt  be  different  in  the  different 

vessels  ;  let  us,  however,  denote  by  /the  arithmetic  mean  of  all 

the  values  of/ for  the  different  vessels;  then  again,  at  least  in  the 

?^/ 
first  moment  of  time,  ^  will  be  given  by  the  same  equation 

'hfiv  t)         ° 
as  before,      .1  '     .      In  the  former   expressions  we  have   of 

course  A,  =  A  =  0,  since  neither  the  molecules  A  impinge  upon 
each  other  nor  the  molecules  B.  We  convince  ourselves  most 
easily  of  the  truth  of  the  above  assertion  by  imagining  all  the 
vessels  R  united  into  one  large  vessel  of  volume  NR,  in  which 
in  the  unit  volume  there  are  47rV"F(V)f/V  molecules  B  whose 
velocities  lie  between  the  limits  (7),  and  4:7rf{v)v^dv  molecules  A 
whose  velocities  lie  within  the  limits  (6).  We  may  now  sus- 
pect that  in  course  of  time/  assumes  different  values  in  dif- 
ferent vessels,  and  not  until  the  end  becomes  again  equal  in  all. 
This  suspicion  is  most  easilv  removed  by  supposing  that 
at  the  beginning  of  the  time /and  F  have  the  values  denoted 
above  by  /  and  Fj.     Everything  then  remains  as  it  was  ; 
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•=^j  ^^y  and  —r-  will  vanish.  Nevertheless  the  former  two 
dt     Qt  clt 

magnitudes  must  be  given  by  the  equations  (19)  and  (20) 

7TJ1 

(where  X=A=0).     Therefore  also  -rr  must  be  given  by  the 

same  equation  (22)  ;  and,  from  the  condition  that  it  must 
vanish  at  the  same  time,  it  follows  exactly  as  before  that 

f==Ae-'''"-',     F  =  B^-'^^v2^ 

by  which  Mr.  Burbury's  proposition  is  proved.  In  this  it  is 
simply  assumed  that  the  number  of  molecules  A  is  very  large. 
This  produces  the  effect  that,  so  soon  as  the  condition  has 
become  stationary,  the  distribution  of  velocities  in  each  sepa- 
rate vessel  is  scarcely  perceptibly  influenced  by  the  condition 
possessed  by  the  molecule  B  in  that  vessel. 

It  is  only  necessary  to  further  remark  here  in  passing,  that 
the  proof  may  be  obtained  in  exactly  the  same  way  if,  instead 
of  regarding  the  molecules  as  elastic  spheres,  we  assume  any 
other  law  of  mutual  action  ;  if  only,  in  the  first  place,  the 
Lagrange-Hamilton  equations  of  motion  are  applicable,  and, 
in  the  second  place,  if  the  time  of  perceptible  mutual  action 
for  each  molecule  is  vanishingly  small  in  comparison  with  the 
time  of  free  motion. 

First  Appendix. 

I  have  just  received  a  treatise  by  H.  Stankewitsch*,  which 
has  for  object  to  prove  an  equation  which  essentially  is  iden- 
tical with  equation  (15)  of  this  paper.  I  have  long  ago,  in 
my  treatise  "  Some  Greneral  Propositions  on  the  Equilibrium 
of  Heaf't,  called  attention  to  the  connection  of  a  still  more 
general  equation  with  Jacobi's  principle  of  the  last  multiplier. 
H.  Stankewitsch  arrives  at  the  proof  of  his  equation  in  an 
altogether  different  way,  which,  however,  is  in  every  respect 
similar  to  Jacobi's  proof  of  the  principle  of  the  last  multiplier. 
However  ingenious  the  method  employed  by  Stankewitsch, 
I  hope  to  show  in  the  following  lines  that  the  equation  in 
question  may  be  proved  much  more  simply  in  the  way  indi- 
cated by  Maxwell.  I  will  first  show  that  the  equation  of  H. 
Stankewitsch  is  only  an  altered  form  of  our  equation  (15). 
If  A  be  the  angle  between  the  velocity  v  and  the  axis  of 
abscissae,  B  the  angle  made  l)y  the  XZ  plane  with  the  plane 
which  is  parallel  to  the  directions  of  v  and  OX,  and,  lastly,  K 
the  angle  made  by  the  last  plane  with  the  plane  parallel  to  the 

*  Wiedemann's  Annalen,  Bd.  xxix.  p.  153  (1886). 
t   Wiener  iiitzber.  Bd.  Iviii.  May  1871. 
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directions  of  ti  and  V;  if,  further,  ^,  t),  ^  be  the  components 
of?';  ^1,^1,  ^1  tliose  of  V  in  the  directions  of  the  axes  of 
coordinates :   then 

d^d7id^=v^aclvdAdB,     ....      (28) 

d^ydVyd^^=YHdY  dT  dK (29) 

If  we  denote  the  magnitudes  with  reference  to  the  velocities 
v'  and  V  after  impact  by  a  dash,  we  have 

d^'d'n'd'n'  =  v"^u'dv'dMdB',     ....     (30) 

d^\dri\  d^\=N"'T' dN' dT dK' (31) 

Let  us  in  fig.  2  denote  the 
points   of  intersection   of  all  Fig.  2. 

these  lines  drawn  from  the 
centre  fl  of  a  sphere  of  radius  1 
with  the  surface  of  the  sphere 
in  the  same  way  as  the  lines 
themselves.  The  variables  v, 
Y,  T,  S,  0  determine  simply 
the  magnitude  and  relative 
position  of  the  lines  determi- 
ning the  impact ;  they  deter- 
mine what  I  have  called  the 
form  of  the  impact;  v',  Y' , 
T',  O'  are  therefore  simple 
functions  of  the  first-named 
variables.  We  will  leave  these  variables  constant,  so  that  the 
whole  form  of  the  impact  remains  unaltered.  Only  its  position 
in  space,  and  so  the  variables  A,  B,  and  K  are  to  alter  ,•  and 
the  product  of  the  corresponding  changes  in  the  variables 
A',  B',  K',  viz. 

dA!  dB'  dK'  =  dA  dBdK.t+^'~'-^, 

—  dA     dn     all 

is  to  be  determined.  It  is  geometrically  evident  that  dAdB  dK 
must  be  equal  to  dA'  f/B'  rfK' ;  for  both  sets  of  differentials 
may  be  supposed  to  be  obtained  by  supposing  that,  for  fixed 
position  and  magnitude  of  v,  v',  V,  V,  the  axis  of  abscissae 
describes  the  whole  interior  of  a  cone  of  infinitely  small  aper- 
ture ;  and  the  system  of  coordinates  revolves  about  the  axis 
of  abscissse  at  a  very  small  angle.  This  follows  analytically 
in  the  following  way.  We  see  from  fig.  2  that  B'  =  B  +  <}:  vXv'. 
•^v^v'  is  simply  a  function  of  A,  K,  and  the  now  constant 
angles.  If,  therefore,  we  now  introduce  A^,  K',  B'  instead  of  the 
variables  A,  K,  B,  we  has^e  dB'  =  dB.     Therefore 

^-^A*  BB'BK  ~^±  dA  'BK" 
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In  the  latter  functional  determinant,  besides   the  angles 
already  put  constant,  B'  is  to  be  regarded  as  constant. 
Further 

a'  =  al  +  aX.  cos  7i, 

sin^  :  sin  h—a.  :  a'; 
whence 

._  a  sin  A  _       asin/i 

"^~  V'l  — a'^— «^  sin  h  ~  aX— «^  cos  h 

We  see,  further,  from  the  figure  that 

180°-K=A-<wW, 

when  the  latter  angle  depends  simply  on  the  form  of  the  im- 
pact, and  is  therefore  to  be  regarded  at  present  as  constant. 
So  also 

y+180  =  K'+<i:YVt;. 

The  latter  angle  again  is  constant ;  whence  it  follows,  since 
nothing  here  depends  upon  the  sign,  that 

^-^A  'BK  ~^±dA  'B/i* 

Since  in  the  equations  for  a'  and  tan  j  also  the  angle  L, 

which  equally  depends  only  on  the  form  of  the  impact,  plays 

the  part  of  a  constant,  the  determinant  can  be  calculated 

a' 
without  difficulty,  and  we  obtain  for  it  the  value  - .      We 

a 

might  also  have  obtained  this  result  without  any  calculation 

by  imagining  the  points  v,  v\  V,  and  V  as  fixed.     Since  A 

and  h  are  spherical  polar  coordinates  of  the  point  X  of  the 

spherical  surface,  so  also  A',  y  ;  the  element   of  area   adAdh 

expressed  by  the  former  polar  coordinates  must  be  equal  to 

the  element  of  area  a'dA!dj  expressed  by  the  latter.     We 

have  then 

u'dMdB'd'K'^udKdBd'K. 

For  a  fixed  position  of  the  points  v,  v',  V,  and  V,  A,  K 
and  then  A',  K'  may  be  regarded  as  spherical  coordinates  of 
the  point  X,  which  would  give  at  once 

adA'dK  =  u'dA'dK'. 

Since,  further,  from  the  definition  of  A  (equation  13), 

dv'  dY'  dT  dO'=Mv  dY  dT  dO, 

it  follows  from  equations  (28),  (29),  (30),  (31)  that 

d^'  dy'  d^'  d^,'  dy,'  dXi  dO'  _  t>'^ WA 
d^dydi;d\yd7}^d^^d0     ~    v'YH 
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Equation  (15)  is  iherefore  proved  by  proving  the  equation 

d^' drj' d^' d^i' dvi  d^,' dO'=d^dvd^d^^dvidi;idO,    .     (32) 

and  vice  versa. 

0  is  here  the  angle  between  the  planes  EI2R'  and  J\D.v  of 
fig.  1.  If  on  the  right-hand  side  of  the  equation  (32)  we 
introduce,  instead  of  0,  the  angle  i/r^  which  the  former  plane 
makes  with  the  plane  RftX  (compare  fig.  3),  ^,  r),  ^,  ^i,Vh  ?ij 
and  therefore  also  the  angle  between  the  planes  EOX  and 
EXlv  remain  constant ;  and  since  this  is  equal  to  the  difference 
between  <)cO  and  i/r,  it  follows  that  d-\lr  =  clO.  If  in  the  same 
way  we  introduce  upon  the  left-hand  side  of  the  equation  (32) 
^Ir'  instead  of  0';  it  follows  that 

dO'  =  df, 

and  equation  (32)  becomes 

f/f  d'n'  d^  d^i'  drj^'  <??;  d^|r'  =  d^  dv  d^  d^^  d^i  d^i  df, 

which  is  exactly  the  form  which  H.  Stankewitsch  gives  to  the 
equation. 

We  will,  however,  further  multiply  each  side  by  o-c?S,  by 
which  at  the  same  time  we  indicate  that  S  is  to  be  chosen  as 
the  eighth  independent  variable.  The  equation  thus  assumes 
the  form 

d^'  dri  dt!  f/|i'  dTj^  f/^i'  d->lr'  acm  =  f/f  drj  d^ f/^i  drj^  d^^  df  adS.   (33) 

We  now  again  draw  all  the 
lines  from  the  centre  O  of  a 
sphere  of  unit  radius,  and  de- 
note in  fig.  3  the  points  of 
intersection  of  the  two  relative 
velocities  before  and  after  im- 
pact with  the  surface  of  the 
sphere  by  R  and  R' ;  the  ends 
of  the  two  relative  velocities 
by  Ri  and  R/.  Let  H  be  the 
middle  point  of  the  arc  R  R'  of 
a  great  circle,  X  the  point  in 
which  the  axis  of  abscissa  in- 
tersects the  surface  of  the 
sphere.  We  now  for  constants 
?7  V,  ^,  ^1,  Vi,  ?i  introduce  the 

angles  <N  =  XH  and  E  =  ZXH  instead  of  <):S  =  RH  and 
i/r^XRR'.  Since,  again,  for  a  fixed  position  of  the  points 
X,  Z,  and  R,  both  S  and  yjr  as  well  as  N  and  E  are  spherical 


Fig.  3. 
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polar  coordinates  of  the  point  H  of  the  sphere,  we  have 

vcmdM  =  ad^d->^. 

The  left  side  of  equation  (33)  is  next  transformed  into 

d^dvd^d^^dvid^ivd^d^ (34) 

If,  now,  we  denote  the  projections  of  the  relative  velocity 
URi  before  impact  on  the  axes  of  coordinates  by  a;  ?/,  z,  and 
also  the  projections  of  the  relative  velocity  OR/  after  impact 
on  the  axes  of  coordinates  by  a;',  y\  z',  and  with  constant  ^,  ?;,  ^ 
introduce  the  variables 

^  =  H\-^,      ^J  =  Vi-V,      z=Ki-^, 
expression  (34)  becomes 

d^dvd^dxdi/dzvdl^dE (35) 

Then  we  leave  x,  y,  z,  N,  E  constant,  and  instead  of  ^,  rj,  ^ 
introduce  the  variables  ^',  rj',  ^'.  If  x,  y,  z  be  the  projections 
of  the  line  Bi  R/  of  the  relative  velocities  drawn  from  II  on 
the  axes  of  coordinates,  we  have 


+M'      '       '      m+M'     ^~^     m+M 

Since,  now,  all  the  lines  drawn  in  fig.  3  remain  altogether 
unaltered  in  magnitude  and  position,  Xi,  y^,  and  Zi  are  also 
constant,  and  we  have 

d^'dr}'dt,'=zd^dvdX. 

Hence  expression  (35)  becomes 

d^'dr]'dt;dxdydzvd^d'E (36) 

The  next  step  consists  in  introducing  for  constant  |',  ??',  ^', 
N,  E  the  variables  x' ,  y',  z  instead  of  x,y,  z  ;  that  is,  the 
coordinates  of  the  point  R/  instead  of  the  coordinates  of  the 
point  R].  It  is  at  once  seen  from  fig.  3  that  the  element  of 
volume  described  by  the  point  R^  on  change  of  its  coordinates 
is  exactly  equal  to  that  which  the  point  Ri'  describes  for  the 
position  of  the  point  H  remains  unchanged.  It  follows, 
therefore,  that 

dxdydz  =  dx'dy'dz'; (37) 

and  expression  (36)  becomes 

d^'dv'd^'dx'dy'dz'.v.dN.dE.     .     .     .     (38) 

Now,  again,  inversely 
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are  introduced  instead  of  x' ,  y',  z\  so  that  the  expression  (38) 
becomes 

d^' dri' d};;  cI^t!  drj^  dt;^  V  cm  cm.     .   .   .    (39) 

Lastly,  we  introduce,  instead  of  the  spherical  polar  coordi- 
nates N,  E  of  the  point  H,  its  spherical  polar  coordinates  S,  ylr'; 
so  that  we  obtain 

vdN.dl^  =  (TdB.dyp'. 

Lastly,  expression  (30)  becomes  therefore 

d^'  dv'  d^  rff  i'  dvi  d^,'  ad^  .  dyfr', 

by  which  equation  (33)  is  proved. 

If  we  prefer  to  prove  equation  (37)  analytically,  fig.  3 
would  give 

a; = rjn,     y  =  r/j,  sin  9,     z  =  rfi  cos  0, 

where  ORi=OEi'=r. 

8  :  (f>  =  fJ'  '  cr,     S  :  <^'  =  ^'  :  a,     /j,'<pi'=:/jL<j}, 

s  =  mn  +  fMvf,     a^d^  =  (r^  —  fjb'^(jy^ 

=  1  —  {mn-\-fivfy — f^^(f>^=  [mv—ixnfY, 

rr^  =zns-\-  vad  —  mn^  +  fJ^v^f, 
where 

^2=  cos  2N,     1/3=  sin  2N. 
From 

s  =  m'n  +  fjJvf  =  mn  +  /xv/, 
it  follows  that 

fi'f  =  inv2 — H'f'h' 

If  in  this  equation  and  in  the  equation  /j!(f)'=:fjL(f)  we  put 

f'  =  e  cos  6'  +  e  sin  6',     ^'  =  e  sin  6'  —  e  cos  6', 

it  follows  that 

fjb'  cos  6'  =  7nev2 — fJ^efn^  —  /ie^, 

fjb'  sin  6'  =  7nev.2 — f^'cfn^  +  jxecf). 

By  multiplying  by  r  and  observing  that 

rm  =  w',     rfi  sin  6'  —y,     v\j!  cos  &  =  z , 

/=ecos  ^  +  esin  ^,     ^  =  6cos0— esin^, 

r[if=-  ey  +  ez,     rfx^  =.—ey-\-  ez, 
we  obtain 

x'  =  n.jX  +  Vjfy  +  ^2^^} 

y  =  v^ex—  [e^  +  ehi2)y  +  2}^eez, 

z'  =  ^2^3?  +  2j^ee?/ — (e^  +  ehi2)z, 
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and  we  caD  then  convince  ourselves  directly  that 

—  B^    By    B-z 

Although  I  have  already  deduced  a  great  variety  of  rela- 
tions from  fig.  1,  yet  it  would  probably  furuish  several 
other  equations  which  might  be  of  use  in  particular  circum- 
stances, e.  g.  by  denoting  the  magnitude  and  position  of  the 
straight  lines  v,  V,  v' ,  V  symmetrically  by  the  magnitude 
and  position  of  the  straight  lines  O,  P  and  of  the  line  joining 
the  point  P  with  the  middle  point  of  the  straight  line  W. 
Symmetrical  relationships  of  this  kind  are  particularly  conve- 
nient when  we  wish  to  obtain  equations  in  which  the  magni- 
tudes before  and  after  impact  play  the  same  part  as  the 
equation  we  have  used. 


sJxK.  .  xi^i  X;  ^')  =   \/ af{x  +  ^  —  x')  .  %(tt'',  ^  +  X  — ^',  .r). 

Second  Appendix. 

After  correcting  the  foregoing  for  the  press,  I  became  ac- 
quainted, by  the  kindness  of  the  author,  with  Prof.  Tait's 
paper  "  On  the  Foundations  of  the  Kinetic  Theory  of 
Gases  "*.  While  reserving  for  a  future  occasion  my  remarks 
on  Prof.  Tait's  observations  on  the  mean  path,  and  on  the  case 
when  external  forces  act,  I  will  here  mention  only  one  point. 
If  in  a  gas  on  which  no  external  forces  act,  and  whose  molecules 
are  elastic  spheres,  F(«,  y,  z)  dx  cly  dz  be  the  probability  that 
components  of  the  velocity  of  a  molecule  parallel  to  the  axes 
of  coordinates  shall  at  the  same  time  lie  between  the  limits  x 
and  X  +  dx,  y  and  y  +  dy,  z  and  z  +  dz,  then  Maxwell  bases 
the  first  proof  which  he  gives  f  of  his  law  of  distribution  of 
velocities  on  the  assumption  that  ^{x,  y,  z^  is  a  product  of 
these  functions^  of  which  the  first  contains  only  x,  the  second 
only  y,  the  third  only  z.  This  is  the  same  as  the  assumption 
that,  for  a  given  component  of  velocity  at  right  angles  to  the 
axis  of  abscissse,  the  quotient  of  two  probabilities,  viz.  the  pro- 
bability that  the  component  of  the  velocity  of  a  molecule  in 
the  direction  of  the  axis  of  abscissse  lies  between  x  and  x-\-dx, 
and  the  probability  that  the  same  quantity  lies  between  certain 
other  limits  ^  and  ^  +  d^,  is  altogether  independent  of  the 
given  value  of  the  component  of  the  velocity  of  the  same 
molecule   at   right   angles  to  the  axis   of  abscissae.      In   a 

*  Trans.  Ruy.  Soc.  Ediu.  xxui.  p.  G5  (1886). 
t  I'hil.  Mag.  [4]  vol.  xix.  p.  10  (1800). 
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later  paper*  Maxwell  himself  speaks  of  this  assumption  as 
precarious ;  and  therefore  gives  a  proof  resting  on  a  quite 
different  foundation.  In  fact,  we  should  expect  that  greater 
velocities  in  the  direction  of  the  axis  of  abscissae  in  comparison 
with  the  smaller  ones  would  be  so  much  the  more  improbable 
the  greater  the  component  of  velocity  of  the  molecule  at  right 
angles  to  the  axis  of  abscissae.     If,  for  example, 

then  the  quotient  just  mentioned  would  be 

r(|,y,^Mf~czr 

The  larger  \/^+?,  the  more  would  small  values  in  com- 
parison with  large  ones  gain  in  probability.  Now,  by  means 
of  the  law  of  distribution  of  velocities,  which  is  to  be  proved, 
we  obtain  the  proof  of  the  very  remarkable  theorem  :  that  the 
relative  probability  of  the  different  values  of  x  is  altogether 
independent  of  the  value,  supposed  to  be  given, which  sjif  ■\-^ 
has  for  the  same  molecule;  that  therefore  the  quotient  Y{x,y,z) : 
F(f,  ?/,  z)  is  independent  of  y  and  z  ;  or,  what  is  the  same, 
since  the  three  axes  of  coordinates  must  play  the  same  part, 
that  F,(^,  ?/,  z)  may  be  represented  as  a  product  of  three 
functions  of  which  the  first  contains  only  x,  the  second  only 
y,  the  third  only  z. 

It  is  therefore  an  altogether  inadmissible  circidus  viliosus  to 
make  use  of  this  assumption  to  prove  Maxwell's  law  of  distribu- 
tion of  velocities.  This  therefore  also  holds  good  of  the  proof 
which  Prof.  Tait  has  given  (pp.  68  &  69  of  the  paper  quoted), 
and  which  is  only  a  reproduction  of  Maxwell's  first  proof, 
which  he  himself  later  rejected.  For,  from  the  circumstance 
that  the  distribution  of  velocities  must  be  independent  of  the 
special  system  of  coordinates  chosen  for  its  calculation,  we  can 
never  show  that  F(a',  j/,  z)  must  have  the  form /'(a;)  (/)(y)  1^(0), 
only  when  this  has  been  already  proved.  One  might  make  use 
of  the  circumstance  to  show  the  similarity  of  form  of  the  three 
functions/,  <p,  and  i/r.  I  do  not  even  need  to  enter  upon  known 
geometrical  investigations  if  the  value  of  a  function  of  three 
rectangular  coordinates  x,  y,  z  is  independent  of  the  choice  of 
the  system  of  coordinates.  For  Prof.  Tait  has  already  shown 
of  the  function  denoted  above  by  F,  that  it  can  only  be  a 
function  of  Vx^  -\-y'^  4-  z-  ;  but  the  value  of  the  expression 
V ac^  -^y^  ■\-^  is  already  quite  independent  of  the  special  posi- 
\Pliil.  Mag.  [4]  XXXV.  p.  145  (1868). 
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tion  of  the  system  of  coordinates  ;  therefore  evidently  any 
function  whatever  of  V or' +  y^ -\- z^  fulfils  the  same  condition, 
and  by  this  condition  no  other  further  property  of  the  func- 
tion F  can  be  disclosed.  As,  for  example,  the  value  of  the 
above-used  function  g-Kx-+y'^-\-z^)^  jg  q\^q  entirely  independent  of 
the  special  choice  of  the  system  of  the  coordinates,  although 
it  does  not  permit  of  being  reduced  to  the  form  f{x),  (f>iy), 
ir(z). 


XXXVII.  On  an  Arc-Lamp  suitable  to  be  used  with  the 
Duhoscq  Lantern.  By  Professor  SiLVANUS  P.  Thompson, 
D.Sc* 

[Plate  III.] 

THE  lamp  devised  by  Foucault  and  Dnboscq,  and  supplied 
for  so  many  years  by  the  famous  house  of  Duboscq, 
fails  to  fulfil  the  electrical  requirements  of  the  modern  physi- 
cal laboratoiy,  though  it  has  rendered  excellent  service  in  the 
past.  Yet  the  lantei-n  and  optical  adjuncts  of  the  standard 
pattern  of  Duboscq  are  so  widely  used  that  it  seemed  desirable 
to  find  some  other  arc  lamp  which,  while  fulfilling  the  elec- 
trical requirements  of  the  case,  could  be  used  with  the 
Duboscq  lantern. 

Before  describing  the  lamp  which  I  have  for  twelve  months 
employed  for  this  purpose,  I  propose  to  state  the  conditions 
to  be  fulfilled,  and  the  reasons  why  the  old  Duboscq  lamp 
fails  to  fulfil  them. 

The  modern  ])hysical  laboratory  is  usually  supplied  with 
electric  energy  under  one  of  two  alternative  conditions,  namely 
either  at  constant  potential  or  with  constant  current  ;  more 
usually  under  the  former  condition.  If  supplied  from  a 
dynamo  the  dynamo  may  be  either  series-wound,  shunt- 
wound,  or  compound-wound.  If  supplied  from  accumulators 
the  accumulators  will  work  at  constant  potential,  and  will 
have  a  very  small  internal  resistance. 

The  arc-lamp  for  laboratory  use  must  be  capable  of  working 
under  the  given  conditions.  No  doubt  the  Duboscq  lamp 
worked  fairly  when  supplied  with  current  from  50  Grovels 
cells.  But  in  a  laboratory  where  there  is  another  and  better 
and  less  wasteful  source  of  su})ply,  50  Grovel's  cells  are  not 
desirable.  Though  40  accunmlators  have  an  electromotive 
force  almost  exactly  equal  to  that  of  50  Grove's  cells,  the 
Duboscq  lamp  does  not  work  well  with  them  unless  a  resist- 
ance of  several  ohms  is  intercalated  in  the  circuit  to  represent 

*  Communicated  by  the  Physical  Society. 
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the  internal  resistance  of  the  G-rove-cells  ;  and  even  then  the 
Duboscq  lamp  does  not,  for  certain  reasons,  work  as  satis- 
factorily as  the  lamp  to  be  described,  and  its  cost  is  about 
three  times  as  great. 

In  every  arc-lamp  for  optical  purposes  there  must  be 
mechanism  adapted  to  perform  the  four  followino-  actions: — 

1.  To  bring  the  carbons  together  into  initial  contact. 

2.  To  part  the  carbons  suddenly,  and  with  certainty,  to  a 
short  distance — about  3  millimetres — apart.  This  action  is 
technically  called  "  striking  "  the  arc. 

3.  To  su])ply  carbon  as  fast  as  it  is  consumed,  by  moving 
one  (or  both)  of  the  pencils  forward  into  the  arc.  This 
action  is  called  "  feeding  "  the  arc. 

4.  To  so  move  the  carbons,  or  their  holders,  that  the  lumi- 
nous points  retain  the  same  position  in  space  at  the  proper 
focus  of  the  optical  system.  This  action  is  called  "  focusing" 
the  arc. 

It  may  be  remarked,  in  passing,  that  the  feeding  mechanism 
of  many  lamps  also  performs  the  action,  set  down  as  No.  1  of 
the  above,  of  bringing  the  carbons  into  initial  contact  pre- 
paratory to  striking  the  arc. 

In  many  arc-lamps  the  attempt  is  made  to  unite  the  striking 
and  feeding  mechanisms  in  one  ;  but  in  many  lamps,  and  in 
the  one  I  have  to  describe,  the  striking  and  feeding  mechanisms 
are  distinct.  The  striking  mechanism  in  all  the  arc-lamps  of 
commerce  consists  of  an  electromagnet  or  solenoid  arranged 
in  the  main  circuit  of  the  lamp,  the  armature  or  plunger  of 
the  same  being  mechanically  connected  with  one  or  both  of 
the  carbons,  so  that  when,  by  the  turning  on  of  the  current 
through  the  touching  carbons,  there  is  a  great  rush  of  current, 
the  attraction  of  the  electromagnet  or  solenoid  shall  instantly 
part  the  carbons  and  strike  the  arc.  In  the  majority  of  the 
commercial  arc-lamps  it  is  the  upper  carbon  only  that  is 
raised  to  strike  the  arc  ;  in  a  few  other  lamps,  and  in  the  one 
I  am  using,  the  lower  carbon  is  depressed.  In  one  of  the 
older  patterns  of  the  Duboscq  lamp  the  lower  carbon  was  also 
thus  directly  acted  upon,  its  holder  being  attached  to  the 
armature  of  an  electromagnet  beneath  it.  The  same  is  true 
of  the  Serrin  lamp.  But  in  the  Duboscq-Foncault  lamp  the 
arc  is  struck  in  a  different  way.  The  two  carbon-holders  are 
connected  by  racks  to  a  clockwork  gearing  which  either 
parts  them  or  brings  them  together,  the  movement  being 
driven  by  a  double  train  of  wheels,  either  of  which  can  be 
released  in  turn.  The  weight  of  the  upper  carbon-holder 
drives  the  train  that  moves  the  carbons  together;  a  coiled 
sprino-  drives  the  train  that  parts  the  carbons.      Whether 
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either  of  the  trains,  or  neither  of  them,  shall  be  released  is 
determined  by  the  position  of  a  double-toothed  detent  which, 
placed  between  the  final  spur-wheels  of  the  two  trains,  locks 
both  of  them  when  in  its  mean  position,  but  releases  one  or 
other  when  shifted  to  right  or  left.     The  position  of  this  de- 
tent is  determined  by  the  current  through  the  lamp,  it  being 
attached  to  one  end  of  a  three-arm  lever,  the  two  other  ends 
of  which  are  respectively  attached  to  the  armature  of  the  con- 
trolling   electromagnet   and    to    an   opposing    spiral    spring. 
When    the  moment  of  pull  of  the   electromagnet   upon  its 
armature  is  greater  than  that  of  the    opposing  spring,  the 
detent  is  pulled   over  one  way,  releasing  the  approximating 
train  of  wheels  while    retaining  locked    the  parting   train. 
When  the  moment  of  the  pull  of  the  opposing  spring  exceeds 
that  of  the  electromagnet  on  its  armature,  the  detent  is  pulled 
over  the  other  way,  locking   the  approximating  train  and 
releasing  the  parting  train.     When  the  pull  of  the  electro- 
magnet exactly  balances  that  of  the  opposing  spring,  both 
trains  are  locked.     Now  when  the  current  is  at  first  turned  on, 
there  is  a  sudden  pull  upon  the  armature  of  the  electromagnet; 
but  the   carbons  are  not   instantly  parted,   partly  because  of 
the  inertia  of  the  train  of  wheels,   and  partly  because  of  the 
backlash  of  the    mechanism.     Two    or   three   seconds   may 
elapse  before  the  arc  is  struck.     This  delay  is  serious,  either 
when  working  with  dynamo  or  with  accumulators.     If  the 
dynamo  is  shunt-wound,  the  shortcircuiting  even  for  this  short 
period  demagnetizes    the  field-magnets.      If  the  dynamo  is 
series-wound  or  compound-wound,    or   if  accumulators  are 
being  used,  there  is  overheating  during  the  period  of  delay. 
Supposing,  however,  the  arc  to  be  struck,  then  the  inertia  of 
the  train  of  wheels  makes  itself  evident  in  another  way  ;  for 
it  parts  the  carbons  too  far,  producing  a  long  arc  of  consider- 
able resistance ;  and  as  the  current  then  drops  below  its  normal 
value,  the  armature  goes  over  the  other  way,  and  the  other 
train   of  wheels  is   momentarily  released.      This  alternation 
between  the  two  trains,  which  often  lasts  for  some  time,  pro- 
duces a  disagreeable  instability. 

The  feeding  mechanism  of  arc-lamps  next  comes  in  for  con- 
sideration. The  object  of  the  feeding  mechanism  is  to  supply 
carbon  as  fast  as  it  is  consumed,  and  so  keep  the  light  constant. 
But  the  light  cannot  be  kept  constant  unless  the  consumption 
of  electric  energy  in  the  arc  is  constant.  The  electric  energy 
is  the  product  of  two  factors — the  current  thiough  the  arc,  and 
the  difference  of  potential  between  the  electrodes.  Calling 
the  current  i  and  the  potential  difference  e,  it  is  the  product 
ei  which  is  to  be  kept  constant.     Now,  as  remarked  at  the 
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outset,  the  very  conditions  of  modern  electric  supply  are  that 
either  e  or  i  is  maintained  constant,  the  usual  arrangement  in 
commercial  lighting  being  i  constant  for  arc-lamps  in  series, 
and  e  constant  for  glow-lamps  in  parallel.  One  of  the  two 
factors  being  a  constant  by  the  conditions  of  the  su})ply,  the 
other  factor  must  be  kept  constant  by  the  feeding  mechanism. 
Or,  in  other  Avords,  the  variations  of  the  other  factor  should 
be  made  to  control  the  action  of  the  feeding  mechanism.  The 
mechanical  part  of  the  feed  may  consist  of  a  train  of  wheels 
driven  by  the  weight  of  the  carbon-holder  or  by  a  spring,  or 
it  may  consist  of  a  friction-clutch  holding  the  carbon  from 
sliding  forward,  or  of  a  worm-gearing  or  any  other ;  but  it 
must  be  controlled  by  an  electric  mechanism  of  one  of  the  two 
following  kinds.  For  keeping  i  constant,  the  feeding  mecha- 
nism must  be  controlled  by  an  electromagnet  (or  solenoid) 
placed  in  the  main  circuity  working  against  an  opposing  spring 
or  weight.  For  keeping  e  constant,  the  feeding  mechanism 
must  be  controlled  by  an  electromagnet  (or  solenoid)  placed 
as  a  shunt  to  the  arc,  and  working  against  an  opposing  spring 
or  weight.  In  the  latter  case,  if  for  any  reason  the  arc  grows 
too  long,  the  potential  at  the  terminals  will  rise,  more  current 
will  flow  around  the  shunt,  which  will  then  overcome  its  op- 
posing spring  (or  weight),  and  will  release  the  feeding 
machinery  until  balance  is  restored.  The  use  of  the  shunt, 
introduced  first  by  Lontin,  enables  arc-lamps  to  be  connected 
two  or  more  in  series  in  one  circuit.  A  less  perfect  solution 
is  the  differential  principle  introduced  by  Von  Hefner  Alteneck, 
where  the  difference  between  the  attractions  of  a  series  and  a 
shunt-solenoid  maintains  constant,  not  the  product  ei,  but  the 
difference  e—i. 

The  only  perfect  solution  of  the  problem  is  a  feeding 
mechanism  which,  by  combining  in  itself  a  shunt-coil  and  a 
series-coil,  shall  keep  the  product  ei  a  constant,  however  either 
factor  may  vary.  All  the  commercial  arc-lamps  for  lighting 
in  series  have  shunt-circuits  to  control  the  feeding  mechanism; 
though  often  the  arrangement  takes  the  form  of  a  shunt-coil 
wound  (differentially)  outside  the  series-coil  of  the  striking 
mechanism  ;  so  that  feeding  is  accomplished  by  the  shunt-coil 
demagnetizing  the  striking  electromagnet  and  momentarily 
un-striking  the  arc. 

Returning  to  the  Duboscq  lamp,  it  may  be  observed  that,  as 
it  possesses  no  shunt-coil,  it  can  only  feed  by  a  weakening  of 
the  current  in  the  main  circuit.  Hence  it  is  obvious  that  a 
Duboscq  lamp  cannot  possibly  work  in  a  constant-current 
circuit.  Also  two  Duboscq  lamps  will  not  w^ork  in  series  with 
one  another,  as  their  individual  feeding  is  not  independent  of 
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the  other.  Neither  will  two  work  in  parallel  with  one  another; 
for  the  weakening  of  current  in  one  throws  more  current 
through  the  other,  and  the  instability  before  alluded  to — called 
"  hunting  "  by  electric  engineers — becomes  yet  more  pro- 
nounced. 

The  lamp  that  I  have  adapted  to  the  Duboscq  lantern  is  one 
known  in  commerce  as  the  "  Belfast  "  arc-lamp,  its  principles 
of  construction  being  due  to  Mr.  F.  M.  Newton  ;  but  I  have 
had  the  design  altered  to  suit  the  special  work.  In  this  lamp, 
as  previously  mentioned,  the  striking  and  feeding  mechanisms 
are  separate.  The  arc  is  struck  by  means  of  an  electromagnet 
E  of  the  tubular  pattern,  having  as  its  armature  an  iron  disk 
A,  which,  when  no  current  is  passing,  is  held  up  by  a  short 
spiral  spring  at  about  3  millim.  from  the  end  of  the  electro- 
magnet. The  lower  carbon-holdor  is  mounted  upon  this  disk, 
so  that  the  arc  is  struck  by  the  downward  movement  of 
the  lower  carbon.  The  feeding  mechanism  is  both  simple 
and  effective.  The  upper  carbon-holder  is  a  long  straight 
tube  of  brass  :  it  passes  through  a  collar  in  the  frame  of  the 
lamp,  and  also  through  a  metal  box  B  above.  This  metal  box 
contains  a  piece  of  curry-comb  with  the  steel  bristles  of  the 
comb  set  to  point  obliquely  inwards  and  downwards.  The}' 
grip  the  carbon-holder  and  allow  it  to  be  pushed  downwards, 
but  not  upwards.  The  box  itself  is  mounted  upon  a  strong 
brass  lever,  L,  close  to  the  point  of  the  lever.  One  end  of  this 
lever  is  drawn  downwards  by  an  adjustable  spiral  spring  S, 
whilst  the  other  carries  an  iron  armature  which  stands  innne- 
diately  above  the  poles  of  an  electromagnet,  which  is  wound 
with  hne  wire  and  placed  as  a  shunt  to  the  lamp.  Above  the 
lever  there  is  a  contact-screw,  platinum-tipped,  making  con- 
tact with  the  lever,  exactly  as  in  the  ordinary  trembling  electric 
bell,  and  the  lever  and  contact-screw  are  included  in  the  shunt- 
circuit.  The  attraction  of  the  shunt-magnet  for  its  armature 
is  opposed  by  the  pull  of  the  spiral  spring.  Whenever,  by 
reason  of  the  resistance  of  the  arc,  a  sufficient  current  flows 
through  the  shunt-circuit,  the  opposing  spring  is  overcome, 
and  the  lever  is  set  into  vibration  like  the  lever  of  an  electric 
bell,  but  more  rapidly.  The  vibratory  motion  is  thus  com- 
municated to  the  box  containing  the  steel  wire  comb,  which 
at  once,  by  an  action  well  known  in  mechanism,  wriggles 
the  carbon-holder  downwards  by  innumerable  small  successive 
impulses.  So  soon  as  the  motion  of  the  carbon  has  reduced 
the  resistance  of  the  arc,  the  shunt-current  diminishes  and 
the  feeding  action  ceases,  to  recommence  when  required.  It 
is  found  best  for  lantern-purposes  to  send  the  current  upwards 
through  the   lamp,  the  lower  carbon   being  the  positive  one. 

Phil.  Mag.  S.  5.  Vol.  23.  No.  U3.  April  1887.      2  K 
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A  thick  cored  carbon  of  13  to  15  niillim.  diameter  is  preferred, 
as  it  gives  a  good  luminous  crater  and  burns  slowly.  A  10- 
millim.  copper-plated  carbon  is  used  for  the  upper  electrode, 
and  it  is  adjusted  so  that  its  centre  falls  slightly  in  front  of 
the  centre  of  the  lower  carbon,  thereby  causing  the  crater  to 
send  its  light  forward. 

The  lamp  as  used  in  commerce  has  no  focusing-arrange- 
ment.  In  adapting  it  to  the  Duboscq  lantern,  the  frame  was 
made  narrow;  so  that  when  the  inner  chimney  of  the  Duboscq 
lantern  was  removed,  the  lamp  could  be  dropped  entire  down 
the  outer  chimney,  a  metal  sleeve  of  the  same  diameter  as 
the  inner  chimney  being  added  to  the  lamp  as  a  guide.  At 
the  bottom  of  the  lamp  a  gun-metal  tube  was  added,  tapped 
inside  with  a  screw-thread,  into  which  works  a  steel  screw 
having  a  small  hand- wheel  near  its  lower  end  and  a  pointed 
pivot  at  the  extremity.  The  lamp  slides  down  the  chimney 
of  the  lantern  until  the  pivot  touches  the  base-board.  When 
the  arc  burns  down  the  lower  carbon,  so  that  the  luminous 
crater  is  no  longer  in  the  optical  focus,  a  turn  given  by  hand 
to  the  wheel  suffices  to  raise  it  to  the  proper  position ;  but 
the  lamp  will  burn  for  ten  minutes  without  requiring  any 
readjustment  on  this  account.  The  lamp  shown  to  the  Physical 
Society  was  constructed  by  Mr,  E.  Rousseau,  Instructor  in 
the  Physical  Workshop  of  the  Finsbury  Technical  College, 
assisted  by  Mr.  A.  D.  Paine,  now  Demonstrator  in  the  City 
and  Guilds  Central  Institution. 


XXXVIII.  Electromagnets. — YII.  The  Laio  of  the  Elec- 
tromagnet and  the  Laio  of  the  Dynamo.  By  R.  H.  M. 
Bosanquet,  St.  Johns  College,  Oxford. 

To  the  Editors  of  the  Philosophical  Magazine  and  Journal. 

Gentlemen, 

THE  present  communication  will  consist  of  two  parts.  First, 
the  application  of  the  measures  of  the  bars  with  pole- 
pieces,  contained  in  No.  V.  of  this  series  (Phil.  Mag.  [5]  xxii. 
p.  298)^  to  the  establishment  of  the  type  of  law  which  governs 
electromagnets  of  this  description,  and  the  comparison  of 
this  law  with  the  various  assumptions  which  have  been  made 
on  the  subject,  and  in  particular  wdth  Frolich^s  law  and  the 
law  of  tangents. 

Secondly,  a  few  propositions  will  be  stated  which  offer  a 
general  method  of  discussing  the  action  of  dynamos,  inde- 
pendent of  the  assumption  of  any  particular  law  of  magneti- 
zation, and  based  on  a  consideration  of  the  dynamic  action. 


Mr.  R.  H.  M.  Bosanquet  on  Electromagnets.  339 

These  will  be  applied  to  the  law  first  obtained.  A  discussion 
of  the  actual  behaviour  of  my  Gramme  dynamo  will  follow  in 
a  future  paper. 

The  average  values  of  the  magnetic  resistance  of  a  number 
of  bars  with  pole-pieces  throughout  the  whole  course  of 
magnetization  were  given  in  the  investigation  above  cited. 
The  bars  in  question  all  had  cores  of  the  same  shape,  viz. 
length  :  diameter  :  :  20  : 1.  The  numbers  for  other  shapes  will 
no  doubt  be  different,  and  the  laws  which  deal  with  the  shapes 
will  be  the  subject  of  future  investigation;  but  it  is  not  likely 
that  the  general  type  of  the  law  will  differ  materially  from 
that  here  discussed. 

It  has  been  a  matter  for  some  consideration  what  scheme 
should  be  adopted  for  the  representation  and  comparison  of 
the  different  laws.  I  have  adopted  a  scheme  in  which  the 
magnetic  inductions  are  measured  horizontally,  and  the 
permeabilities^  or,  as  I  prefer  to  call  them,  conductivities, 
vertically. 

The  reason  for  adopting  the  magnetic  induction  as  the 
chief  variable,  is  the  fact  that  the  magnetic  properties  of  the 
metal  depend  only  on  the  induction.  It  is  enough  to  glance 
at  the  figures  Avhich  follow,  or,  better,  at  the  reciprocal  figures 
representing  magnetic  resistance  at  p.  303  of  the  paper  above 
cited,  to  see  that,  whether  the  metal  be  in  the  form  of  rings, 
or  of  bars  with  or  without  pole-pieces,  the  resistance  to 
magnetization  (or  its  reciprocal  the  conductivity)  changes 
always  in  much  the  same  way  at  the  same  values  of  the 
induction.  Any  representation  which  overlooks  this,  overlooks 
the  principal  law  so  far  known  as  to  the  variation  of  the 
magnetic  properties  of  iron.  And  I  dissent  from  the  position 
of  those  who  say  that  the  magnetizing  current,  or  magneti- 
zing force,  has  the  chief  claim  to  be  regarded  as  the 
independent  variable  in  such  a  representation. 

I  have  in  this  case  chosen  conductivity,  rather  than  the 
magnetic  resistance,  to  be  combined  with  the  magnetic 
induction,  mainly  because  this  combination  represents  Fro- 
lich's  law,  which  is  so  generally  accepted,  as  a  straight  line  ; 
and  this  facilitates  the  comparison  of  Frolich^s  law  with  other 
laws. 

A  few  words  as  to  the  precise  meaning  of  the  expressions 
permeability  and  conductivity. 

The  word  jyermeabUiti/  was  originally  used  in  connection 
with  the  old  theory,  and  was  the  ratio 

^  magnetic  induction 

JQ  magnetizing  force  ' 

2A2 
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but  the  magnetizing  force  existing  within  the  metal  of  the 
bar,  for  instance,  was  supposed  not  to  be  the  same  as  the 
external  magnetizing  force,  but  to  be  diminished  by  demag- 
netizing forces,  which  resided  on  the  ends  of  the  bar.  In 
rings,  however,  where  there  were  no  ends,  the  theoretical 
magnetiziug  force  was  the  same  as  the  external  magnetizing 
force,  and  the  permeability  of  a  magnetic  metal  could  be 
determined  by  measures  of  rings. 

In  dealing  practically  with  bars,  what  we  want  to  know  is 
the  connection  between  the  magnetism  developed  and  the 
external  magnetizing  force.  The  ratio  of  these  two  quantities, 
which  I  call  conductivity,  is  a  quantity  analogous  to  the 
permeability  of  the  theory,  but  not  identical  with  it  ;  the 
conductivity  does  not  take  into  account  the  supposed  demag- 
netizing forces  at  the  ends  of  the  bar.  The  system  that  I 
have  adopted  prefers  to  attribute  the  diminished  magnetism  in 
the  case  of  bars  with  ends  to  the  increased  resistance  experi- 
enced by  the  magnetism  in  traversing  space  external  to  the 
magnetic  metal  ;  and  I  employ  the  word  condactivity  iu 
connection  with  an  entire  magnetic  circuit,  with  its  air 
resistances  ;  leaving  permeability  with  its  original  application 
to  circuits  or  parts  of  circuits  lying  wholly  within  the 
magnetized  substance. 

The  permeability  of  rings  and  the  conductivity  of  bars 
have,  then,  precisely  the  same  meaning.  In  both  cases  the 
meaning  is, 

magnetic  induction 

external  magnetizing  force 

If  we  suppose  the  magnetizing  force  uniformly  extended 
along  the  bar,  as  by  a  uniformly  wound  coil,  we  have 

External  magnetizing  force  x  length  =  external  potential. 

Conductivity       magnetic  induction  _  1 
length         ~  magnetic  potential       p' 

where  p  is  magnetic  resistance,  according  to  our  definition  of 
magnetic  resistance. 

Whence    permeability    of  rings  or   conductivity    of  bars 

length 

I  invariably  reserve  /u,  *  for  the  permeability,  since  it  is  thus 

*  In  a  paper  presented  to  the  Royal  Society,  Dec.  20,  1880  (Proc.  E,. 
S.  vol.  xxxi\^.  p.  445),  in  which  the  system  of  broken  magnetic  circuits 
with  air  resistances,  now  so  generally  used  by  practical  men,  was  first 
developed,  I  distinguished  insufficiently  between  permeability  and  conduc- 
tivity, and  used  fi  to  represent  both  ideas. 
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used  by  Maxwell  and  the  best  writers.      For  conductivity  I 

write  either  -  or  cy. 

Having  the  magnetic  resistances  of  the  magnets  with  pole- 
pieces  mentioned  above,  we  can  obtain  their  conductivities  ; 

r 


(=;> 


The  formula  known  as  Frolich's  may  be  obtained  by 
assuming  that  the  conductivity  of  the  magnet  is  proportioned 
to  its  defect  of  saturation.  (See  my  letter  to  '  The  Electrician/ 
vol.  xvi.  p.  247,  February  1886  ;  and  Prof.  S.  P.  Thompson, 
Phil.  Mag.  xxii.  p.  290,  Sept.  1886.)  If  we  measure  the  mag- 
netism as  3S  (magnetic  induction),  we  may  write  this. 

Conductivity  =  A:  (  2$„  -  93), 

which  represents  a  straight  line  on  the  scheme  of  conduc- 
tivities and  inductions  ;  see  figs.  1  &  2. 

For  the  sake  of  clearness  I  have  drawn  on  fig.  1  the 
permeabilities  of  Rowland's  table  i.,  and  of  my  ring  E,  and 
also  the  average  conductivities  of  plain  bars  and  bars  with 
pole-pieces,  deduced  from  the  magnetic  resistances  given  in  my 
paper  first  above  cited  ;  also  both  in  figs.  1  &  2  the  applica- 
tion of  Frolich's  law  to  the  bars  with  pole-pieces. 

It  will  be  seen  that,  if  a  real  state  of  things  be  represented 
by  any  curve,  a  tangent  drawn  to  that  curve  at  any  point  will 
represent  a  Frolich^s  law,  which  will  be  true  only  so  far  as  the 
curve  and  the  tangent  coincide.  In  the  present  case  there 
appears  to  be  a  point  of  inflexion  on  the  curve  just  before 
approaching  the  region  of  what  I  may  call  super-saturation 
(tendency  of  13  to  increase  without  actual  limit  ;  see  paper 
first  cited) .  The  tangent  drawn  through  this  point  of  inflexion 
coincides  vvith  the  curve  for  a  considerable  distance  in  the 
neighbourhood  of  3S  =  15,000  ;  and  I  shall  shovi^  later  that  the 
excitation  in  the  cores  of  a  dynamo  with  such  magnets  may 
be  confined  in  actual  practice  within  very  moderate  limits  on 
either  side  of  this  value. 

The  use  of  Frolich's  law  to  deduce  consequences  where 
wide  variations  of  the  magnetic  intensity  take  place,  as,  for 
instance,  where  the  magnetism  is  supposed  to  be  reduced  to 
half  its  maximum  value,  appears  to  be  fallacious  in  such  cases 
as  the  present. 

The  curve  in  fig.  2  is  the  same  as  the  curve  marked  "  Bars 
with  PP  "  in  fig.  1,  but  drawn  to  a  larger  vertical  scale. 
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The  following  Table  contains  the  conductivities  of  the  bars 
with  pole-pieces,  as  obtained  from  the  experimental  macrnetie 
resistances,  and  their  comparison  with  some  of  the  diiferent 
methods  which  may  be  or  have  been  adopted  for  representing 
the  law  of  magnetism.  These  methods  are  enumerated  in  the 
following  statement,  the  table  only  containing  such  compa- 
risons as  seem  necessary. 

Numerical   Comparison   with   Experiments    of   some    of  the 
Calculations    representing    the  Magnetic   Conductivity   of 


Bars  1  :  20  with  Pole-pieces 

• 

Conduc- 
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I 
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II. Fourier  Series. 
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IV.  Tano 

ent  law. 
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I 

Diffs. 

I 
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187 
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245 
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2,000 
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-11 
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-12 
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310 
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-  6 

323 

-  9 

592 

5,000 

337 

332 

-  5 
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-  7 

578 

6,000 

340 

337 

-  3 

334 

-  6 

5{>1 

7,000 

340 

340 

0 

338 

—  2 

!      541 

8,000 

340 

340 

0 

339 

-   1 

i      518 

9,000 

339 

339 

0 

338 

-   1 

490 

10,000 

336 

337 

+  1 

334 

-  2 

459 

11,000 

332 

331 

-  1 

330 

-  2 

424 

12,000 

324 

327 

+  3 

323 

-  1 

385 

+01 

13,000 

310 

312 

+  2 

310 

0 

341 

+31 

14,000 

286 

283 

-  3 

289 

+  3 

292 

+  6 

15,000 

238 

233 

-  5 

252 

+1^ 

238 

0 

16,0(J0 

171 

175 

+  4 

171 

0 

171 

0 

17,000 

136 

130 

-  6 

110 

-26 

18,000 

91 

104 

+  13 

36 

-55 

Statement  of  Methods  for  representing  Conductivities  hy 
Calculation. 

I.  By  value  of    ,  where  p  is  derived  from  my  theory :  see 

Phil.  Mag.  vol.  xxii.  p.  308  (September  1886).  (The  formula 
at  the  head  of  the  tables  at  pp.  307  &  308  have  been  unfor- 
tunately wrongly  copied.  I  give  the  correct  headings  com- 
plete in  the  Errata  at  the  end  of  this  paper.) 

This  representation  is  quite  close,  but  the  computations  are 
rather  too  laborious  for  ordinary  use.  It  is  not  necessary  to 
exhi])it  the  comparison. 

II.  Empirical  representation  of  conductivities  by  Fourier's 
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series.  This  is  fitted  specially  in  the  region  from  9S  =  7000 
upwards,  which  includes  the  dynamo  range. 

i  =  210 +  150  sin  ^  +  26  sin  3^  + 8  sin  5^  +  2  sin  7^, 
P 
where  ^=-012{iS-400[°. 

III.  Representation  by  means  of  my  rule  that 

p  =  shape-constant  +    ? 
/^ 

with  rough  approximate  value  of  jx.  The  shape-constant 
for  unit  length  "00252  in  this  case  is  derived  from  my  in- 
vestigation cited  above.  General  values  for  this  will  be  the 
subject  of  further  investigation. 

I  1 

-= ?' 

^      -00252+- 
/^ 

wtere  /[i=  300 +  2000  sin  ^, 

9 

^=-—33°. 
bOO 

This  fits  fairly  up  to  B  =16,000,  but  fails  above.  It  is  a 
useful  formula  for  an  approximation  to  the  general  outline. 

IV.  Representation  by  means  of  the  tangent  law. 

Magnetizing  force  = 1 — ^.   .^     —k  tan  -— ^• 

°  ®  conductivity  20o 

Fitting  to  the  15,000  entrj^, 

;(;  =  1-28031; 
then 

l_        B 

p  ~         w' 

^•tan^^ 

The  diff'erences  are  only  entered  when  there  is  some  approxi- 
mation to  the  truth. 

V.  Frolich's  law. 

Conductivity  =  ^  = ^ -. =h{%,^  -%). 

"^       p      magnetizing  lorce        ^  ^ 

This  is  shown  by  the  straight  line  on  the  figures.  It  is 
unnecessary  to  exhibit  the  calculation  of  the  numbers.  The 
correspondence  with  the  truth  is  about  the  same  as  in  the 
tangent  law  ;  but  the  error  increases  more  rapidly,  and  ulti- 
mately becomes  much  larger,  as  the  magnetism  diminishes. 
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Thus  the  tangent  and  Frolich's  laws,  upon  one  or  other  of 
which  almost  all  treatment  of  the  theory  of  dynamo  machines 
has  been  based,  are  shown  to  be  far  from  representing  the 
true  laws  which  govern  electromagnets. 

In  a  paper  by  the  Messrs.  Hopkinson,  reprinted  in  '  The 
Electrician,'  Nov.  19th,  1886,  we  have  an  exam])le  of  another 
way  in  which  it  has  been  attempted  to  fit  Frolich's  law  to 
represent  the  law  of  magnetization.  The  intersection  of  the 
Frolich  law  with  the  true  law  in  diagram  A  there  given  is 
made  to  take  place  at  about  23  =  5500.  If  the  case  be 
represented  by  a  scheme  of  conductivity  and  induction,  the 
straight  line  representing  Frolich's  law  crosses  the  curve  of 
the  true  law  at  a  considei-able  angle,  and  by  the  end  of  the 
representation  in  about  %  =  11,000  the  two  diverge  widely. 

Now  it  seems  unlikely  that  Frolich's  law,  so  used,  can  have 
any  bearing  upon  the  action  of  the  dynamo  machine.  The 
advantage  of  the  law  is  that,  being  easily  manipulated,  it  can 
be  made  to  coincide  exactly  with  the  true  law  in  the  part  of 
the  dynamo  range  in  actual  use.  Such  a  case  is  represented 
by  a  tangent  drawn  to  the  curve  in  my  scheme.  It  is  very 
unlikely,  however,  that  any  dynamic  action,  such  as  to  be  of 
practical  utility,  could  take  place  in  the  region  of  1$  =  5000. 

I  shall  now  proceed  to  a  few  propositions,  suitable  for 
application  to  the  true  laws  of  electromagnets  as  embodied  in 
series  of  numbers  rather  than  in  formulse,  founded  chiefly  on 
the  dynamic  action  itself. 

The  outlines  of  the  theory  have  been  explained  to  some 
extent  in  my  paper  on  Self-regulating  Dynamo  machines, 
Phil.  Mag.  [5]  xv.  p.  275.  But  the  application  to  laws 
expressed  numerically,  and  the  line  of  reasoning  now  adopted 
are  new. 

For  the  present  I  confine  myself  to  the  series  dynamo. 

According  to  the  mode  of  statement  now  usually  adopted, 
the  E.M.F.  developed  in  an  armature  at  n  revolutions  is 

E  =4nA23^, (1) 

where  23^  is  the  field-intensity  within  the  coils  of  the  armature. 
This  differs  only  in  arrangement  of  units  from  the  formula 
adopted  in  my  previous  paper. 

The  first  thing  is  to  express  23^  in  terms  of  the  23  developed 
in  the  field-magnets.  We  have  measuz'es  of  the  23  across  the 
equatorial  sections  of  the  field-magnets,  and  can  connect  it  to 
some  extent  with  the  potential  of  the  magnetizing  current. 
In  the  present  ap[)roximate  purpose  we  assume 

35a=/35, (2) 
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where  /  may  be  called  the  coefficient  of  efficiency  ;  it  will 
depend  on  the  build  of  the  machine,  and  may  probal)ly  range 
from  ^  to  j^Q  or  less.  Nothing  in  tlie  theory  depends  on  it,  so 
far  as  our  present  purpose  is  concerned.  We  neglect  varia- 
tions of  distribution,  which  would  give  rise  to  change  of/. 

We  then  put  E  =  CR,  from  Ohm's  electrical  law  in  the 
circuit,  and  the  equation  stands 

CR  =  4n  A/B (3) 

The  next  step  is  to  express  93  in  terms  of  the  magnetizing 
current.     If  we  make  here  the  usual  assumption, 

3$  =  conductivity  x  magnetizing  force, 

^                 47r?nC  ... 

or  U=cy  X  —j—, (4) 

and  substitute  in  (3),  the  current  disappears  from  the  equation, 
and  w^e  have 

ZR  =  IQirmn  A/  X  cy ',     .     .     .     .     (5) 

a  relation  betAveen  the  coefficients  for  a  given  value  of  the 
conductivity,  which  is  not  without  use,  but  does  not  help  us 
in  the  general  problem. 

The  assumption  (4)  is  not,  however,  called  for  by  the  nature 
of  things,  for  it  is  clear  that  33  is  not  generally  proportional 
to  the  magnetizing  current.  And  our  present  treatment  will 
be  founded  on  the  assumption  that,  so  long  as  the  conditions 
of  the  machine  vary  but  little,  there  must  be  some  power  of 
the  magnetizing  current  or  of  its  magnetic  potential  to  which 
13  may  be  regarded  as  proportional.  Assume,  then,  a  general 
form  of  law  which  can  be  fitted  to  any  part  of  the  range  of 
magnetization, 

U  =  KCv (6) 

Substitute  this  in  (3),  and  gather  up  the  constants  into  the 
coefficient;  then, 

1 
or  C  =  K2?ii-y; (7) 

which  expresses  the  current  as  a  power  of  the  velocity  of 
rotation. 

Here  we  may  conveniently  put  x=     _    and  assume  Cq  and 

no  to  be  a  pair  of  corresponding  values  differing  little  from  C 
and  n,  so  that 

,^=(^y (8) 

Co      \no/ 
By  means  of  this  formula  we  can  determine  the  value  of  x 

\ 
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experimentally,  for  any  condition  of  the  machine.  We  vary 
the  speed  slightly,  and  measure  the  two  speeds  and  the  two 
currents.     Then  we  have  x  from  the  equation 

.«  (log  w— logno)=log  C— log  Cq.    ...     (9) 

A  rough  determination  of  the  values  of  x  for  my  Gramme 
machine,  by  this  method,  is  given  at  Phil.  Mag.  [5]  sv. 
p.  285.     It  is  as  follows  *  : — 

Current  Amperes.  x,  y. 

5     ....     3  ^ 


10     ....     2  I 

"^^1-  1'25  1 

2or   •   *  ^ 


x  =  \,  7  =  0,  correspond  to  the  condition  of  saturation,  accor- 
ding to  the  theoretical  assumption  of  a  saturation  limit,  which 
we  know  is  not  quite  justified  in  practice. 

I  have  now  to  show  how  the  assumption  (6)  can  be  fitted 
to  a  law  of  magnetization  when  the  law  is  given  by  a  series 
of  numbers  representing  the  magnetic  resistances  or  conduc- 
tivities of  the  magnets  of  the  machine,  for  the  different  induc- 
tions used. 

Rearrange  (6)  as  follows  : — 

3$  =  K' (magnetizing  force)^;    ....     (7) 
then 

%'-y( — ^7^ — Y=Ki, (8) 

\magn.  force/ 
or 

W--^  (conductivity)v=Ki ; (9) 

or,  if  IS,  cy;  ISo,  c?/o  f^ro  pairs  of  values  differing  but  little, 

W-y{cy)y=nl-\cy,)y, (10) 


and 


7 


1-7 

"  n 

whence 


=  x-l 


J3o        \cyj 


x-l 


.-l='°«^-'°g^°;       ....     (11) 
^og  cyo- log  cy 

*  These  numbers  are  so  far  justified  by  my  later  determinations  that 
it  is  not  worth  while  to  amend  them  at  present.  The  conditions  and 
limitations  to  which  they  are  subject  will  be  touched  upon  in  the  discus- 
sion of  my  dynamo. 
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•where  x  is  that  power  of  the  velocity  with  which  the  current 
varies,  in  the  given  state  of  the  machine. 

We  immediately  infer  some  pi'opositions  of  interest  with 
regard  to  x. 

x  —  1  can  only  be  finite  and  positive  so  long  as  the  conduc- 
tivity diminishes  as  %  increases. 

It  is  infinite  when  the  conductivity  is  constant.  It  is 
negative  when  13  and  the  conductivity  increase  together. 

Following  the  course  of  the  changes  usual  in  electromag- 
nets, which  we  may  illustrate  hy  fig.  2,  we  then  have 

x  —  \.  33.  Conductivity. 

—  ...     0  up  to  about  5000  increasing. 

""^  "l      .     .     .     5000  to  about  7000  maximum. 

+  ...  above  7000  diminishing. 

Limit  0  at  saturation     18,000  to  20,000. 

Thus  the  range  of  possible  dynamic  equilibrium  is  from 
about  9S  =  7000  upwards.  In  the  lower  part  of  this  x  is  great, 
or  the  current  changes  violently  for  small  changes  in  the 
velocity.  In  the  saturation  region  x  approximates  to  1,  and 
the  current  is  more  nearly  proportional  to  the  velocity. 

I  have  calculated  the  values  of  x  given  by  the  successive 
pairs  of  numbers  on  which  fig.  2  is  based  (bars  with  pole- 
pieces).     These  are: — 

8,500 22-2 

9,500 14-(> 

10,500 8-95 

11,500 5-00 

12,500 3-00 

13,500 2-15 

14,500 1-47 

15,500 1-24 

16,500 1-15 

Plotting  these  on  a  scale,  I  took  out  the  values  of  %  corre- 
spondino"  to  those  of  x  obtained  from  the  Gramme  machine. 
And  from  the  experimental  conductivities  (fig.  2)  I  calculated 
the  magnetizing  forces  which  would  be  required  by  magnets 
such  as  ours  to  produce  this  condition.     These  are  : — 
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Power  of  velocity 
to  wliich  cui-rent 
is  proportional. 

Inductions  in  dynamo 

having  electromagnets 

such  as  in  fig.  2. 

23. 

12,500 
13,640 
15,320 

Magnetizing  forces 
required  by  bars 
with  pole-pieces. 

X, 

3 
2 

1-25 

39-4 
45-5 
72-9 

We  cannot  of  course  assume  that  the  magnets  of  the  Gramme 
machine  follow  the  same  law  as  that  of  our  bars;  in  fact  they 
do  not  do  so  at  all  approximately,  probably  in  consequence  of 
the  large  amount  of  cast  iron  in  the  machine.  But  these 
numbers  are  enouffh  to  illustrate  the  limited  nature  of  the 
variations  of  the  induction  which  may  be  possible  during  the 
working  of  a  dynamo,  while  the  current  produced  varies  in  a 
ratio  of  more  than  2  :  1.  By  carrying  the  magnetization 
higher  still,  we  get  a  further  considerable  range  of  current 
with  a  small  change  of  the  induction.  Looking  at  fig.  2,  we 
see  that  it  would  be  possible  to  draw  a  secant  through  the 
point  of  inflection,  representing  a  Frolich^s  law,  and  deviating 
but  little  from  the  curve  from  about  12,500  up  to  18,000,  In 
this  way  the  law  of  magnetization  would  be  approximately 
-represented  by  a  Frolich^s  law  over  a  very  wide  range. 

A  word  as  to  the  physical  meaning  of  the  quantity  7,  which 

is  connected  with  x  by  the  relation  y —  =  x.     This  7  may  be 

said  to  be  what  determines  the  dynamic  action.  The  dynamic 
action  consists  of  the  summation  of  an  infinite  number  of  ele- 
ments, whether  of  magnetism,  current,  or  E.M.F.,  which 
originate  in  one  small  change  of  velocity.  It  is  only  where 
these  elements  are  successively  less  and  less,  and  so  form  a 
convergent  series,  that  their  sum  is  finite,  and  gives  rise  to  a 
definite  behaviour  of  the  machine,  or  to  what  we  may  call  a 
state  of  dynamic  equilibrium. 

Let  7  be  then  the  ratio  of  diminution  of  the  successive 
elements,  due  to  the  additional  element  of  induced  magnetism 
being  less  than  the  element  of  inducing  current.  It  is  easy 
to  see  that  we  may  express  the  whole  change  of  C,  say,  due 
to  a  small  change  of  velocity  dn,  thus  : — 

^^        /I    r        I      2  ,  \  ^^ 

—  ==(l+y+7-  +  ...)-- 


c 


1      dn 
1— y  n 
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(see  Phil.  Mag.  [5]  xv.  pp.  285  &  28(3)  ;  whence 

logen=(l— 7)logC+ const., 

or 

n=  const.  X  C'""*, 
or 

n^=  const.  C; 

and  we  have  deduced  the  form  of  equation  before  assumed, 
from  the  principles  of  the  dynamic  action  of  the  machine. 

In  practice  these  considerations  and  laws  are  much  modified, 
chiefly  by  the  enormous  magnetic  retentiveness  of  the  field- 
magnets. 

I  shall  have  to  deal  with  this  subject  in  discussing  the 
performance  of  my  Gramme  machine. 


Eerata  in  recent  papers. 
Phil.  Mag.  vol.  xxii.  p.  307,  for  the  heading  of  the  Tahle  substitute 
Bars  with  P.P.  without  Magnetizing-Force  term. 

pcalc.  =-00252+  i,     Z=l  cemim.,     log- =2-3o933, 
/i  p 

^  =  •415  (18,366-33)  cos  S,  log/=  -16500, 

K  m°-o>e 


h=f6,    J3= 


p     sin  6 


Phil.  Mag.  vol.  xxii.  p.  308,  for  the  heading  of  the  Tahle  substitute 
Bars  with  P.P.  with  Magnetizing-Force  term, 
p  calc.  =  -00252+  -?      1=1  centim.,     log  n  =  1-08160, 

^  =  •69  (—  +16,421-33)  cos  5,         log  "-  =2-57346, 

b=f6,  %="-  '^^Q'— "^  log/=  -16878. 

p     sm  6 

Phil.  Mag.  vol.  xxii.  p,  536,  line  3, /or  -526  centim.  in  diameter  read  -526 
inch  in  diameter.  (This  clerical  error  appears  in  the  description  of  the 
instrument,  but  does  not  affect  the  calculations.) 
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XXXIX.  Note  on  the  Tenacity  of  Spun  Glass. 
By  B.  Gibson  and  R.  A.  Gregoky  *. 

IT  is  well  known  that  the  tenacity  of  metallic  wires  increases 
as  the  diameter  diminishes,  so  that  very  fine  wires  will 
carry  much  larger  loads  than  those  obtained  by  calculation 
based  upon  the  assumption  that  the  breaking  weight  varies 
as  the  square  of  the  diameter.  As  glass  can  be  drawn  into  very 
fine  fibres,  we  have  made  some  observations  on  the  tenacity 
of  this  material,  comparing  the  strength  of  very  thin  threads 
with  that  of  rods  made  from  the  same  glass,  but  of  much 
greater  thickness. 

The  experiments  were  carried  out  in  the  course  of  our  work 
in  the  Physical  Laboratory  of  the  Normal  School  of  Science 
and  Royal  School  of  Mines. 

In  dealing  with  a  substance  so  brittle  as  glass,  it  is  evident 
that  special  care  must  be  taken  to  ensure  that  the  observation 
is  not  vitiated  by  rupture  due  to  a  shearing  stress,  at  or  near 
the  points  of  support.  Precautions  were  taken  to  prevent 
this  in  all  cases,  and  no  experiments  are  quoted  in  this  paper 
in  which  rupture  took  place  near  the  points  of  support,  or  of 
attachment  of  the  weight. 

Three  different  thicknesses  of  glass  were  subjected  to 
experiment :  viz.,  fibres  the  diameters  of  which  were  about 
0-002  and  0*004  centim.  respectively,  and  rods  with  dia- 
meters varying  between  0'05  and  0'09  centim. 

The  fibres  were  attached  at  the  ends  of  two  strips  of  paper  by 
means  of  shellac  varnish  ;  this  on  setting  was  found  sufficiently 
strong  to  carry  more  than  the  breaking  weight,  without 
allowing  the  fibre  to  slip.  A  small  paper  basket  suspended 
from  the  lower  strip  carried  the  load,  consisting  of  fine  shot 
and  silica,  the  latter  being  added  when  the  fibre  was  near  its 
breaking-point. 

The  diameter  of  the  thread  was  measured  at  the  place  of 
rupture  by  means  of  a  Compound  Microscope  with  micrometer 
eye-piece.  From  data  thus  obtained  the  tenacity  was  calcu- 
lated with  the  followinn-  results  : — 


cj 

Tenacity,  in  dynes 

•iameter,  in  centims. 

B.  weight  in  grs. 

per  sq.  centim. 

0-00186 

11-76 

424x10^ 

0-00159 

8-70 

425  X 10^ 

0-00315 

32-26 

405  X  10^ 

0-00340 

43-23 

466  X  10^ 

Communic.ted  by  the  Tbysical  Society :  read  February  12,  1887. 
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Some  observations  were  next  made  on  rods  about  1  milHm. 
in  diameter  ;  the  method  of  support  and  the  loading  being 
changed.  Two  pieces  of  angle  brass,  each  about  8  inches 
long,  were  substituted  for  the  slips  of  pa])er.  Through  a  hole 
drilled  near  the  end  of  the  angles,  a  piece  of  g^"  Avire  was 
passed,  turned  up  and  soldered  to  the  back.  The  free 
extremities  of  the  wires  were  plaited  into  rings,  which  served 
to  support  the  load  and  suspend  the  whole  from  a  hook  above. 

The  ends  of  the  rod  were  laid  in  the  angles,  leaving  the 
glass  free  for  about  12  inches.  Small  pieces  of  red-ochre 
cement  (a  compound  consisting  of  resin,  red  ochre,  and  bees- 
wax) were  placed  at  intervals  along  the  glass,  and  a  Bunsen 
flame  applied.  The  cement  speedily  melted,  and  imbedded, 
the  glass  ;  on  cooling,  the  whole  was  suspended  vertically. 
A  bottle  was  hung  on  the  wire  attached  to  the  lower  angle- 
piece,  into  which  a  fine  stream  of  mercury  flowed  from  a 
reservoir  above.  The  apparatus  was  so  arranged  that  when 
the  rod  broke  mercury  would  no  longer  fall  into  the  bottle. 

The  mode  of  measuring  the  diameters  of  the  rods  differed 
from  that  adopted  in  the  case  of  the  fibres.  About  half  an 
inch  of  rod  was  broken  away  at  the  place  of  rupture,  and 
mounted  in  wax  on  a  piece  of  looking-glass,  the  broken  section 
being  upwards.  Its  diameter  was  then  measured  by  means  of 
a  microscope-cathetometer,  and  the  tenacity  found  as  in  the 
case  of  fibres.  The  following  are  the  results  of  four 
experiments : — • 


Diameter,  in  centims. 

W 

eight,  in 

grs. 

Tenacity,  in  dynes 
per  sq.  ceutim. 

0-090 

3908 

60  X  10^ 

0-082 

4443 

83  X  10^ 

0-050 

1948 

97x10^ 

0-042 

1781 

126x10^ 

These  observations  show,  in  the  first  place,  that  the  tenacity 
of  fine  fibres  is  very  considerably  greater  than  that  of  thick 
rods,  aiid.  that  the  strength  of  rods  increases  as  the  diameter 
diminisl^s.  It  may  be  interesting  to  point  out  that  the 
tenacity  of  glass  fibres  studied  by  us  is  nearly  as  great  as  that 
assigned  by  Wertheim  to  many  of  the  metals  ;  e.  g.,  the  tenacity 
given  by  him  for  annealed  steel  wire  1  millim.  in  diameter  is 
499  x  10^  cent.-dynes,  and  even  in  the  case  of  drawn  steel  the 
tenacity  is  not  greater  than  twice  that  of  a  glass  fibre,  viz. 
998  X  10^  cent.-dynes. 

With  steel  pianoforte-wire  the  tenacity  is,  however,  con- 
siderably greater )  according  to  Sir  Wilham  Thomson  (Art. 
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'  Elasticity/  Encyc.  Brit.,  new  edition)  the  breaking-stress  is 

Cent.-dynes. 
Best  pianoforte  steel-wire 2318  x  10^ 

The  question  as  to  what  is  the  most  probable  cause  of  this 
increase  in  strength  as  the  diameter  diminishes,  presents  some 
difficulty. 

Quincke  [Comptes  Rend,  de  V Acad,  de  Berlin,  1868, 
p.  132)  has  suggested  that  the  great  increase  observed  in  the 
case  of  metals  is  due  to  a  surface  tension,  analogous  to  that 
observed  in  liquids.  If  this  were  the  true  explanation,  the 
breaking-M-eight  coald  be  expressed  by  the  sum  of  two  terms 
which  vary  as  the  diameter  and  the  square  of  the  diameter 
respectively.  This  suggestion  does  not  receive  much  support 
from  our  observations,  as  the  results  cannot  be  satisfactorily 
expressed  by  means  of  such  a  formula.  It  is,  perhaps,  more 
probable  that  the  heating  and  rapid  cooling  undergone  by  the 
glass  when  it  is  drawn  out  into  a  fine  fibre  produces  an 
increase  in  tenacity  ;  and  it  is  at  all  events  certain  that  no 
comparisons  can  be  made  between  the  strengths  of  different 
materials  unless  they  have  undergone  similar  treatment,  and 
unless  the  sizes  of  the  rods  or  wires  submitted  to  experiment 
are  the  same. 

XL.   On  an  Improved  Form  of  Seismograph. 
By  Thomas  Gray,  B.Sc,  F.R.S.'E.^ 

[Plate  IV.] 

THE  apparatus  described  in  this  paper  is  an  improved 
form  of  a  seismograph  which  was  made  for  Prof.  Milne 
in  the  beginning  of  1883,  to  be  used  by  him  in  his  investi- 
gations for  the  Committee  appointed  by  the  British  Associa- 
tion to  "  Investigate  the  Earthquake  Phenomena  of  Japan. ^' 
That  apparatus  was  exhibited  to  the  Geological  Society  of 
London,  and  a  description  of  it  by  the  present  writer  was 
published  in  the  Quarterly  Journal  of  that  Society  in  May  of 
the  same  year.  It  consisted  of  a  combination  of  instruments 
which  had  been  devised  by  Prof.  Milne  and  the  writer,  and 
descriptions  of  which  had  appeared  from  time  to  time  in  the 
'  Transactions  of  the  Seismological  Society  of  Japan,'  and  in 
the  '  Philosophical  Magazine.'  The  object  of  the  apparatus 
was  to  determine  the  time  of  occurrence,  the  amount,  the 
period,  and  the  direction  of  the  different  motions  in  an  earth- 
quake shock.  Arrangements  were  made  for  recording  three 
components  of  the  motion,  one  vertical  and  two  horizontal,  at 

*  Communicated  by  the  Author. 
Phil.  Mag.  S.  5.  Vol.  23.  No.  143.  April  1887.       2  B 
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right  angles  to  each  other;  on  a  band  of  smoked  paper  which 
coverpd  the  surface  of  a  cylinder.  The  cylinder  was  intended 
to  be  kept  continuously  in  motion  round  its  axis  by  clock- 
work ;  and  the  recording  points  wei'e,  on  the  supposition  of 
no  motion  of  the  earth,  expected  to  trace  continuously  the 
same  line  on  the  smoked  paper  in  a  similar  manner  to  that 
introduced  by  Prof.  J.  A.  Ewing,  and  used  by  him  in  his 
experiments  in  Japan*.  Prof.  Ewing  used  smoked  glass  for 
his  record-receiving  surfaces,  and  that  is  a  very  good  arrange- 
ment when  it  can  be  conveniently  adopted.  It  had  been  pre- 
viously used  by  Prof.  Milne  in  apparatus  in  which  the 
record-receiver  was  either  stationary  or  automatically  started 
into  motion  by  the  earthquake ;  and  it  has  since  been  much 
used  by  him  and  the  writer  in  earthquake  investigations. 
Smoked  paper  was  adopted  in  the  apparatus  here  referred  to, 
and,  when  smoked  surfaces  are  used,  it  is  still  recommended 
for  the  present  form,  because  it  is  desirable  to  obtain  straight 
records,  written  side  by  side  and  to  the  same  scale,  of  all  the 
three  components.  This,  combined  with  continuous  motion, 
could  only  be  got  on  a  cylindrical  surface  ;  and,  considering 
the  risk  of  breakage,  cylinders  of  glass  sufficiently  true  and 
inexpensive  could  not  be  readily  obtained. 

The  apparatus  used  for  recording  the  motions  was  in  prin- 
ciple the  same  as  that  described  in  this  paper,  but  differed 
considerably  in  detail.  A  separate  clock  was  provided  for 
the  purpose  of  recording  the  time  of  occurrence,  the  record 
being  made  on  the  dial  of  the  clock,  which  was,  at  the  time 
of  an  earthquake,  automatically  pushed  forward  into  contact 
with  ink-pads  fixed  to  the  ends  of  the  hands,  a  mark  being  at 
the  same  time  made  on  the  record-receiver  to  show  at  what 
part  of  the  earthquake  the  time  was  recorded.  In  subsequent 
instruments  this  method  of  recordinor  time  was  abandoned 
because,  with  the  improved  form  of  record-receiving  appa- 
ratus, it  became  unnecessaryf.  This  will  be  more  particularh^ 
referred  to  when  the  method  of  recording  time  now  adopted 
is  being  described. 

The  instrument  above  referred  to  was  set  up  in  the  Meteo- 
rological Observatory  in  Tokio,  where  it  is  still  in  use.  Ex- 
perience with  it,  however,  soon  suggested  many  improvements, 

*  See  "  A  new  Form  of  Pendulum  Seismograph,"  Trans.  Seis.  Soc. 
Japan,  vol.  i.  part  1,  p.  38  :  and  "  On  a  New  Seismograph,"  Proc.  R.  S. 
no.  210  (1881). 

t  This  refers  only  to  the  instruments  here  described,  which  are  made 
in  this  country  by  White,  of  Glasgow.  In  a  less  complete  form  of  the 
apparatus  made  in  Japan,  and  a  considerable  number  of  which  are  in  use 
in  different  parts  of  that  country,  the  clock  with  movable  dial  is  still  used. 
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which  have  been  introduced  into  later  instruments.  It  was 
found  that  when  the  "  conical  pendulums  "  (see  below,  p.  362) 
used  for  actuating  the  recording  indices  were,  as  in  that  in- 
strument, made  to  turn  with  very  little  friction^  and  were 
adjusted  to  have  a  long  period  of  free  oscillation,  that  is  to 
saj  to  have  very  little  positive  stability,  the  lines  traced  by 
the  recording  points  gradually  broadened  to  a  very  incon- 
venient extent.  This  rendered  good  records  of  small  motions 
impossible  after  the  record-receiver  had  been  in  motion  for  a 
short  time,  and  introduced  a  risk  that  such  records  might  be 
obliterated  after  they  had  been  ol)tained.  Such  considerations 
as  these  led  Prof.  Milne  to  abandon  the  continuous  motion 
element,  and  adapt  the  instrument  to  the  comparatively  old 
method  of  automatic  starting  at  the  time  of  the  earthquake. 
There  are,  besides  the  difficulty  experienced  due  to  the 
broadening  of  the  lines  by  the  recording  points,  several  other 
imj:)ortant  objections  to  the  use  of  a  band  of  paper  of  such 
limited  length  as  that  provided  by  a  single  turn  round  a 
cylinder  of  moderate  dimensions.  The  record  may,  for  ex- 
ample, extend  more  than  once  round  the  cylinder  ;  that  is, 
the  earthquake  may  last  longer  than  the  time  taken  by  the 
cylinder  to  make  a  complete  turn.  This  produces  great  con- 
fusion in  the  record,  rendering  it  difficult  to  interpret. 
Again,  two  earthquakes  may  occur  before  the  record-sheet 
has  been  changed  ;  and  in  such  a  case  both  records  are  practi- 
cally lost.  Considerations  such  as  these  have  led  us  to  adopt 
one  or  other  of  the  forms  of  apparatus  described  in  this  paper. 
The  new  form  of  apparatus  has  for  its  object  the  determi- 
nation of  the  same  elements  as  have  been  already  enumerated 
with  reference  to  the  old  instrument.  Provision  is,  however, 
now  made  for  the  whole  of  the  record  being  obtained  on  fresh 
surface,  and  for  any  number  of  earthquakes  which  may  occur 
within  a  limited  period,  say  a  week,  being  recorded  on  the 
same  sheet.  The  record-receiver  is  kept  continuously  in 
motion  at  a  very  slow  rate,  and  time  is  marked  on  it  at 
regular  intervals  by  means  of  a  good  clock:  the  object  being 
to  secure  with  perfect  certainty  that  most  important  element 
in  earthquake  investigation — the  time  of  occurrence  of  the  dis- 
turbance. In  the  most  complete  form  of  the  apparatus  the 
record-receiving  surface  is  a  long  ribbon  of  thin  paper,  which 
is  gradually  unwound  from  a  supply  drum  on  to  another, 
which  may  be  called  the  hauling-otf  drum,  by  means  of  a 
weight  or  spring  and  a  train  of  whetdwork.  The  speed  is 
rendered  imiform  by  taking  the  paper  in  its  passage  from  the 
one  (h'um  to  the  other  round  a  third  drum,  which  is  kept 
continuously  in  uniform  motion  by  a  train  of  clockwork  and 

2132 
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a  suitable  governor.  A  somewhat  simpler  arrangement  is 
obtained  by  using  a  single  drum  covered  with  paper,  or  a 
smoked  glass  or  metal  cylinder,  and  giving  to  this  cylinder  a 
slow  motion  of  translation  in  the  direction  of  its  axis,  so  that 
the  record  takes  the  form  of  a  spiral  line  round  it.  As,  how- 
ever, the  rate  of  motion  must  be  such  as  to  give  the  time  of 
occurrence  with  fair  accuracy  within  a  second  of  time,  it  is 
difficult  to  obtain  a  good  record  on  a  cylinder  of  moderate 
size,  which  will  extend  over  more  than  twelve  hours  with 
this  arrangement.  It  is  of  course  easy  to  adapt  the  apparatus 
to  be  used  either  way,  if  that  were  desirable;  but  the  con- 
tinuous ribbon  of  paper  is  so  much  the  better  form  of  re- 
ceiving-surface that  the  description  given  in  this  paper,  in  so 
far  as  it  refers  to  earthquakes,  only  includes  that  form.  The 
spiral  record  has  some  advantages  in  apparatus  adapted  to 
record  slow  changes  of  level  of  the  earth's  surface  ;  and  it  will 
be  again  referred  to  in  that  connection.  For  such  purposes 
the  rate  of  motion  may  be  made  excessively  slow ;  and  hence 
the  records  for  a  considerable  length  of  time  may  be  written 
on  one  sheet. 

At  the  time  of  occurrence  of  an  earthquake,  the  rate  of 
motion  of  the  paper  is  automatically  greatly  increased,  and  a 
chronographic  reed  is  simultaneously  set  into  vibration,  and 
made  to  mark  equal  intervals  of  time  on  the  ribbon,  thus 
showing  accurately  the  rate  of  motion  at  any  instant.  The 
actual  rate  of  motion  of  the  paper  on  the  slow  speed  may  be 
varied  from  about  a  quarter  of  an  inch  to  an  inch  per  minute, 
and  on  the  fast  speed  from  about  25  to  50  inches  per  minute, 
with  the  present  form  of  instrument.  This  change  of  speed 
is  generally  obtained  by  including  in  the  driving  clockwork 
two  governors,  one  of  which  can  be  automatically  thrown  out 
of  gear,  either  electromagnetically  or  mechanically.  The 
latter  method  has  been  found  the  best  and  the  simplest  in 
practice.  The  arrangement  commonly  used  is  described 
below,  page  361,  and  need  not  be  more  particularly  referred 
to  here  than  in  a  general  statement  of  the  operations  it  is  in- 
tended to  perform.  At  the  time  of  an  earthquake  three 
operations  take  place  simultaneously.  One  is  the  introduction 
in  train  with  the  clockwork  of  an  adjusting  mechanism  which 
is  intended  to  readjust  the  starting  apparatus,  whatever  that 
may  be,  so  that!  t  may  be  in  readiness  for  another  earthquake 
should  that  occur.  Another  is  to  throw  out  of  gear  the  slow- 
speed  governor, or,  if  that  method  is  adopted,  to  work  a  change- 
wheel  lever,  so  as  to  shorten  the  train  between  the  driving 
power  and  the  governor.  A  third  is  to  close  the  circuit  of 
the  chronographic  reed,  so  as  to  cause  it  to  mark  time  on  the 
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record  sheet.  It  will  thus  be  seen  that  the  instrument  is 
intended  to  be  absolutely  self-acting,  so  long  as  its  supply  of 
paper  lasts  and  the  driving  mechanism  continues  to  go.  The 
supply-drum  can  take  as  much  paper  as  is  required  in  a  week 
on  the  slow  speed. 

The  record  is  made  in  ink  by  means  of  fine  glass  siphons, 
in  very  much  the  same  manner  as  that  which  was  introduced 
by  Sir  William  Thomson  in  his  siphon-recorder  for  submarine 
telegraph-cable  work.  This  is  extremely  well  adapted  for  the 
continuous  ribbon  method  of  working,  and,  besides^  gives  an 
excellent  clear  record  which  requires  no  further  preparation 
before  it  is  filed  for  reference  ;  and,  what  is  of  great  im- 
portance, the  record  is  obtained  with  exceedingly  little  dis- 
turbance from  friction  at  the  marking-point. 
.  The  siphons  which  write  the  horizontal  components  of  the 
motion  are  controlled  by  two  pendulums,  the  suspending  wires 
of  which  are  held  out  of  the  vertical  by  horizontal  struts  ter- 
minating in  knife-edges  which  rest  against  the  bottoms  of 
flat  V-grooves  fixed  to  a  cast-iron  pillar  rigidly  attached  to 
the  sole  plate  of  the  instrument.  These  pendulums,  when  set 
in  vibration,  describe  cones,  and  hence  they  have  been  called 
"  conical  pendulums."  The  degree  of  deflection  from  the 
vertical  can  be  varied  from  about  one  and  a  half  inches  to  a 
foot,  by  sliding  the  pendulum-bob  along  the  strut.  The  strut 
is  made  in  two  pieces,  so  that  a  part  of  it  can  be  removed 
when  high  sensibility  is  required,  and  in  consequence  the 
mass  is  used  near  the  knife-edge.  The  bob  of  the  pendulum 
is  suspended  by  a  fine  platinum  or  steel  wire  from  an  arrange- 
ment which  permits  the  suspending  wire  to  be  lengthened  and 
shortened,  and  also  allows  the  points  of  suspension  to  be  put 
in  such  positions  above  the  knife-edges  as  causes  the  struts  to 
place  themselves  in  positions  at  right  angles  to  each  other, 
and  at  the  same  time  provides  the  means  of  adjusting  their 
periods  of  free  vibration  to  any  desired  length  *. 

It  is  of  great  importance  in  apparatus  of  this  kind  that  the 
mass  which,  through  its  inertia,  enables  the  record  of  the 
motion  of  the  earth  to  be  written,  should  be  as  far  as  possible 
from  the  knife-edge  or  point  fixed  to  the  earth ;  a  long 
period  of  free  vibration  can  thus  be  obtained  combined  with 
considerable  stability  of  position,  while  the  greatest  motion  to 
which  the  knife-edge  is  likely  to  be  subjected  does  not  turn 
the  strut  throu<;h  a  laroe  ano;le.     If  this  latter  condition  be 


^>^ 


*  This  pendulum  is  a  modification  of  one  designed  by  the  Author  in 
the  beginning  of  1880,  in  which  the  weight  was  supported  by  a  thin  wire 
in  line  with  a  rigid  vertical  axis  fixed  to  the  end  of  the  strut  and  resting 
against  bearings  so  as  to  keep  the  strut  horizontal. 
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not  provided  for,  the  interpretation  of  the  record  becomes 
exceedinglj  difficult ;  and  this  difficulty  is  likely  to  he  greatly 
increased  by  the  mass  acquiring  oscillations  in  its  own  free 
period  of  such  large  angular  amplitude  that  the  direction  of  the 
component  which  is  beingrecorded  becomes  a  variable  quantity. 
The  siphon  which  writes  the  vertical  component  of  the 
motion  is  controlled  by  a  compensated  horizontal  lever  instru- 
ment, on  the  same  principle  as  that  introduced  by  the  present 
writer  and  exhibited  to  the  Seismological  Society  of  Japan, 
and  described  in  the  Transactions  of  that  Society,  vol.  i. 
part  1,  p.  48,  and  vol.  iii.  p.  140,  and  also  in  the  Philo- 
sophical Magazine  for  September  1881.  This  instrument 
consists  of  a  horizontal  lever  carrying  near  one  end  a  heavy 
mass,  and  provided  at  the  other  end  with  knife-edges  in  a 
line  at  right  angles  to  the  length  of  the  lever.  The  lever 
is  supported  by  two  flat  springs,  acting,  through  a  link,  on 
a  knife-edge  attached  to  it  at  a  point  between  the  mass  and 
the  knife-edges  before  mentioned,  which  are  by  this  means 
held  up  against  the  apex  of  inverted  V-grooves  rigidly 
fixed  to  the  framework.  In  the  form  of  this  instrument 
previously  described  in  the  Philosophical  Magazine,  the 
suppo^'ting  springs  were  of  the  ordinary  spiral  type  ;  but  in 
subsequent  instruments  two  flat  springs  have  been  adopted  , 
because  for  the  same  period  of  oscillation  of  the  lever  with- 
out compensation  they  give  a  more  compact  arrangement. 
These  springs  are  now  made  of  such  variable  breadth  between 
the  fixed  and  the  free  ends  that,  when  they  are  supporting  the 
lever,  each  part  is  equally  bent.  They  may  either  be  initially 
straight,  and  bent  into  a  circular  form  when  in  use,  or  they 
may  be  initially  set  to  a  circular  form  and  straight  when  in 
use.  When  the  lever  is  supported  in  this  way  it  has  a  fairly 
long  period  of  free  vibration  ;  and  this  may  be  increased  to 
any  desired  extent  by  means  of  a  second  pair  of  springs, 
which  pull  downwards  on  a  light  bar  fixed  vertically  above 
the  axis  of  motion  of  the  lever.  This  second  pair  of  springs, 
besides  providing  the  necessary  compensation  for  the  positive 
stability  of  the  lever  and  supporting-spring  system,  gives  a 
ready  means  of  obtaining  a  fine  adjustment  for  bringing  the 
lever  to  the  horizontal  position.  This  is  accomplished  either 
by  giving  to  the  points  of  attachment  of  the  compensating 
springs  a  screw-adjustment  so  that  they  can  be  moved  a  short 
distance  backward  or  forward,  or  by  making  the  point  of 
attachment  of  one  spring  a  little  in  front  of,  and  of  the  other 
a  little  behind,  the  vertical  plane  through  the  knife-edge. 
The  lever  can  then  be  raised  or  lowered  by  increasing  the 
pull  on  one  spring  and  diminishing  that  on  the  other.     Sir 
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William  Thomson  has  recently  suggested  to  the  writer  that  a 
flat  spring,  which  in  its  normal  state  is  bent  to  such  a  curva- 
ture that  it  is  brought  straight  by  supporting  a  weight  on  its 
end,  might  be  found  a  good  arrangement  for  a  vertical  motion 
seismometer.  This  would  certainly  have  considerable  advan- 
tage in  the  way  of  simplicity,  and  with  proper  compensation 
applied,  say  to  the  index-lever,  so  as  to  lengthen  the  period, 
may  be  found  very  suitable.  The  only  doubtful  point  seems 
to  be  whether  the  want  of  rigidity  in  the  spring  may  not  lead 
to  false  indications  in  the  record  due  to  the  horizontal  motions. 

The  application  of  a  rigid  horizontal  lever,  pivoted  on  knife- 
edges  and  supported  by  springs  as  a  vertical-motion  seismo- 
meter, was  first  described  in  the  earlier  of  the  two  papers  to 
the  Seismological  Society  of  Japan,  quoted  above.  The  ad- 
vantage of  this  arrangement,  as  rendering  it  possible  to  obtain 
a  long  period  of  free  vibration  by  placing  the  intermediate 
point  of  support  below  the  line  joining  the  other  two,  was  also 
pointed  out.  The  advantage  obtained  by  the  lever  itself, 
without  compensation,  over  an  ordinary  stretched  string  was 
more  specifically  pointed  out  in  the  other  papers  referred  to  ; 
and  a  method  of  obtaining  very  perfect  compensation,  either 
for  a  lever  or  an  ordinary  spring  arrangement,  by  means  of  a 
liquid,  was  then  given.  The  idea  of  increasing  the  period  of 
a  vibrating  system  by  the  addition,  as  it  were,  of  negative 
stability,  which  was  first  brought  forward  in  these  papers,  has 
been  worked  out  in  various  ways  ;  but  the  method  described 
in  this  paper  is  the  most  perfect  yet  adopted.  Its  application 
to  the  ordinary  pendulum  was  also  brought  forward  and  dis- 
cussed at  a  subsequent  meeting  of  the  Seismological  Society 
of  Japan*. 

The  apparatus  above  referred  to  for  recording  the  horizontal 
components  of  the  motion  durirg  an  earthquake  may,  when 
properly  adjusted,  be  used  for  registering  minute  tremors  and 
slow  changes  of  level  of  the  earth's  surface.  It  is,  however, 
absolutely  necessary  for  such  a  purpose  that  friction  of  the 
different  parts  should  be  reduced  to  a  minimum  ;  and  hence 
the  siphons,  or  the  marking-points  when  a  smoked  surface  is 
used,  are  only  brought  for  a  few  seconds  at  a  time  into  contact 
with  the  paper,  thus  recording  a  series  of  dots  close  enough 
togetherto  form  practically  acontinuous  line.  Anothermethod, 
which  gives  excellent  results  and  is  simple,  has  been  much 
used  by  Prof.  Milne  in  Japan.  It  consists  in  passing  from  the 
point  of  the  index,  through  the  paper,  to  the  drum  a  series  of 
sparks  from  an  electric  induction-coil.      The  sparks  can  be 

*  "  On  a  Method  of  Comptiusating  a  Pendulum  so  as  to  make  it 
Astatic,"  by  Thomas  Gray,  Trans.  Seis.  Soc.  Japan,  vol.  iii.  p.  145. 
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made  to  pass  at  regular  intervals  by  a  clockwork  circuit- 
closing  arrangement;  and,  by  the  perforations  they  leave,  a 
record  both  of  their  position  and  the  corresponding  time  is 
obtained  *.  This  method  is  absolutely  frictionless  so  far  as  the 
recording-point  is  concerned,  and  has  the  advantage  that  the 
sheet  can  afterwards  be  used  as  a  stencil-plate  for  printing 
copies  of  the  record.  An  ordinary  simple  pendulum,  furnished 
with  a  very  light  vertical  index  of  thin  aluminum  tube  giving 
a  multiplication  of  200,  has  been  for  some  time  in  use.  The 
record  of  the  position  of  the  end  of  the  index  is  taken  on  two 
strips  of  paper  which  are  being  slowly  pulled  along,  in  direc- 
tions at  right  angles  to  each  other,  under  it.  The  sparks  per- 
forate both  sheets  simultaneously,  thus  automatically  breaking 
up  the  motion  into  two  rectangular  components.  The  details  ot 
some  forms  of  apparatus  for  this  purpose  will  form  the  subject 
of  a  separate  communication. 

Mechanical  Details. 

The  record-receiver  consists  of  a  long  ribbon  of  thin  paper, 
about  five  inches  broad,  which  is  slowly  wound  from  the 
drum  A,  situated  behind  the  drum  C  (Plate  IV.  fig.  1),  on 
to  the  drum,  B,  hy  means  of  a  train  of  clockwork  driven 
by  a  spring  or  a  weight  of  sufficient  power  to  keep  the 
ribbon  taut.  The  rate  at  which  the  paper  is  fed  forward 
is  governed  by  a  second  train  of  clockwork,  driven  by  a 
separate  weight  and  governed  by  means  of  two  Thomson 
spring-governors.  In  gear  v^^ith  this  train  of  wheelwork 
there  is  a  third  drum,  C,  round  which  the  paper  is  taken  as 
it  passes  from  the  drum  A  to  the  drum  B.  This  drum  is 
kept  moving  at  a  uniform  rate,  and  serves  to  regulate  the 
motion  of  the  paper.  The  object  of  the  double  set  of  clock- 
work mechanism  is  to  render  the  rate  at  which  the  paper  is 
fed  forward  independent  of  the  size  of  the  coil  on  the  drums 
A  and  B.  The  surface  of  the  drum  C  is  covered  with  several 
thicknesses  of  blotting-paper  for  the  purpose  of  giving  a  soft 
surface  for  the  siphons  to  write  upon,  and  of  preventing  the 
ribbon  blotting  or  adhering  to  the  drum  in  consequence  of  ink 
passing  chrough  the  paper.  This  blotting-pad  is  of  some 
importance,  because  a  cheap  kind  of  thin  paper  is  found  to 
answer  perfectly  for  the  siphons  to  write  upon.  They  Laove 
with  less  friction  on  a  moderately  rough  surface  and  on  paper 
which  rapidly  absoros  the  ink.  Under  ordinary  circumstances 
the  paper  is  fed  forward  from  a  quarter  of  an  inch  to  an  inch 

*  This  method  of  recording  the  motions  of  an  index  was  used  by 
Sir  William  Thomson  in  his  "Spark  Recorder."  'Mathematical  and 
Physical  Papers,'  vol.  ii.  p.  168. 
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per  minute,  this  being  kept  up  continuously  for  the  purpose  of 
allowing  the  magnitude  and  the  time  of  occurrence  of  any  dis- 
turbance, which  is  of  sufficient  amplitude  to  leave  a  record,  to  be 
accurately  obtained.  This  obviates  the  unavoidable  uncertainty 
which  exists  as  to  the  action  of  any  automatic  contrivance  de- 
signed to  come  into  action  at  the  time  of  the  disturbance.  The 
time  of  occurrence  is  obtained  by  causing  the  siphon,  D  (figs,  1 
and  3),  to  mark  equal  intervals  of  time  on  the  paper  ribbon. 
The  siphon  is  fixed  to  a  light  index-lever  which  is  pivoted  on 
the  end  of  the  lever,  E,  and  the  link,  F.  The  lever  E  turns 
round  an  axis  at  G,  and  rests  with  its  end  in  contact  with  the 
wheel,  H,  which  is  fixed  to  the  end  of  the  hour-spindle  of  the 
clock,  K  (fig.  1).  As  each  tooth  of  the  wheel  H  passes  the 
end  of  the  lever  E  a  mark  is  made  on  the  paper,  and  the  end 
of  the  hour  is  distinguished  by  putting  a  larger  or  a  double 
tooth  at  that  part  of  the  wheel.  The  time  at  which  an  earth- 
quake has  occurred  can  thus  be  found  by  measuring  the  dis- 
tance of  the  record  of  the  disturbance  from  the  last  time-mark, 
then  counting  the  number  of  intervals  from  the  last  hour- 
mark,  and  then  the  number  of  hours  to  a  known  point.  It  is 
convenient  to  mark  the  hour  once  or  twice  a  day  on  the  paper, 
so  as  to  save  trouble  in  the  reckoning  should  an  earthquake 
occur. 

The  ordinary  rate  of  motion  is  much  too  slow  for  the  record 
to  show  the  motions  of  the  earth  in  detail ;  and,  as  has  been 
already  stated,  this  is  obtained  by  automatically  increasing 
the  speed  at  the  commencement  of  the  shock.  The  arrange- 
ment for  doing  this  is  shown  at  0  (fig.  1) ,  and  is  also  illustrated 
diagrammatically  in  fig.  2.  Referring  to  the  diagram,  a  and 
h  represent  two  levers,  which  are  pivoted  at  c  and  d  respec- 
tively. On  the  right-hand  end  of  the  lever  h  a  ball  e  is  fixed, 
and  the  weight  of  this  is  counterpoised  by  another  ball  y', 
which  rests  on  a  rocking  platform  g,  pivoted  on  the  other  end 
of  the  lever.  Opposite  the  end  of  the  rocking  platform  g,  and 
fixed  to  the  end  of  the  lever  a,  there  is  another  platform.  A, 
which  receives  the  ball /'when  it  rolls  off  the  platform  g.  The 
ball  is  prevented  from  rolling  sideways  by  light  springs,  i  i, 
fixed  to  the  sides  of  the  platforms.  On  the  end  of  the  lever  a, 
or  on  another  lever  connected  with  it,  the  end  of  the  spindle 
of  the  wheel  ;'  is  supported.  This  wheel  is  in  gear  with  the 
pinion  k,  which  is  on  the  shaft  of  the  most  distant  of  the  two 
governors  from  the  driving-power.  The  ball /is  so  adjusted 
over  tl'.e  pivot  of  the  rocking  platform  g  that  an  exceedingly 
slight  disturbance  causes  it  to  roll  forward  on  to  /i,  tilting  g 
over,  and  at  the  same  time  pushing  down  the  end  of  a  and 
raising  the  wheel  j  out  of  gear  with  the  pinion  X,-,  thus  allowing 


362  Mr.  T.  Gray  on  an  Improved 

the  clockwork  to  run  on  without  the  governor  which  regulates 
the  slow  speed.  The  rate  of  motion  then  rapidly  increases 
until  the  second  governor  acquires  sufficient  velocity  to  con- 
trol the  s])eed,  after  which  the  paper  moves  forward  at  a  rapid 
but  uniform  rate.  In  order  to  again  reduce  the  speed  after  a 
sufficient  interval  has  elapsed,  the  rolling  forward  of  the  ball 
/  allows  the  unbalanced  weight  of  e  to  bring  a  wheel  I,  on  the 
spindle  of  which  a  "  snail,"  m,  is  fixed,  into  gear  with  the 
pinion,  n,  which  forms  part  of  the  clockwork  mechanism. 
The  spindle  of  /  rests  on  a  spring,  o,  which  is  adjusted  so  as 
to  push  the  lower  part  of  the  "  snail  "  just  into  contact  with  a 
pin,  />,  fixed  in  the  lever  h.  The  weight  of  e  acting  through 
the  pin  p  on  the  "  snail  "  deflects  the  spring  o  and  brings  the 
wheel  /  into  gear  with  the  pinion  n.  The  "  snail  "  is  then  gra- 
dually moved  round  and  raises  the  ball  e  and  the  end  of  the 
lever  h,  at  the  same  time  lowering  the  rocking  platform  g. 
After  this  has  proceeded  so  far  as  to  cause  the  platform  g  to 
come  below  the  lever  of  h  the  ball  rolls  back  to  its  original 
position ;  and,  as  the  "  snail ''  moves  round,  the  platforms 
are  gradually  raised  to  their  original  positions,  the  wheel  _;' 
again  comes  into  gear  with  the  pinion  k,  and  the  speed  is  re- 
duced. The  wheel  I  remains  in  gear  with  the  pinion  n  for  a 
short  time  after  the  speed  is  reduced,  so  as  to  allow  the  final 
adjustment  in  position  of  the  platform  g  and  the  ball /to  be 
made  gently.  After  this  is  accomplished  a  hollow  in  m  allows 
the  spring  o  to  push  the  wheel  I  out  of  gear,  and  everything 
is  left  in  readiness  for  the  next  disturbance. 

In  order  to  obtain  the  rate  at  which  the  paper  is  moving  at 
any  instant  during  the  transition  period  between  the  slow  and 
the  quick  speed,  the  lever  a  is  made  to  close  an  electric  circuit 
at  q,  which  causes  an  electromagnetic  vibrator,  indicated  at  J 
(fig.  3),  to  come  into  action  and  write  equal  short  intervals  of 
time  on  the  record-sheet.  The  short  intervals  are  sometimes 
given  by  a  vibrating  reed,  which  is  the  most  convenient 
arrangement  if  the  intervals  are  to  be  fractions  of  a  second  ; 
but,  for  marking  seconds,  a  break-circuit  arrangement  worked 
by  the  clock,  /;,  is  preferable.  The  way  in  which  the  siphon^ 
D,  is  made  to  record  both  the  long  and  the  short  time-intervals 
is  sufficiently  explained  by  the  diagram,  fig.  3. 

One  of  the  "  conical  pendulums  "  used  for  actuating  the 
siphons  which  record  the  two  horizontal  components  of  the 
motion  is  illustrated  in  plan  in  fig.  4,  and  in  elevation  in 
fig.  5.  It  consists  of  a  thin  brass  cylinder  r,  filled  with  lead, 
and  held  deflected  by  a  light  tubular  strut,  s,  furnished  with 
a  knife-edge  at  /,  which  rests  against  the  bottom  of  a  vertical 
V-groove  fixed  to  the  support  u.     The  weight  of  the  pendu- 
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lum-bob  and  strut  is  supported  by  a  thin  wire,  v,  attached  at 
the  lower  end  to  a  stirrup,  w,  pivoted  at .??  a  Httle  below  and 
in  front  of  the  centre  of  gravity  of  r,  and  taken  at  the  upper 
end  over  a  small  wheel,  y,  to  a  drum,  z,  round  which  the  wire 
may  be  wound,  so  as  to  adjust  the  level  of  the  strut,  s.  The 
position  of  the  pivot,  x,  is  so  arranged  that  the  knife-edge  at 
t  has  little  or  no  tendency  to  rise  or  fall,  no  matter  at  what 
part  of  the  strut  the  cylinder  r  may  be  clamped.  The  wheel 
y  is  provided  with  adjusting  screws,  ai  and  h^,  by  means  of 
which  the  top  of  the  wire  can  be  placed  vertically  above  the 
knife-edge^  or  as  much  in  front  of  or  behind  that  point  as  may 
be  necessary  to  make  the  period  of  free  vibration  of  the  pen- 
dulum have  any  desired  length.  A  light  aluminium  lever  Cx 
is  hinged  to  the  strut  s  at  d^,  and  is  provided  at  its  outer  end 
with  a  small  hollow  steel  cone  e^,  which  may  be  placed  over 
one  or  other  of  a  series  of  sharp  points /i,  fixed  to  the  vertical 
arm  of  the  cranked  lever  g^  The  lever  g^  turns  round  a 
horizontal  axis  at  hi  in  bearings  fixed  to  the  ink-well  ^',,  and 
the  vertical  arm  is  hinged  at  ;'i,  so  as  to  be  free  to  turn  in  a 
direction  at  right  angles  to  the  plane  of  the  crank.  A  siphon, 
ki,  is  fixed  to  the  horizontal  arm  of  the  lever  g^,  and,  drawing 
ink  from  the  well  z\,  writes  a  continuous  line  on  the  paper 
ribbon.  The  horizontal  arm  of  the  lever  gi  is  made  very 
flexible  in  a  horizontal  direction,  and  besides  can  be  turned 
round  a  vertical  axis  to  such  an  extent  as  allows  the  pressure 
of  the  point  of  the  siphon  on  the  paper  to  be  adjusted  until  it 
is  only  sufficient  to  give  a  record. 

The  horizontal-lever  pendulum  used  for  actuating  the 
siphon  which  writes  the  vertical  motion  is  illustrated  dia- 
grammatically  in  fig.  6.  It  consists  of  a  horizontal  lever,  l-^, 
carrying  at  one  end  a  cylindrical  weight  m-^,  and  free  to  turn 
round  knife-edges  rii,  fixed  to  the  other  end  of  the  lever. 
The  lever  is  supported  in  a  horizontal  position  by  two  flat 
springs,  clearly  shown  in  fig.  1,  and  indicated  at  Oi,  fig.  6. 
A  light  aluminium  index,  pi,  pivoted  at  qi,  and  connected  by 
a  thin  wire  or  thread  to  the  end  of  the  lever  li,  carries  a  fine 
siphon,  ?',,  which  rests  with  one  end  in  the  ink-well,  s-^,  and 
the  other  end  touching  the  surface  of  the  paper.  The  end  of 
the  index  is  weighted  sufficiently  to  cause  it  to  follow  the 
motions  of  the  lever.  This  arrangement  gives  a,  period  of 
free  vibration  of  about  two  seconds  in  the  actual  instrument  ; 
and  in  order  to  increase  this  period  a  second  set  of  springs, 
indicated  at  ti,  are  made  to  act  on  knife-edges,  Ui,  fixed  ver- 
tically above  w^,  so  as  to  add  negative  stability  to  the  arrange- 
uKMit.  When  the  leaver  is  deflectcnl  downwards  the  })ull  on 
the  supporting  spring  is  increased,  but  at  the  same  time  the 
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knife-edge  71^  comes  in  front  of  the  vertical  plane  through  ni; 
and,  since  the  lower  point  of  attachment  of  the  compensating 
spring  ^j  is  far  below  ni,  a  couple  is  introduced  which  com- 
pensates for  the  greater  upward  force.  The  same  is  the  case 
in  the  reverse  order,  when  the  lever  is  deflected  upwards. 
Hence  if  the  pull  exerted  by  <,  and  the  other  conditions 
mentioned  below  be  properly  adjusted,  the  horizontal  lever 
may  be  made  to  have  any  desired  period  of  free  oscillation. 
In  actual  practice  some  positive  stability  must  be  given  to 
the  lever  in  order  that  its  position  of  equilibrium  may  be 
definite  ;  but  its  period  may  be  made  so  great  that,  even  if 
oscillations  of  considerable  amplitude  in  its  own  period  are 
set  up,  they  will  be  so  slow  compared  with  those  of  the  earth- 
quake, that  the  undulating  line  so  drawn  will  still  be  practi- 
cally straight,  so  far  as  the  earthquake  record  is  concerned. 
In  order  to  insure  good  compensation,  the  condition  must  be 
fulfilled  that  the  rate  of  variation  of  the  compensating  couple 
is  always  the  same  as  that  of  the  supporting  couple.  If 
this  be  not  the  case,  the  pendulum  must  either  be  left  with 
excessive  positive  stability  for  small  deflections,  or  it  will  be 
continually  liable  to  become  unstable  by  the  compensating 
couple  becoming  too  great  when  the  deflection  exceeds  a  cer- 
tain limit.  In  the  present  instance,  let  the  modulus  of  the 
supporting  spring  be  M,  the  arm  at  which  it  acts  a  ;  let  the 
modulus  of  the  compensating  spring  be  M^,  and  the  distance 
between  ?ii  and  Wi  be  Ui.  Then  for  a  deflection  of  the  lever 
equal  to  6  we  have,  on  the  supposition  that  the  length  of  the 
supporting  spring  and  link  is  great  compared  with  a^,  for  the 
return  couple  Ma^  cos  6  sin  ^  — M^ai^  cos  d  sin  d  —  Mi/3  sin  0, 
where  /3  +  ai  is  the  total  elongation  of  the  spring  for  the  hori- 
zontal position  of  the  lever.  Now  our  condition  necessitates 
/3  being  either  zero  or  negative;  and  in  order  to  keep  within 
this  condition  the  length  of  the  unstretched  spring  and  link 
are  made  to  reach  a  little  above  ui,  and  the  height  of  u^  is 
made  adjustable,  so  that  M^a^^  can  be  adjusted  to  be  as  near 
Ma^  as  may  be  desired. 

XLI.   On  Discordant  Observations.     By  F.  Y.  Edgewokth, 
M.A.,  Lecturer  at  King's  College,  London*. 

DISCORDANT  observations  may  be  defined  as  those  which 
present  the  appearance  of  differing  in  respect  of  their 
law  of  frequency  from  other  observations  with  which  they  are 
combined.     In  the  treatment  of  such  observations  there  is 
great  diversity  between  authorities  ;  but  this  discordance  of 
*  Commuuicated  by  the  Author. 
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methods  may  be  reduced  by  the  following  reflection.  Dijfferent 
methods  are  adapted  to  different  hypotheses  about  the  cause  of 
a  discordant  observation  ;  and  different  hypotheses  are  true,  or 
appropriate,  according  as  the  subject-matter,  or  the  degree  of 
accuracy  required,  is  different. 

To  fix  the  ideas,  I  shall  specify  three  hypotheses  :  not  pre- 
tending to  be  exhaustive,  and  leaving  it  to  the  practical  reader 
to  estimate  the  a  priori  probability  of  each  hypothesis, 

(a)  According  to  the  first  hypothesis  there  are  only  two 
species  of  erroneous  observations — errors  of  observation  proper, 
and  mistakes.     The  frequency  of  the  former  is  approximately 

represented  by  the  curve  ?/=  --=e~*'*^;  where  the  constant  h 

is  the  same  for  all  the  observations.  But  the  mathematical 
law*  only  holds  for  a  certain  range  of  error.  Beyond  certain 
limits  we  may  be  certain  that  an  error  of  the  first  category 
does  not  occur.  On  the  other  hand,  errors  of  the  second 
category  do  not  occur  within  those  limits.  The  smallest 
mistake  is  greater  than  the  largest  error  of  observation  proper. 
The  following  example  is  a  type  of  this  hypothesis.  Suppose 
we  have  a  group  of  numbers,  formed  each  by  the  addition  of 
ten  digits  taken  at  random  from  Mathematical  Tables.  And 
suppose  that  the  only  possible  mistake  is  the  addition  or  sub- 
traction of  100  from  any  one  of  these  sums.  Here  the  errors 
proper  approximately  conform  to  a  probability  curve  (whosef 
modulus  is  \/l6a),  and  the  mistakes |  are  quite  distinct  from 
the  errors  proper. 

Here  are  seven  such  numbers  :  each  of  the  first  six  was 
formed  by  the  addition  of  ten  random  digits,  and  the  seventh 
by  prefixing  a  one  to  a  number  similarly  formed — 
45,     23,     31,     50,     42,    '45,    136. 

*  This  follows  from  the  supposition  that  an  error  of  observation  is  the 
joint  result  of  a  considerable,  hnt  finite,  number  of  small  sources  of  error. 
The  law  of  facility  is  in  such  a  case  what  Mr.  Galton  calls  a  Binomial,  or 
rather  a  Multinomial.  (See  his  paper  in  Phil.  Mag-.  Jan.  1875,  and  the 
remarks  of  the  present  writer  in  Camb.  Phil.  Trans.  1886,  p.  145,  and 
Phil.  Mag.  April  1886.) 

t  I  may  remind  the  reader  that  I  follow  Laplace  in  taldng  as  the 
constant  or  parameter  of  probability-curves  the  reciprocal  of  the  coefBcient 

of  .r:  that  is  ^  according  to  the  notation  used  above.     It  is    v5  times 

the  "  Mean  Error "  in  the  sense  in  which  that  term  is  used  by  the 
Germans,  beginning  with  Gauss,  and  many  recent  English  writers 
(e.  f/.  Chauvenet)  ;  and  it  is  Vt  times  the  Mean  En-or  in  the  (surely  more 
natural)  sense  in  which  Airy,  after  Laplace,  employs  the  term  Mean  Error 
(Chauvenet's  Mean  of  the  Errors). 

I  In  physical  observations  the  limit  of  errors  proper  must,  I  suppose, 
be  more  empirical  than  in  this  artificial  example. 
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The  hypothesis  entitles  us  to  assert  that  23  is  an  error-proper 
— an  accidental  deviation  from  45  ;  though  the  odds  against 
such  an  event  hefore  its  occurrence  are  considerable,  about  100 
to  1.  On  the  other  hand,  we  may  know  for  certain  that  136 
is  a  mistake. 

(/3)  According  to  the  second  hypothesis,  the  type  of  error 
is  still  the  probability-curve  with  unvarying  constant.  But 
the  range  of  its  applicability  is  not  so  accurately  known  before- 
hand. We  cannot  at  sight  distinguish  errors  proper  from  mis- 
takes. We  only  know  that  mistakes  may  be  very  large,  and 
that  the  largo  mistakes  are  so  infrequent  as  not  to  be  likely  to 
compensate  each  other  in  a  not  unusually  numerous  group  of 
observations.  This  hypothesis  may  thus  be  exemplified  : — 
As  before,  we  have  a  series  of  numbers,  each  purporting  to  be 
the  sum  of  ten  random  digits.  But  occasionally,  by  mistake, 
the  sum  (or  difference)  of  two  such  numbers  is  recorded.  The 
mistake  might  be  large,  but  it  would  not  always  exceed  the 
limits  of  accidental  deviation  (100  and  0);  which  need  not  be 
supposed  known  beforehand.  Here  is  a  sequence  of  seven 
such  numbers,  which  w^as  actually  obtained  by  me  (in  the 
course  of  280  decades)  — 

50,     54,     41,     73,     46,     38,     49. 
The  hypothesis  leaves  it  doubtful  whether  73  may  not  be  a 
mistake  ;  the  odds  against  it  being  an   ordinary  accidental 
deviation  being,  before  the  event,  about  250  to  1. 

(7)  According  to  the  third  hypothesis  all  errors  are  of  the 

type  ?/  =  — -^e"*^'^^.     But  the  h  is  not  the  same  for  different 

VTT 

observations.  Mistakes  may  be  regarded  as  emanating  from 
a  source  of  error  whose  A  is  very  small.  This  hypothesis  may 
be  thus  illustrated.  Take  at  random  any  number  n  between 
certain  limits,  say  1  and  100.  Then  take  at  random  (from 
Mathematical  Tables)  n  digits,  add  them  together  and  form 
their  Mean  (the  sum  -^n),  and  multiply  this  Mean  by  ten. 
The  series  of  Means  so  formed  may  be  regarded  as  measure- 
ments of  varying  precision  ;  the  real  value  of  the  object  mea- 
sured being  45.  The  rveif/ht,  the  /t^,  being  proportionate  to  n, 
one  weight  is  a  priori  as  likely  as  another.  In  order  that  the 
different  degrees  of  j?recisw7i,  the  equicrescent  values  of  h, 
should  be  a  priori  equiprobable,  it  would  be  proper,  having 
formed  our  n  as  above,  to  take  the  mean  of  (and  then  mul- 
tiply b}'  10),  not  n,  but  7i^  digits.  Here  is  a  series  formed 
in  this  latter  fashion  : — 

n 5        7 

n'    25     49 

10  X  Mean  of  n^  1  -^-^     ^^ 
random  digits  J 


6 

1 

10 

8 

1 

36 

1 

100 

64 

1 

43 

100 

43 

47-5 

100 
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In  this  table  the  first  row  is  obtained  by  taking  at  random 
ten  digits  from  a  page  of  Statistics,  0  counting  for  ten.  The 
second  row  consists  of  the  squares  of  these  numbers.  The 
third  row  was  thus  formed  from  the  second  : — I  took  25 
random  digits,  and  divided  their  sum  by  25  ;  then  multiplied 
this  mean  by  10.  I  similarly  proceeded  with  49  (fresh)  digits, 
and  so  on.  It  will  be  noticed  how  the  defective  precision  of 
the  fourth  and  seventh  observations  makes  itself  felt.  It  was, 
however,  a  chance  that  they  both  erred  as  far  as  they  could, 
and  in  the  same  direction. 

In  the  light  of  these  distinctions  I  propose  now  to  examine 
the  different  methods  of  treating  discordant  observations.  For 
this  purpose  the  methods  may  be  arranged  in  the  following 
groups  : — 

I.  The  first  sort  of  method  is  based  upon  the  principle  that 
the  calculus  of  probabilities  supplies  no  criterion  for  the  cor- 
rection of  discordance.  All  that  we  can  do  is  to  reject  certain 
huge  errors  by  common  sense  or  simple  induction  as  distin- 
guished from  the  calculation  of  a  posteriori  probability. 

II.  Or,  secondly,  we  may  reject  observations  upon  the 
ground  that  they  are  proved  by  the  Calculus  of  Probability 
to  belong  to  a  much  worse  category  than  the  observations 
retained. 

III.  Or,  thirdly,  we  may  retain  all  the  observations,  affecting 
them  respectively  with  weights  which  are  determined  by 
a  posteriori  probability. 

IV.  In  a  separate  categojy  may  be  placed  a  method  which, 
as  compared  with*  the  simple  Arithmetical  Mean,  reduces  the 
effect  (upon  the  Mean)  of  discordant  observations — the  method 
which  consists  in  taking  the  Medianf  or  "  Centralwerth "  |  of 
the  observations. 

I  propose  now  to  test  these  methods  by  applying  them  in 
turn  to  all  the  hypotheses  above  specified. 

I.  (a)  The  first  method — which  is  none  other  than  Airy's, 
as  I  understand  his  contribution  §  to  this  controversy — is 
adapted  to  the  first  hypothesis.  Upon  the  second  hypothesis 
(/8)  the  first  method  is  liable  to  error,  which,  as  will  be  shown 
under  the  next  heading,  is  avoidable.  (7)  Upon  the  third 
hypothesis  the  first  method  is  not  theoretically  the  most 
precise  ;  but  it  may  be  practically  very  good. 

II.  Under  the  second  class   I  am   acquainted  with   three 

*  This  is  pointed  out  by  Mr.  Wilson  in  the  Monthly  Notices  of  the 
Astronomical  Society,  vol.  xxxviii.,  and  by  Mr.  Galton,  Fechner,  and 
others. 

t  Coiirnot,  Galton,  &c. 

X  Fechner,  in  Ahhandl.  Sax.  Ges.  vol.  [xvi.], 

§  Gould's  Astronomical  Journal,  vol.  iv.  pp.  146-147. 
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species  :  the  criteria  of  Prof.  Stone*,  Prof.  Chauvenetf,  and 
Prof.  Peirce|. 

II.  (1)  Prof.  Stone's  method  is  to  reject  an  observation 
when  it  is  more  likely  to  have  been  a  mistake  than  an  error 
of  observation  of  the  same  type  as  the  others.  In  deter- 
mining this  probability  he   takes    account    of  the  a  priori 

probability  of  a  mistake.     He  puts  for  that   probability  -, 

admitting  that  n  cannot  be  determined  precisely.  The  use  of 
undetermined  constants  like  this  is,  I  think,  quite  legitimate§, 
and,  indeed,  indispensable  in  the  calculation  of  probabilities. 
This  being  recognized.  Prof.  Stone's  method  may  be  justified 
upon  almost  any  hypothesis.  Hypothesis  (a)  presents  two 
cases  :  where  the  discordant  observation  exceeds  that  limit  of 
errors  proper  which  is  known  beforehand,  and  where  that 
limit  is  not  exceeded.  For  example,  in  the  instance  ||  given 
above — where  45  is  the  Mean,  and  the  Moduluslf  is  about  13 — 
the  discordant  observation  might  be  either  above  100  [e.g.  110) 
or  below  iu  [e.g.  84).  Now  let  us  suppose  that  the  a  priori 
probability  of  a  mistake  is  not  infinitesimal,  but  say  of  the 
order  yoVff-  Since  the  deviation  of  110  from  the  Mean  is 
about  five  times  the  Modulus,  the  probability  of  this  deviation 
occurring  under  the  typical  law  of  error  is  nearly  a  millionth. 
This  observation  is  therefore  rejected  by  Method  II.  (1),  which 
so  far  agrees  with  Method  I.  Again,  the  probability  of  84 
being  an  accidental  deviation  is  less  than  a  forty- thousandth; 
84  —  45  beino- about  three  times  the  Modulus.  Therefore  84  also 
is  rejected  by  the  criterion.  And  we  thus  lose  an  observation 
which  is  by  hypothesis  (a)  a  good  one.  But  this  loss  occurs 
very  rarely.  And  the  observation  thrown  away  is,  to  say  the 
least,  not**  a  particularly  good  one,  though  doubtless  it  may 
happen  that  it  is  particularly  wanted — as  in  the  case  of  Gen. 
Colby,  adduced  ft  by  Sir  G.  Aiiy. 

II.  (1)  (/3)  The  second  hypothesis  is  that  to  which  Prof. 
Stone^s  criterion  is  specially  adapted.  Upon  this  hypothesis, 
84  may  be  a  mistake.  In  rejecting  such  discordant  observa- 
tions, we  may  indeed  lose  some  good  observations,  especially  if 

*  Montli.  Not.  Astronom.  Soc.  Lond.  vol.  xxviii,  pp.  165-168. 

t  '  Astronomy,'  Appendix,  Art.  GO.  \  Iljid.  Art.  57. 

§  See  my  paper  on  d,  priori  Probabilities,  in  Phil.  Mag.  Sept.  1884  ;  also 
"Philosophy  of  Chance,"  Mind,  1884,  and  Camb.  Phil.  Trans.  1885, 
pp.  148  et  seq.  \\  Page  365. 

^  V 165,  exactly.  As  determined  empirically  hj  rae  from  the  mean- 
square-of-error  of  280  observations  {i.  e.  sums  of  10  digits),  the  Modidus 
was  V160. 

**  See  the  remark  made  under  II.  (2)  (/3). 

tt  Gould's  Astronom.  Journ.  vol.  iv.  p.  138. 
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we  have  exafferated  the  a  priori  probability  of  a  mistake.  But 
it  may  be  worth  while  paying  this  price  for  the  sake  of  getting 
rid  of  serious  mistakes.  "  Especially  is  this  position  tenable 
according  to  the  definition  of  the  qucesitnm  in  the  Theory 
of  Errors*,  which  Laplace  countenances.  According  to  this 
view,  the  desideratum  in  a  method  of  reduction  is  not  so 
much  that  it  should  be  most  frequently  right,  as  that  it  should 
be  most  advantageous  ;  account  being  taken,  not  only  of  the 
frequency,  but  also  of  the  senousness,  of  the  errors  which  it 
incurs.  Prof.  Stone's  method  might  diminish  our  chance  of 
being  right  (in  the  sense  of  being  within  a  certain  very  small 
distance  from  the  true  markf) ;  and  yet  it  might  be  better  than 
Method  L,  if  it  considerably  reduced  the  frequency  of  large 
and  detrimental  mistakes. 

II.  (1)  (7)  Prof.  Srtone's  method  is  less  applicable  to  the 
third  hypothesis.  Though  even  in  this  case,  if  the  smaller 
weights  are  a  priori  comparatively  rare,  it  may  be  safe  enough 
to  reo-ard  (?«  —  !)  of  the  m  observations  as  of  one  and  the 
same  type  ;  and  to  reject  the  with  if  violently  discordant  with 
that  supposed  type. 

The  only  misgiving  which  I  should  venture  to  express 
about  this  inethod  relates,  not  to  its  essence  and  philosophy, 
but  to  a  technical  detail.     Prof.  Stone  says:—"  If  we  find  that 

value  which  makes  -,-^  \     e-y'dy  =  -  [where  p  is  the  devia- 

V  TT  J  P_  ^^ 

a 

tion  of  a  discordant  observation,  and  a  is  the  modulus  of  the 
probability-curve  under  which  the  other  observations  range, 

and  -   is  the   a  priori  probability  of  a  mistake],  all  larger 

values   of  p  are  with  greater  probability  to  be  attributed  to 

mistakes.^'     But  ought  we  not  rather  to  equate  to  -,  not  the 
o  ^  n 

left-hand  member  of  the  equation  just  written,  which  may  be 
called  ^( -),  but  &"'[-),  where  m  is  the  number  of  observa- 
tions. I  am  aware  that  the  point  is  delicate,  and  that  high 
authority  could  be  cited  on  the  other  side.  There  is  some- 
thing paradoxical  in  Cournot's^   proposition  that  a  certain 

*  See  my  paper  on  the  "  Method  of  Least  Squares,''  Phil.  Mag.  1883, 
vol.  xvi.  p.  3(j3  ;  also  that  on  "  Observations  and  Statistics,"'  Camb.  Phil. 
Tr.  18S5 ;  and  a  little  work  called '  Metretike '  (London :  Temple  Co.,  1887). 

t  The  sense  defined  by  Mr.  Glaisher,  '  Memoirs  of  the  Astronomical 
Society,'  vol.  xl.  p.  101. 

\  Kiposidon  de  la  ilicorie  dcs  Chances,  Arts.  102,  114.  "Nous  ne  nous 
dii-simulous  pas  ce  qu'il  y  a  de  ddlicat  dans  toute  cette  discussion,"  I 
may  say  with  Coiirnot. 

'rial.  May.  S.  5.  Vol.  23.  No.  143.  April  1887,      2  C 
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deviation  from  the  Mean  in  the  case  of  Departmental  returns 
of  the  proportion  between  male  and  female  births  is  signifi- 
cant and  indicative  of  a  ditl'erence  in  kind,  provided  that  we 
select  at  random  a  single  French  Department;  but  that  the 
same  deviation  may  be  accidental  if  it  is  the  maximum  of  the 
respective  returns  for  sevei-al  Departments.  There  is  some- 
thing plausible  in  De  Morgan's  *  implied  assertion  that  the 
deficiency  of  sei^en  in  the  first  608  digits  of  the  constant  tt  is 
theoretically  not  accidental ;  because  the  deviation  from  the 
Mean  61  amounts  to  twice f  the  Modulus  of  that  probability- 
curve  which  represents  the  frequency  of  deviation  for  any 
assio"ned  digit.  I  submit,  however,  that  Cournot  is  right,  and 
that  De  Morgan,  if  he  is  serious  in  the  passage  referred  to,  has 
committed  a  slight  inadvertence.  AVhen  we  select  out  of  the  ten 
digits  the  one  whose  deviation  from  the  Mean  is  greatest,  we 
ought  to  estimate  the  improbability  of  this  deviation  occurring 
by  accident,  not  with  De  Morgan  as  1  — ^(1"63),  corresponding 
to  odds  of  about  45  to  1  against  the  observed  event  having 
occurred  by  accident  ;  but  as  1  — ^^*^(1'63),  corresponding  to 
odds  of  about  5  to  1  against  an  accidental  origination. 

II.  (2)  Prof.  Chauvenet's  criterion  differs  from  Prof. 
Stone's  in  that  he  makes  the  a  priori  probability  of  a  mistake 
— instead  of  being  small  and  undetermined — definite  and  con- 
siderable. In  effect  he  assumes  that  a  mistake  is  as  likely  as  not 
to  occur  in  the  course  of  m  observations,  where  m  is  the  number 
of  the  set  which  is  under  treatment.  It  is  not  within  the  scope 
of  this  paper  to  consider  whether  this  assumption  is  justified 
in  the  case  of  astronomical  or  of  any  other  observations.  It 
suffices  here  to  remark  that  this  assumption  coupled  with 
hypothesis  (a)  commits  us  to  the  supposition  that  liuge  mis- 
takes occur  on  an  average  once  in  the  course  of  2?7i  observa- 
tions. Upon  this  supposition  no  doubt  Method  II.  (2),  is  a 
good  one.  Hypothesis  (/3)  expressly  |  excludes  this  suppo- 
sition ;  the  mistakes  which,  according  to  II.  (2),  are  as  likely 
as  not,  must,  according  to  this  second  hypothesis,  be  of 
moderate  extent.  Thus,  in  the  case  above  put  of  sums  of  ten 
digits,  suppose  that  the  number  of  such  sums  under  observa- 
tion is  ten.  According  to  Prof.  Chauvenet^s  criterion  we 
must  I'eject  any  sum  which  lies  ovitside  45+Z;,  where 

^■\      2/^-1      19      ^^ 
-=•95. 


m- 


2/1         20 


*  '  Budget  of  Paradoxes,'  p.  291. 

t  If  we  take  many  batches  of  random  digits,  each  batch  nimibering 
608,  the  number  of  sevens  per  batch  ought  to  oscillate  about  the  JNEean  61, 

according  to  a  probability-curve  whose  Modulus  is^  /  _  608  =  10-4. 
X  Above,  p.  366.  V    10^ 
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This  gives  for  the  required  limit  about  15.  Accord ing,  theu, 
to  II.  (1)  (yS),  any  observation  greater  than  60,  or  less  than  30, 
is  more  likely  than  not  to  be  a  mistake  in  the  sense  of  not 
belonging  to  the  same  law  of  frequency  as  the  observations 
within  those  limits.  But  why  on  that  ground  should  the 
discordant  observation  be  rejected  ?  Suppose  there  were  not 
merely  a  bare  preponderance  of  probability,  but  an  actual 
certainty,  that  the  suspected  observation  belonged  to  a  different 
category  in  respect  of  precision  from  its  neighbours,  the  best 
course  certainly  would  be  if  possible  (as  Mr.  Glaisher  in  his 
paper  "  On  the  Rejection  of  Discordant  Observations  "  sug- 
gests) to  retain  the  observation  affected  ivith  an  inferior  ice![/ht. 
But  if  we  have  only  the  alternative  of  rejecting  or  retaining 
whole,  it  is  a  very  delicate  question  whether  retention  or  re- 
jection would  be  in'  the  long  run  better.  There  is  not  here 
the  presumption  against  retention  which  arises  when,  as  in 
II.  (1),  the  discordant  observation  is  large  and  rare  ;  so  that, 
if  it  is  a  mistake,  it  is  likely  to  be  a  serious  and  an  uncom- 
pensated one.  However,  Prof.  Chauvenet's  method  may 
quite  possibly  be  better  than  the  No-method  of  Sir  G.  Airy. 
Much  would  turn  upon  the  purpose  of  the  calculator — whether 
he  aimed  at  being  most  frequently  right*  or  least  seriously 
wrong.  The  same  may  be  said  with  reference  to  hypo- 
thesis (7). 

There  is  a  further  difficulty  attaching  particularly  to  this 
species  of  Method  II.  In  its  precise  determination  of  a  limit, 
it  takes  for  granted  that  the  probability-curve  to  which  we 
refer  the  discordant  observation  is  accurately  determined. 
But,  when  the  number  of  observations  is  small,  this  is  far 
from  being  the  case.  Neither  of  the  parameters  of  the  curve, 
neither  the  Mean,  nor  the  Modulus,  can  be  safely  regarded  as 

c 
accurate.     The  "probable  error '^  of  the  Mean  is  "477  — — 

V  n, 

where  c  is  the  Modulus.     The  probable  error  of  the  Modulus 

is  conjectured  to  be  not  inconsiderable  from  the  fact  that,  if 

we  took  m  observations  at  random,  squared  each  of  them  and 

formed  the  Mean-square-of-error,  the  "  probable  error  "  of  that 

c 
Mean-square-of-error  would  be  "477  — r^  f.     This,  however,  is 

not  the  most  accurate  expression  for  the  probable  error  of  the 
Modulus-squared  as  inferred  |  from  any  given  n  observations. 

*  See  tlie  remarks  above,  p.  369. 

•^  Todluinter,  art.  KK);')  (where  there  is  no  necessity  to  take  the  origin 
at  one  of  the  extremities  of  tlie  curve). 

]  I  allude  here  to  delicate  distinctions  between  <renuine  Inverse  Pro- 
bability and  other  processes,  which  1  have  elsewhere  endeavoured  to 
diaw,  Camb.  I'hil.  Irans.  I880. 

2C2 
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To  ap])reciiite  the  order  of  error  which  may  arise  from  those 
inaccuracies,  we  may  proceed  as  in  my  paper  of  hist  Octo- 
ber*. First,  let  us  confine  our  attention  to  the  Mean,  sup- 
posing for  a  moment  the  Moduhis  accurate.  Let  k  have 
been  determined  according  to  Prof.  Chaiivenet^s  method,  so 

\c  /         2m    • 

To  determine  more  accurately  the  probability  of  an  observa- 
tion not  exceeding  a  we  must  put  for  a,  a-tz,  where  z  is  the 
error  of  the  Mean  subject  to  the  law  of  frequency 

y  ire 


The  proper  course  is  therefore  to  evaluate  the  expression 


a  +  z\    s/m      -- ^ 


Expanding  6,  and  neglecting  the  higher  powers  of  z^,  we 

have  for  the   correction  of  di-  |   the  subtrahend  —.-  —  e~^^, 

\c  J  V  irn 

where  /3  is  put  for  -.     Call  this  modification  of  6,  'dO.    To  see 

c 

how  the  2?rimd  facie  limit  0  is  affected  by  this  modification, 
let  us  put  9„_1 

whence  B^(/3)  +  Ay8  x  ^'(/3)  =0. 

Whence  A/S=  -^^~  e.-^'-^^  e'^'  =^; 

an  extension   of  the  limit  which  may  be  sensible  when  7i  is 
small. 

In  the  example  given  by  Prof.  Chanvenet  the  uncorrected 
limit  as  found  by  him  is  1-22.  This  divided  by  the  Modulus 
[which=  «/2g=*8]  is  1'5.  This  result,  our  /3,  divided  by  15 
the  number  of  observations,  gives  "1  as  the  correction  of  j3  ; 
•08  as  the  correction  of  the  limit  a.  The  limit  must  be  ad- 
vanced to  ]*30.  This  does  not  come  up  to  the  discordant 
observation  1'40.  But  we  have  still  to  take  into  account 
that  we  have  been  employing  only  the  apparent  Modulus  (and 
Mean  Error),  not  the  real  one.  In  virtue  of  this  consideration 
I  find — by  an   analysis  analogous  to  that  given  in  the  paper 

*  Phil.  Mag.  1886,  vol.  xxii.  p.  371.  f  See  tlie  paper  referred  to. 
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j  ust  referred  to — that  the  limit  must  be  pushed  forward  as 
much  again  ;  so  that  the  suspected  observation  falls  ivithin 
the  corrected  limit.  I  have  similarly  treated  the  example 
given  by  Prof.  Merriman  in  his  Texthook  on  The  Method  of 
Least  Squares  (131).  The  limit  found  by  him  is  4-30,  and 
he  therefore  rejects  the  observation  4"(3l.  But  I  tind  that 
this  observation  is  well  within  the  corrected  limit  *. 

II.  (3)  Prof.  Peirce^'s  criterion  is  open  to  the  same  objec- 
tions as  that  of  Prof.  Chauvenet.  Indeed  it  presents  additional 
difficulties.     If  by  y  the  author  designates  that  quantity  which 

Prof.  Stone  calls  -,  and  which  I  have  termed  the  "a  priori''' 
n  ^ 

probability  of  a  mistake,  I  am  unable  to  follow^  the  reasoning 

by  which  he  obtains  a  definite  value  for  this  y.     But  I  am 

aware  how  easy  it  is  on  such  subjects  to  misunderstand  an 

original  writer. 

III.  We  come  now  to  the  third  class  of  method,  of  which 
I  am  acquainted  with  three  species.  (1)  Therf  is  the  procedure 
indicated  by  De  Morgan  and  developed  f  by  Mr.  Griaisher  ; 
which  consists  in  approximating  to  the  weights  wuich  are  to  be 
assigned  to  the  observations  respectively,  after  the  analogy  of 
the  Reversion  of  Series  and  similar  processes.  (2)  Another 
method,  due  to  Prof.  Stone  |,  is  to  put 


Y  =  lx^li.^  .  .   .  g-vc^— .^-vc^-.^  •  • .  xdh,dh, 


as  the  (/  posteriori  probability  of  the  given  observations  having 
resulted  from  a  particular  system  of  weights  h^  It.j  &c.,  and  a 
particular  Mean  x  ;  and  to  determine  that  system  so  that  P 
should  be  a  maximum.  (3)  Another  variety  is  due  to  Prof. 
Newcomb§. 

III.  (1)  &  (2)  Neither  of  the  first  two  Methods  are  well 
adapted  to  the  first  two  hypotheses.  Both  indeed  may  success- 
fully treat  mistakes  by  weighting  them  so  lightly  as  virtually  to 
reject  them.  But  both,  I  venture  to  think,  are  liable  to  err  in 
undei'weighting  observations,  which,  upon  the  first  two  hv{)0- 
theses,  have  the  same  laic  of  frequency  as  the  others.  Both,  in 
fact,  are  avowedly  adapted  to  the  case  where  the  observations 

*  These  corrections  may  be  compensated  by  another  correction  to  which 
tlie  method  is  open.  In  determining  whether  the  suspected  observation 
belongs  to  tlie  same  type  as  the  others,  would  it  not  be  more  correct  to 
deduce  the  cliaracters  of  that  type  from  those  otlu-rs,  exclusive  of  tlie 
suspected  observation  ?  The  elK  ct  both  on  the  Mean  and  the  Modulus 
would  be  such  as  to  contract  the  limit. 

t  Memoirs  of  the  Astronomical  Society. 

X  Monthly  Notices  of  the  Astronomical  Society,  1874.  This  Method 
was  proposed  by  the  present  writer  in  this  Journal,  1883  (vol.  xvi. 
p.  .'UiO),  in  ignorance  of  Trof.  Stone's  priority. 

§  American  Journal  of  Mathematics,  vol.  viii.  No.  4. 
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are  not  presnmod  beforehand  to  emanate  from  the  same  source 
of  error.  The  particular  supposition  concerning  the  a  priori 
distribution  of  sources  which  is  contem})lated  by  the  De- 
Morfran-Glaisher  Method,  has  not  perhaps  been  stated  by 
its  distinguished  advocates.  The  particular  assumption  made 
by  tlie  other  Method  is  that  one  value  of  each  h  is  as  likely  as 
another  over  a  certain  range  of  values — not  necessarily  between 
infinite  limits.  I  have  elsewhere*  discussed  the  validity  of 
this  assumption.  I  have  also  attemj)ted  to  reduce  the  in- 
tolerable labour  involved  by  this  method.  Forming  the  equa- 
tion in  a:  of  (n  —  l)  degrees, 

nx''-'^—{n  —  l)^x^  jf'-^+{n  —  2)Sxi.V2  ^"~^  — &c.  =  0, 

I  assume  that  the  penultimate  (or  antepenultimate)  limiting 
function  or  derived  equation  will  give  a  better  value  than  the 
last-derived  equation (W.2? — |w  — iS^i,  which  gives  the  simple 
Arithmetic  Mean.  Take  the  observations  above  instanced 
under  hypothesis  (7), 

31,  45,  43,  100,  43,  47-5,  100. 

For  convenience  take  as  origin  the  Arithmetical  Mean  of 
these  observations  58'5,   say   58.      Then   we   have  the  new 

SGriGS 

-27,  -13,  -15,  +42,  -15,  -11,  +42. 

Here  S^iA'2=  —2494.  And  the  penultimate  hmiting  equa- 
tion is 

7x6x5x4x  3.^■-  +  5  X  4x3x2xlx  -2494  =  0. 

Whence  ^'^=119.  And  .■?;=+ 11  nearly.  To  determine 
which  of  these  corrections  we  ought  to  adopt,  the  rule  is  to 
take  the  one  M^hich  makes  P  greatest ;  which  is  f  the  one 
which  makes  (.2;—.ri)(.r—<r2)  (ci'-^rg)  .  .  .  (a^  —  a'-;)  smallest; 
each  of  the  differences  being  taken  positively. 
The  positive  value,  +11,  gives  the  differences 

38,    24,    26,    21,    36,    22,    21. 
For  the  negative  value,  — 11,  the  differences  are 
16,    2,    4,    53,    4,    0,    53 

(where  0  of  course  stands  for  a  fraction).  The  continued 
product  of  the  second  series  is  the   smaller.     Hence  — 11  is 

■  *  Cainb.  Phil.  Trans.  1885,  p.  151. 
t  See  Phil.  Mag.  1883,  vol.  xvi.  p.  371. 
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the  correction  to  be  adopted.  Deducting  it  from  58,  or  rather 
58"5,  we  have  47"5,  which  is  a  very  respectable  approximation 
to  the  real  value,  as  it  may  be  called,  viz.  45. 

III.  (3)  Prof.  Newcomb*  soars  high  above  the  others,  in 
that  he  alone  ascends  to  the  philosophical,  the  utilitarian, 
principles  on  which  depends  the  whole  art  of  reducing  obser- 
vations. Here  are  whole  pages  devoted  to  estimating  and 
minimizing  the  Evil  incident  to  malobservatiou:  With  Gauss, 
Prof.  Newcomb  assumesf  "  that  the  evil  of  an  error  is  pro- 
portional to  the  square  of  its  magnitude."  He  would  doubt- 
less admit,  with  Gauss,  that  there  is  something  arbitrary  in 
this  assumption.  Another  somewhat  hypothetical  datum  is 
what  h^X  describes  as  the  "distribution  of  precisions. ^^  In  view 
of  this  looseness  in  the  data,  it  becomes  a  nice  question 
whether  it  is  worth  while  expending  much  labour  upon  the 
calculation.  The  answer  to  this  question  depends  upon  an 
estimate  of  probability  and  utility,  concerning  which  no  one 
is  competent  to  express  an  opinion  who  has  not,  on  the  one 
hand,  a  philosophical  conception  of  the  Theory  of  Errors,  and, 
on  the  other  hand,  a  practical  acquaintance  with  the  art  of 
Astronomy.  The  double  qualification  is  probably  possessed 
by  none  in  a  higher  degree  than  by  the  distinguished  astro- 
nomer to  whom  we  owe  this  method. 

lY.  It  remains  to  consider  the  fourth  Method.  But  the 
length  and  importance  of  this  discussion  will  require  another 
paper. 


XLII.   On  the  Action  of  Heat  on  Potassic  Chlorate  and  Per- 
chlorate.     By  Edmund  J.  Mills,  D.Sc,  F.R.S.^ 

IT  has  been  pointed  out  by  Teed|l,  and  subsequently  by 
P.  Frankland  and  Dingwall^,  that  potassic  chlorate  and 
perchlorate  may  be  decomposed  by  heat  in  such  a  manner  as 
to  lead  in  each  case  to  various  relations  among  the  products 
of  decomposition. 

It  has  occurred  to  me  that  both  of  these  chemical  changes 
are  instances  of  Cumulative  Resolution**,  from  which  point 
of  view  they  admit  of  very  simple,  and  at  the  same  time 
perfectly  adequate,  representation. 

*  American  Journal  of  Mathematics,  vol.  viii.  No.  4. 
t  §  3,  p.  348.  X  §  i>,  p.  350. 

§  Communicated  by  the  Author. 

II  Proc.  Chem.  Soc.  xii.  p.  lOf) ;  xvi.  p.  141 ;  xxxiii.  pp.  24  &  25. 
^  Ibid.  xvi.  p.  ]41 ;  xxxii.  p.  14;  and  Trans.  Chem.  Soc.  1887,  p.  274. 
**  I'hil.  Mag.  [5]  iii.  p.  4'J2  (1877). 
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Action  of  Heat  on  Potassic  Chlorate. 
Tho  products  of  this  action  are  potassic  chloride,  oxygen, 
and  perchlorate.     All  known  relations  among  these  products 
may  be  expressed  by  the  cumulative  equation 

2nKC103-(w-2)02=(n  +  l)KC104+(n-l)KCl. 
In  order  to  compare  theory  with  experiment,  I  have  selected 
the  quotient  of  the  percentage  of  chloride  produced  by  that 
of  the  oxygen  formed  as  the  specific  measure  of  the  change  ; 
the  percentage  being  calculated  on  the  weight  of  chlorate 
taken  for  trial.  If  this  quantity  be  called  r.  the  equation 
alleges  that 

O2        n-\ 


rx 


KCl 


or 


•42867^=- 


2' 


n-1 


w— 2 

It  will  be  seen  from  the  followino;  Table  that  this  is  the  case  ; 
a  rational  value  of  n  always  corresponding  to  the  specihc 
measure  r.  No  attention  has  been  paid  to  instances  in  which 
perchlorate  is  known  to  have  been  decomposed.  When  w=  o:, 
the  equation  becomes 

2KCIO3  -  O2  =  KCIO4  +  KCL 

Table  I. 


No.  of 
exp. 

1. 

Oxygen, 
per  cent. 

Chloride, 
per  cent. 

r. 

11. 

Authority. 

1-66 

5-26 

3-1687 

4-7910 

Teed. 

2. 

3-49 

10-86 

3-1117 

4-9949 

)> 

3! 

G'OO 

18-25 

3-0417 

5-2906 

4. 

2-66 

*  9-4916 

3-56S4 

3-8879 

Frankland  and  Dingwall. 

^. 

6-19 

*18-566 

3-5774 

3-8744 

n 

6. 

6-47 

*21-609 

3-3399 

4-3164 

7. 

6-89 

*2 1-533 

3-1253 

4-9438 

„ 

8. 

6-78 

*20-147 

2-9715 

5-6523 

)> 

9. 

3-6  1 

11-58 

3-2167 

4-6392 

Teed. 

10. 

1-27 

4-73 

3-7244 

3-6764 

„ 

11. 

1-61 

600 

3-7267 

3-6736 

5> 

12. 

1-60 

6-14 

3-8375 

3-5502 

13. 

1-47 

4-84 

3-2925 

4-4307 

jj 

14. 

0-80 

2-18 

2-7250 

7-9488 

" 

It  is  remarkable  that   the   value  of  n  should,  amongst  so 

many  experiments,  prove  to  be  so  very  restricted  in  its  range. 

There  seems  to  be  some  tendency  for  r  to  be  preferably  about 

equal  to  n.     The  exact  fulfilment  of  this  condition  requires 

*  Ilecalculations. 
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r=?2  =  3"7028  or  '6300, — values  which  indicate  the  reduction 
of  the  chemical  change  to  a  mere  action  of  mass. 

Action  of  Heat  on  Potassic  Percldorate. 

The  equation  of  Cumulative  Resolution  is 

(«  +  l)KC104-(2M-l)02  =  2KC103+(n-l)KCl; 

the  products  of  the  reaction  being  chlorate,  chloride,  and 
oxygen.  Its  starting-point  is  a  point  in  the  chlorate  equa- 
tion, viz.,  (n+ljKClO^.  In  this  case  the  percentage  of 
chlorate  cannot  exceed  a  certain  amount,  viz.,  that  indicated 
by  the  relation  given  by  n=  1,  or 

2KC104-02  =  2KC103, 
=  88*46  per  cent.    - 

A  comparison  of  theory  with  experiment  can  be  made  on 
a  basis  similar  to  that  previously  taken,  viz.  : — 


rx 


0, 


t-1 


or 


KC1~ 

•42867  r  = 


2/1-1' 
n  —  1 


2«-l' 
When  n  =■  QA ,  the  equation  reduces  to 

KCIO4-2O2  =  KCl. 

Table  II. 


Number  of 

Oxygen, 

Chloride, 

r. 

n. 

Authority. 

Experiment. 

per  cent. 

per  cent. 

L 

3-10 

2-97 

•[)5806 

3-2992 

Teed. 

>> 

4-47 

4-41 

-98r)58 

3-7430 

,, 

3. 

7-30 

7-82 

1-0712 

6-6275 

,, 

4. 

35-21 

40-33 

1-1454 

28-278 

,, 

5. 

6-34 

*  6-7148 

10591 

5-9348 

Frankland  &  Dingwall. 

0. 

7-80 

*  8-2600 

1-0590 

5-9300 

,j 

7. 

24-05 

*27-145 

1-1287 

15-970 

" 

In  this  case  r  cannot  be  equal  to  n.  As  regards  the  pro- 
portion of  chlorate  formed,  it  has  been  stated  by  all  three 
investigators  that  this  diminishes  as  the  reaction  proceeds. 
Frankland  and  Dingwall  have  made  actual  determinations  of 
itsiunount.  In  order  to  compare  this  part  of  their  work  with 
theory,  I  have  taken  their  experimental  ratio  />  of  chloride 
to  chlorate,  and  calculated  it  I'rom   the  estimations,  made  in 

*  Recalculations. 
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Table  II.,  of  the   corresponding  values   of  n.     The  relation 
required  for  this  purpose  is 

KCIO,       n-1 


or 


KUl  2 

4-2860  p  =  n. 

Table  III. 


Number  of 
Experiment. 

P- 

(Chloride 

-f- chlorate.) 

p  calc. 

n. 

5. 
6. 

7. 

1-5630 
1-5781 
6-8442 

1-3847 
1-3S36 
3-7261 

5-9348 
5-9300 
15-970 

There  is  a  fair  agreement  in  comparisons  5  and  6.  The 
discrepancy  in  7  arises  in  great  part  from  the  fact  that  the 
form  of  the  function  renders  it  difficult  to  deduce  accurately 
such  high  values  of  n  as  15'970  from  experiments  of  not 
exceptional  accuracy.  If,  for  example^  n  =  30,  ?•=  1-1275, 
which  differs  very  little  indeed  from  r  =  l'1287,  when  ?i  = 
15*970  r.  It  is  probable  also  that  the  chlorate  (never  actuallj^ 
exceeding  more  than  about  4  per  cent,  of  the  perchlorate) 
was  decidedly  underestimated.  Additional  experiments  on 
this  subject  are  much  to  be  desired. 

Equal  Weight  Relations. 

It  is  usual  in  chemical  change  for  a  critical  relation  to  be 
established  when  certain  of  the  reagents  are  present  in  equal 
weights.  Thus,  in  the  chlorate  reaction,  if  the  ratio  of 
chloride  to  oxygen  be  that  of  equality  in  weight,  r  =  l;  and 
the  equation 

•42867  r=^ 
n  —  2 

then  gives  n= '24970. 

Similarly,  in  the  case  of  the  perchlorate,  where 

n-1 


•42867  r= 


2n-l' 


if  r  =  l,  w  =  4-0048 — i.e.  the  reciprocal  of  the  previous  value 
of  n.  It  appears  then  that,  subject  to  the  condition  indi- 
cated, the  reaction  whereby  perchlorate  is  decomposed  is  the 
exact  inverse  of  the  chlorate  reaction. 


[     379     ] 

XLIII.  Reph/  to  Prof.  Willielm  Ostwald's  criticism  on  my 
imper  "  Un  the  Cheuiical  Combination  of  Gases." 

To  the  Editors  of  the  Philosophical  Magazine  and  Journal. 
Gentlemen, 

PROFESSOR   WILHELM    OSTWALD,  in  a  work  en- 
titled   LehrhncJi    der    Allgemeinen     Cliemie    {Vm\.    ii. 
p.  745),  has  criticised  my  paper  on  the  Chemical  Combina- 
tion of  Grases  published  in  the  Philosophical  Magazine,  Octo- 
ber 1884,  in  which  I  applied  the  Williamson-Clausins  theory 
of  dissociation  to  the  solution  of  several  problems  in  the  theory 
of  the  combination  of  gases.     I  wish  in  this  letter  to  answer 
this  criticism,  and,  in  order  to  make  my  meaning  clear,  I 
must  recapitulate  one  part  of  the  paper.     According  to  the 
Williamson-CIausiiis  hypothesis,  the  molecules  of  a  gas  are 
continually  splitting  up   into  atoms,  so  that  the  atoms  are 
continually  changing  partners.     I  defined  the  "  paired  "  time 
of  an  atom  to  be  the  average  time  an  atom  remained  in  part- 
nership with  another  atom,  and  the  "  free  time  '"*  the  average 
time  which  elapses  between  the  termination  of  one  partner- 
ship and  the  beginning  of  the  next.     Now  the  free  time  will 
evidently  depend  upon  the  number  of  free  atoms  in  the  unit 
volume,  for  before  an  atom  can  be  paired  again,  it  must  come 
into  collision  with  another  atom  ;  and  though  it  need  not  get 
paired  at  the  first  collision,  yet  it  is  evident  that  the  time  it 
remains  "  free  '^  will  be  proportional  to  the  time  between  two 
collisions,  and,  therefore,  inversely  proportional  to  the  number 
of  free  atoms  in  unit  volume.     But  after  the  atom  has  got 
paired  Avith  another,  there  is  no  reason  why  the  time  they 
remain  together  should  depend  upon  the  number  of  molecules, 
unless  we  assume  that  the  atoms  are  knocked  apart  by  colli- 
sion with  other  molecules. 

As  one  of  my  reasons  for  undertaking  the  investigation 
was,  that  an  eminent  spectroscopist  had  mentioned  to  me  that 
there  was  spectroscopic  evidence  to  show  that  the  molecules 
got  split  up  independently  ot  the  collisions,  and  as  I  wished 
to  see  if  I  could  get  any  evidence  of  this  from  the  phenomena 
of  dissociation,  it  would  have  been  absurd  on  my  part  to  beg 
the  question  by  assuming  that  the  paired  time  was  inversely 
pro})ortional  to  the  number  of  atoms.  I  therefore  made  no 
supposition  as  to  the  dependence  of  the  paired  time  on  the 
number  of  atoms,  except  when  the  dissociation  was  produced 
by  an  external  agency,  such  as  the  electric  discharge,  but  left  it 
to  be  determined  from  tlie  experiments. 

The  above  reasoning  seems  to  me  to  be  clear  enough,  but 
as  it  is  substantially  the  same  as  that  in  my  pa[)er,  and  Prof. 
Ostwald  says  it  is  difficult  to  conceive  how  it  is  that  I  have 
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not  noticed  that  the  paired  time  is  inversely  proportional  to 
the  number  of  atoms,  I  must  endeavour  to  find  some  way  of 
explaining  myself  which  shall  not  entail  the  necessity  of  form- 
ing any  abstract  conceptions.  Let  us  then  illustrate  the 
pairing  of  a  molecule  by  the  act  of  getting  into  a  cab,  and  a 
gas  by  a  number  of  men  and  cabs,  the  men  riding  about  in  the 
cabs,  getting  out. and  after  walking  about  for  a  time  getting  into 
a  cab  again.  To  fix  our  ideas,  let  us  sup{)Ose  that  after  leaving 
a  cab,  each  man  gets  into  the  sixth  cab  he  meets.  Then  it  is 
evident  that  the  time  he  spends  on  foot  (his  "  free  time '') 
will  depend  upon  the  number  of  cabs,  the  more  cabs  the 
shorter  the  time  ;  and  if  the  cabs  are  evenly  distributed,  his 
"  free  time  '^  will  be  inversely  proportional  to  the  number  of 
cabs.  But  after  getting  into  a  cab,  unless  he  is  upset  by  a 
collision  with  another  cab,  there  is  no  reason  why  the  time 
he  stays  in  his  cab  should  depend  upon  the  number  of  cabs. 
Prof.  Ostwald's  remark,  when  applied  to  this  case,  is — it 
is  difficult  to  conceive  how  it  is  that  I  have  not  noticed  that 
the  only  way  of  getting  out  of  a  cab  is  to  wait  until  one  is 
shot  out  by  the  collision  of  one's  own  cab  with  another.  But 
difficult  as  the  conception  is.  Prof.  Ostwald  is  equal  to  it,  for 
in  a  footnote  he  suggests  that  the  reason  is  that  I  knew 
what  the  result  ought  to  be,  and  so  "  cooked  ■"  my  equations 
accordingly.  Now  I  should  not  have  thought  it  worth  while 
to  reply  to  criticism  of  this  order  had  it  not  been  that  the 
subject  of  the  application  of  mathematics  to  chemistry  is  only 
dealt  with  in  a  few  text-books,  so  that  it  is  important  to  point 
out  any  misrepresentations  and  misstatements  in  those  which 
profess  to  explain  this  subject.  The  amusing  part  of  Prof. 
Ostwald''s  criticism  is  that  Avhen,  after  his  tirade,  he  attempts 
to  obtain  one  of  my  equations,  he  implicity  assumes  that  the 
molecules  are  not  split  up  by  the  collisions,  for  he  assumes 
that  the  number  of  molecules  split  up  in  a  given  time  is  pro- 
portional to  the  average  number  of  molecules.  Now,  if  we 
refer  to  the  illustraticm  of  the  cabs,  it  will  be  evident  at  once 
that  this  is  equivalent  to  assuming  that  the  collisions  have 
nothing  to  do  with  the  breaking-up  of  the  molecules,  for  if 
the  men  were  shot  out  of  their  cabs  by  collisions  with  cabs 
with  men  inside,  the  number  leaving  their  cabs  in  any  time 
would  be  increased  fourfold  if  the  number  of  men  in  cabs 
were  doubled,  for  the  number  of  men  in  cabs  would  be 
doubled,  and  the  average  time  they  spend  in  the  cabs  would 
be  halved. 

It  may  illustrate  the  care  with  which  the  book  has  been 
written,  and  the  reliance  to  be  placed  on  its  contents,  if  I 
mention  that  within  about  half  a  page  Prof.  Ostwald  makes 
three  misstatements.     He  says  that  an  equation  he  obtains  by 
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a  process  of  his  own  is  the  same  as  one  of  mine,  though  it  is 
not ;  he  says  that  I  sometimes  suppose  the  free  time  to  be 
constant,  and  sometimes  to  depend  on  the  number  of  atoms, 
when  I  do  not ;  and,  lastly,  that  1  have  not  stated  what 
meaning  I  attach  to  t,  when  on  page  238,  line  44,  I  have 
defined  it  to  be  the  free  time  multiplied  by  the  number  of  atoms. 
I  am,  Gentlemen, 

Your  obedient  servant. 
Trinity  College,  Cambridge,  J.  J.  THOMSON. 

Feb.  14,  1887. 


XLIV.  Intelligence  and  Miscellaneous  Articles. 

ON  CERTAIN  MODIFICATIONS  OF  A  FORM  OF  SPHERICAL 

INTEGRATOR, 
To  the  Editors  of  the  Philosojphical  Magazine  and  Journal. 

GrENTLEMEN, 

T  HAD  occasion  recently  to  read  in  the  Philosophical  Magazine 
-*-  (August  1886)  the  very  interesting  description  of  a  "  Spherical 
Integrator,"  designed  by  Mr.  Frederick  John  Smith,  and  which 
appears  to  be  a  modification  of  that  of  Prof.  Hele  Shaw.  But  the 
first  conception  of  these  apparatus,  and  it  is  to  this  that  I  wish  to 
call  your  attention,  belongs  without  doubt  to  me,  as  in  Xo.  630  of 
*  Kature"  (Nov.  24,  1881)  I  gave  a  description  of  an  "Anemometer 
Integrator"  founded  on  the  same  principle,  and  which  was  after- 
wards mentioned  in  the  Quarterly  Journal  of  the  Eoyal  Meteoro- 
logical Society,  No.  43(1882),  by  Mr  Laughton  ("Historical  Sketch 
of  Anemometry  and  Anemometers  ''). 

The  modilicatiou  designed  by  Mr.  P.  J.  Smith  tending  to  do 
away  with  or  lessen,  as  much  as  possible,  the  moment  of  inertia  of 
the  sphere,  appears  to  me  excellent,  especiall}'  if  it  is  to  transmit 
velocities  of  small  magnitude.  But  when  it  is  simply  required  to 
register  that  of  the  wind  ujjon  a  moderate  scale,  I  believe  that  the 
primitive  form  suffices  ;  and  after  se\ eral  trials  \^hich  I  have  made, 
an  ivory  ball  rolling  on  bronze  cybndersis  that  which  gives  the  best 
results. 

I  beg,  Gentlemen,  that  you  will  allow  this  claim  of  priority  to 
appear  in  your  valuable  Journal,  and  also  that  you  will  accept  my 
most  sincere  thanks  and  the  assurance  of  my  marked  regard. 

Madrid  Observatory,  March  12,  1887.  V.  Ventosa. 


ON  THE  STRENGTH  OF  THE  TERRESTRIAL  MAGNETIC  FIELD 
IN  BUILDINGS.       BY  M.   AIME  WITZ. 

In  consequence  of  the  removal  of  my  laboratory  to  a  new 
building  in  which  the  joists  and  framework  are  of  iron,  I  have 
been  led  to  determine  exactly  the  values  of  the  horizontal  com- 
ponent in  the  various  rooms  used  for  Physics,  with  a  view  to 
certain    researclics  which    I    have    underlaken.     I    have  observed 
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astonishing  discrepancies  ;  and  I  tliink  it  useful  to  draw  the  attention 
of  physicists  to  this  subject,  which  has  been  but  little  studied. 

A  simple  method  of  measuring  the  horizontal  intensity  consists 
in  passin<i[  a  constant  current  through  a  circuit  containing  a  weight 
voltameter,  and  a  tangent-galvanometer.  By  determining  the 
absolute  strength  of  the  current  on  the  one  hand  by  the  results  of 
electrolysis,  and  on  the  other  by  the  deflection  of  a  compass- 
needle,  and  equating  these  two  values,  we  can  get  the  value  of  T  at 
the  spot  where  the  galvanometer  was  placed.  This  method  was 
of  sutficient  exactitude  for  the  work  of  comparison  in  which  I  was 
engaged. 

A  Poggendorff's  batteiy  may  be  used  ;  this  is  a  very  constant 
source  when  the  chromic  liquid  is  strongly  acid,  and  the  external 
resistance  is  great.  As  an  electrolyte  I  took  a  10  per  cent, 
solution  of  pure  copper  sulphate  ;  the  copper  electrodes  at  a 
distance  of  about  30  mm.  had  12  square  centimetres  immersed  ; 
from  this  resulted  a  favourable  density  of  current,  and  therefore  a 
beautiful  deposit  of  metal  vihich  was  continuous  and  perfectly 
adherent.  The  loss  of  the  soluble  electrode  was  alvA'ays  equal  to 
within  5  mgr.  to  the  gain  of  the  negative  electrode.  The  intensity 
of  the  current,  which  was  about  i  of  an  ampere,  v.as  determined  to 
within  TT-fiVo  of  an  ampere  ;  it  was  assumed  that  1190  mgr.  was 
deposited  per  ampere-hour.  Two  good  tangent-galvanometers 
were  used  simultaneously  ;  their  constants  are  as  follow  s  : — 

Length  Mean        Number 

Galva-  , * ^  radius.  of  ■^- 

nometer.  of  needle        of  wire  E..  windings.  'Jttm 

mm.  mm.  cm. 

A  . . . .  15  1258         16-68  12  0-221 

B  ....         20  1114         16-12  11  0-233 

The  needles  are  suspended  to  a  cocoon-thread  ;  the  long  pointers 
of  aluminum  enable  us  to  read  j\j-  of  a  degree.  The  relative 
dimensions  of  the  needles  and  of  the  frames  are  in  these  two 
instruments  in  such  a  ratio,  that  we  may  dispense  with  the  use  of 
the  term  of  correction,  which  I  have  considered  proportional  to  the 
tangent  of  the  deflection  c. 

The  manipulation  was  very  simple ;  the  element  having  been 
shortcircuited  for  a  few  miinites,  the  current  was  passed  for  an 
hour  through  the  voltameter  and  the  galvanometer.  Two  double 
readiugs  were  made  after  five  and  twenty-five  minutes  ;  the  current 
being  reversed  in  the  galvanometer  after  thirty-five  and  fifty-five 
minutes.  The  mean  of  these  eight  readings  gives  the  value  of  the 
mean  deflection  of  the  needle  in  the  course  of  the  operation.  It 
remained  to  weigh  the  electrodes,  and  to  take  the  mean  j>  of  the 
loss  and  gain  of  the  plates  in  milligrammes.     The  formula 

l^^--^T  =  fan^^ 
10  1190  ~  2-ira 

leads  to  the  value  of  T  in  C.G.S.  units;  and  the  same  operations 
repeated   in   various   places   enable   us  to   discover   considerable 
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variations  o£  the  liorizontal  compoiieat  in  a  building  where  much 
iron  has  been  used  in  the  construction. 

The  following  are  the  details  of  an.  experiment ;  they  enable  us 
to  judge  of  the  value  of  the  method,  and  the  agreement  of  the 
observations.  This  experiment  was  made  on  the  13th  April  1886, 
at  La  Solitude  in  the  suburbs  of  Lille,  in  the  centre  of  an  open 
space  of  several  acres,  and  at  a  distance  from  any  buildings  and 
from  water-  or  gas-pipes. 

Deflections  of  the  Galvanometer. 

Eight.  Left. 

Time.  ^ * v  " * v 

h    m  o  o  o  o 

4   0 0 

4  5 33-75         34-15 

4  25   ....   33-25         33-50 

4  35 . .  33-85        33-50 

4  55 . .  33-40        33-00 

General  Mean  33°-55=33°-33. 

Observations  of  the  Voltameter. 

mgr. 

Loss  of  the  Soluble  Electrode 360 

Gain  of  the  Negative  Electrode   355 

Mean 357-5 

1  357-5 
10  TI90  =^'233  T  tan  33-33. 

T  =  0-187. 

This  value  of  T  will  serve  as  a  point  of  comparison ;  it  is  less 
than  the  value  observed  at  Paris  on  the  1st  January  1886,  as  was 
to  be  expected  from  the  position  of  Lille.  We  consider  it  exact  to 
witbin  3  or  4  thousandths  ;  in  fact  an  observation  made  after  the 
first  gave  0-185,  and  a  great  many  experiments  made  in  the 
laboratory  showed  that  the  result  of  an  experiment  never  differs 
by  more  than  yxuTir  ^^'oi^i  the  mean  of  a  mouth  of  investigations. 

The  table  given  below  gives  the  value  of  T  obtained  in  various 
parts  of  our  establishment. 

Place.  Date.  T. 

La  Solitude  near  Lille    April  13  0-186 

Lesquin  near  Lille „        4  0-191 

Outer  court  of  the  Faculty     „        1  0-183 

Inner  court  of  the  Faculty     May  21  0-190 

Professor's  Room    „     31  0-152 

Physical  Cabinet Mar.  23  0-134 

ILillA „    29  0-133 

Hall  B „     30  0-114 

Vaulted  Hall July  21  0-194 

It  follows  from  those  rcs(>arches  that  T  may  be  reduced  by  40  or 
50  per  cent,  in  a  building  made  of  iron  ;  heiu'e  the  same  current 
will   give  in  the   same    iralvanometer  a  deflectioji  of   33°  to  45° 
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according  to  its  position.  It  will  thus  be  seen  that  the  calibration 
of  instruments  of  this  kind  must  not  be  forgotten  when  they  are 
moved  from  one  place  to  another. — Journal  de  Physique,  Jan.  1887. 


ON  METALLIC  LAYERS  WHICH  EESULT  FROM  THE  VOLATILIZA- 
TION OF  A  KATHODE.      BY  BERNHARD  DESSAU. 

The  results  of  the  present  investigation  may  be  summed  up  as 
follows : — 

By  appropriate  electrical  discharge  in  highly  rarefied  spaces,  the 
metal  which  acts  as  kathode  is  volatilized  and  settles  on  a  glass  plate 
as  a  reflecting  layer  or  mirror.  If  the  oxygen  has  not  been  most 
carefully  removed,  all  metals  seem  to  undergo  oxidation  under  these 
circumstances.  There  is  perhaps  in  all  cases  a  combination  with 
the  traces  of  residual  gas  (hydrogen  or  nitrogen),  yet  the  mirrors 
obtained  in  hydrogen  are  not  materially  different  from  those  of  pure 
metals.  With  suitable  arrangement  of  the  electrodes  the  layer  of 
metal  is  obtained  as  a  flat  cone  ;  and  when  viewed  in  reflected  light, 
under  as  acute  an  angle  as  possible,  coloured  interference-rings  are 
obtained,  which  prove  the  presence  of  a  dispersion  in  the  metals.  It 
may  be  concluded  with  some  certainty  that  this  dispersion  is  normal 
in  platinum,  iron,  nickel,  and  silver,  and  abnormal  with  gold  and 
copper.  The  layer  directly  produced  by  the  discharge,  whether  it 
be  metal  or  oxide,  is  always  double  refracting,  probably  in  conse- 
quence of  an  electrical  repulsion  bet\\  een  the  particles  expelled,  and 
the  regular  stratification  thereby  produced ;  in  the  metals  the  ray 
which  vibrates  taugentially  is  accelerated  in  respect  of  the  others. 
In  the  metals  the  cross  of  double  refraction  was  also  observed  in 
reflected  light,  and  in  reflection  from  the  metal  side  the  action 
was  the  reverse,  and  from  the  glass  side  the  same  as  in  transmitted 
light.  Double  refraction  disa])pears  on  oxidation  of  the  double- 
refracting  metals,  as  w^ell  as  by  reduction  of  the  layers  of  oxide, 
while  heating  without  any  chemical  change  has  no  effect. — Wiede- 
mann's Annalen,  No.  11,  1886. 


ON  THE  PASSAGE  OF  THE  ELECTRIC  CURRENT  THROUGH  AIR 
UNDER  ORDINARY  CIRCUMSTANCES.      BY  J.  BORGMANN. 

One  end  of  the  coil  of  a  Wiedemann's  galvanometer  is  connected 
with  the  earth,  and  the  other  \\\i\\  a  platinum  wire,  which  is  placed 
in  the  flame  of  an  insulated  spirit-lamp.  At  a  distance  of  1|^  metre 
from  this  lamp  is  an  ordinary  Bunsen  burner,  which  is  coimected 
with  a  conductor  of  the  Holtz  machine  ;  the  other  conductor  is  put 
to  earth. 

When  the  lamp  is  lighted  the  galvanometer  indicates  no  current ; 
but  when  the  disk  is  rotated  a  distinct  current  at  once  appears  in 
the  galvanometer,  and  the  deflection  of  the  needle  does  not  alter  so 
long  as  the  machine  works  at  a  uniform  rate.  If  the  Bunsen 
burner  is  connected  with  the  other  conductor  of  the  machine,  a 
current  in  the  opposite  direction  is  at  once  set  up. — BeibVdtter  der 
Physil;  January  1887. 
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XLV.  On  the  Expansion  of  Salt- Solutions.  By  W.  W.  J. 
NiCOL,  M.A.,  B.Sc,  F.R.S.E.,  Lecturer  on  Chemistry, 
Mason  College,  Birminghain* . 

[Plates  V.  &  VI.] 

THIS  is  a  subject  which  has  at  no  time  attracted  much 
attention.  With  the  exception  of  the  experiments  of 
Bischoff,  Muncke,  Despretz  f,  and  Rosetti  %,  which  deal 
with  special  cases,  such  as  the  expansion  of  sea-water,  we  are 
indebted  to  Gerlach  §  and  Kremers  ||  for  the  whole  of  our 
knowledge  of  the  subject  ;  and  this  may  be  summed  up  as 
follows  : — 

1.  The  rate  of  expansion  of  a  salt-solution  is  the  more 
uniform  the  more  concentrated  the  solution.  Thus,  while  the 
line  representing  the  volume  of  pure  water  at  various  tempe- 
ratures is  very  pronounced  in  curvature,  the  lines  correspond- 
ing to  the  volumes  of  various  solutions  of  a  salt  a])proximate 
more  and  more  to  a  straight  line  the  stronger  the  solution 
(Gerlach,  loc.  cit.\ 

2.  As  a  consequence  of  the  above  it  follows  that  salt-solu- 
tions expand  faster  than  water  at  low  temperatures  ;  but  that 
at  high  temperatures,  on  the  other  hand,  the  rate  of  expansion 
is  less  than  that  of  water. 

*  Communicated  by  tlie  Author. 

t  PofTg-  Ann.  xli.  p.  58. 

X  Ann.  de  Chim.  et  Phys.  (4)  xvii.  p.  370  (1869\ 

§  Spec.  Geio.  der  Salzliisungen.     Freiberg,  1859. 

II  Pogg.  Ann.  vols,  c.-cxx.  (1857-62). 

Phil.  Mag.  S.  5.  Vol.  23.  No.  144.  Mag  1 887.         2  D 
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3.  So  markedly  is  this  the  case  that  at  or  below  100°  C. 
the  difference  between  the  volumes  of  water  and  of  a  salt- 
solution  of  the  same  volume  at  0°  C.  actually  changes  its  sign 
in  many  cases. 

4.  It  is  therefore  possible  in  the  case  of  every  salt-solution 
to  find  a  temperature  at  which  its  coefficient  of  expansion  is 
the  same  as  that  of  water  at  that  temperature.  According  to 
de  Heen  *  this  temperature  is  dependent  only  on  the  nature 
of  the  salt,  and  is  the  same  whatever  be  the  strength  of  the 
solution.  Kremersf,  on  the  contrary,  holds  that  this  last  has 
some  slight  influence. 

5.  No  connexion  can  be  traced  between  the  expansion  of 
a  salt  in  the  solid  state  and  that  of  its  solution  (Gerlach,  loc. 
cit). 

In  the  course  of  experiments  on  the  nature  of  solution  it 
appeared  to  me  probable  that  there  exists  a  connexion  be- 
tween the  increase  of  solubility  with  rise  of  temperatui-e  and 
the  rate  of  expansion  of  solutions  of  the  salts.  With  the 
object  of  ascertaining  whether  or  not  such  a  connexion  exists 
I  made  a  series  of  experiments  on  the  subject ;  for  I  found 
that  the  results  obtained  by  previous  experimenters  either 
were  not  numerous  enough  or  required  confirmation.  While 
in  all  cases  they  were  not  suited  for  my  purpose,  owing  to 
the  solutions  experimented  with  being  of  percentage  com- 
position, and  thus  requiring  recalculation  into  terms  of  mole- 
cules of  salt  per  100  HoO.  Even  when  this  was  done  the 
differences  in  the  strengths  of  the  various  solutions  were  so 
irregular  that  any  conclusions  derivable  from  the  results  were 
extremely  unsatisfiictory. 

The  present  paper  contains  the  results  of  expei'iments  on 
solutions  of  the  four  salts  NaCl,  KCl,  NaNOs,  and  KNO3,  at 
temperatures  between  20"  C.  and  80°  C.  The  solutions  were 
as  nearly  as  possible  molecular,  and  differed  from  one  another 
in  the  case  of  each  salt  by  two  molecules  of  salt ;  for  the 
reasons  given  below,  it  will  be  seen  that  it  is  almost  impossible 
to  use  solutions  of  the  precise  composition  aimed  at.  Still 
the  error  thus  introduced  is  practically  eliminated  by  the 
method  of  calculation  employed. 

In  the  determination  of  the  expansion  of  a  liquid  two 
general  methods  are  available,  each  presenting  certain  points 
of  advantage  over  the  other.  I  finally  decided  to  employ  the 
dilatometric  in  preference  to  the  pycnometric  method  ;  and  I 
had  the  less  hesitation  in  doing  so,  as  I  found  it  possible  to 

*  Physique  Comparee.     Bruxelles,  1883,  p.  76. 
t  Pogg.  Ann.  cvi.  p.  382  (1858). 
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construct  a  constant-temperature  bath,  which  removed  all  the 
difficulties  and  inaccuracies  attending  the  use  of  long  tubes. 

As  I  wished,  so  far  as  possible,  to  experiment  with  solu- 
tions of  definite  molecular  composition,  and  at  the  same  time 
to  avoid  the  multiplication  of  calibration  and  other  corrections, 
it  was  not  possible  to  employ  dilatometers  with  tubes  suf- 
ficiently large  in  internal  diameter  to  permit  of  the  introduc- 
tion of  the  solution  through  the  graduated  tube.  I  therefore 
modified  the  form  of  dilatometer  devised  by  Kremers  {loc.  cit.), 
so  that  it  presented  the  appearance  shown  in  PI.  V.  fig.  1.  The 
bulb  A  is  furnished  with  a  tube  at  either  end.  One  of  these, 
B,  is  short  and  bent  round  parallel  with  the  side  of  the 
bulb  ;  it  is  about  3  millim.  external  and  1  millim.  internal  dia- 
meter, but  at  the  free  end  is  thickened  and  narrowed  to  about 
0*2  millim.  A  shoulder  is  formed  about  20  millim.  from  the 
free  end,  by  which  the  closing  apparatus  is  attached.  The 
measuring-tube,  C,  is  about  700  millim.  long,  and  is  divided 
into  millimetres  from  —10  millim.  to  600  millim.  The  gra- 
duated tubes  were  obtained  from  Geissler,  of  Bonn,  and  after 
calibration  were  sealed  on  to  bulbs  of  suitable  capacity. 
The  dilatometer  is  filled  through  the  short  tube,  the  end  of 
which  is  flat,  and  is  closed  by  an  indiarubber  pad  screwed 
down  by  the  clamp  shown  in  fig.  2. 

The  calibration  of  the  tubes  was  performed  as  follows: — 
A  short  thread  of  mercury  was  passed  through  the  tube 
and  measured  at  every  20  millim.  It  was  found  that  the 
bore  was  extremely  uniform  in  all  the  tubes,  no  abrupt  change 
being  perceptible.  As  the  tubes  were  so  long  and  so  uniform,  it 
was  considered  unnecessary  to  do  more  than  calibrate  them 
for  more  than  every  100  millim.  Thus,  in  the  case  of  one 
of  the  dilatometers  Dy,  a  thread  of  mercury  had  the  following 
lengths  at  various  parts  of  the  tube  : — 


At      0  ] 

millim. 

length 

was 

110    millim 

100 

111         „ 

200 

111          „ 

300 

111 

400 

111-5      „ 

500 

110        „ 

Mean  value  110-7. 

The  mean  value  in  grammes  of  mercury  of  each  millimetre 
was  obtained  by  weighing  the  mercury  required  to  fill  nearly 
the  whole  of  the  graduated  ])art  of  the  tube.  In  the  case 
above  594  millim.  contained  2-723  grm.  mercury,  or  1  millim. 
contained  0-00459  grm. 

2  D  2 
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From  the  data  thus  ohtained  the  bulbs  were  proportioned 
to  each  tube,  so  that  the  value  of  each  milHm.  in  terms  of  the 
total  capacity  of  the  bulb  should  lie  between  0"00004  and 
0'00006.  When  the  bulbs  had  been  sealed  on,  the  dilato- 
meters  were  filled  with  mercury  at  20°  C.  up  to  the  zero 
mark  on  the  stem,  and  the  weight  of  the  mercury  was  deter- 
mined. In  the  case  above  this  was  79*93  grm.  Thus  the 
mean  value  of  1  millim.  of  the  stem  was  5'74,  that  of  the  bulb 
and  stem  up  to  the  zero  being  100,000.  This  was  then  cor- 
rected according  to  the  calibration  results  for  every  100  millim., 
giving  : — 

0-100  =  5-778  300-400  =  5-713 

100-200  =  5-713  400-500  =  5-701 

200-300  =  5-718  500-600  =  5-778. 

The  coefficient  of  expansion  of  the  glass  was  determined  in 
each  case  by  both  mercury  and  water.  With  the  above  dila- 
tometer  the  apparent  expansion  of  mercury  between  20°  C. 
and  78°-8  C.  was  found  to  be  100,914-6.  "  Calculated  from 
Landolt^s  tables  the  true  volume  is  101,069,  difference  154-4. 
The  volume  of  water  was  102,483-8,  calculated  102,637*8, 
difference  154-0,  giving  coefficient  for  glass  =  0'00002-62. 

Of  the  various  dilatometers  thus  made  only  three  were  used 
in  the  following  experiments.  In  these  the  mean  value  of 
1  millim.  of  the  stem  was  Di  =  4-81,  Div  =  5-51,  Dv  =  5-74. 

The  thermometers  employed  were  two  by  Geissler  and  two 
by  i^egretti  and  Zambra.  These  last  were  verified  at  Kew. 
Those  by  Geissler  were  from  20°-60°  C,  and  from  40°-100°  C, 
and  were  divided  into  lOths  ;  one  of  the  others  was  from 
_10°-40°  C,  also  in  J^ths,  and  the  fourth  from  -10°-110°  C, 
divided  into  half  degrees  (a  very  open  scale).  These  were 
carefully  compared  together  and  corrected  at  20°,  45°-46°, 
50°-51°,  56^-57°,  61°-62°,  67^-68°,  72°-73°,  and  78=-80°- 
the  temperatures  at  which  determinations  were  to  be  made. 
The  comparisons  Avere  made  in  two  constant-temperature 
baths,  one  at  20°  C,  the  other  being  the  one  employed  for 
heating  the  dilatometers. 

The  constancy  of  temperature  was  in  this  last  case  obtained 
by  means  of  the  vapour  of  a  liquid  boiling  under  a  constant 
pressure  variable  at  will.  The  liquid  in  this  case  was  a  mixture 
of  alcohol  and  water  boiling  at  about  ^'2°  at  760  millim.  The 
apparatus  consists  of  two  parts,  the  dilatometer-bath  with  boiler 
and  condenser,  and  the  pressure-regulator. 

The  bath  is  shown  in  fig.  3.  It  consists  of  two  glass  tubes, 
one  within  the  other,  diameters  65  and  45  millim.,  and  re- 
spective lengths  900  and  700  millim.  The  longer  and  wider 
of  the  tubes  is  drawn  out  at   one   end  to   about   15   millim. 
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diameter  ;  the  shorter  tube  is  closed  and  rounded  at  the  lower 
end.  A  brass  cap,  firmly  cemented  on  to  the  wide  end  of  the 
outer  tube,  carries  the  side  tube  bent  at  right  angles,  by  which 
comnmnication  is  made  with  the  Y-shaped  condenser.  The 
inner  tube  is  secured  air-tight  in  the  cap  by  an  indiarubber 
cork,  the  lower  end  being  kept  in  the  centre  of  the  outer  tube 
by  a  ring  with  three  projecting  arms.  The  free  upper  end 
of  the  Y-condenser  communicates  with  the  pressure-regulator, 
a  WoulfF's  bottle  being  interposed  to  retain  any  liquid  boil- 
ing over.  The  lower  end  of  the  Y  passes  to  the  bottom  of  the 
boiler,  which  is  a  stout  copper  cylinder  150  millim.  high  and 
120  millim.  in  diameter,  and  stands  on  a  solid  flame-burner. 

When  the  boiler  has  been  one  third  filled  with  alcohol,  the 
whole  apparatus  is  made  as  nearly  air-tight  as  possible,  and 
connected  with  the'  pressure-regulator.  The  inner  tube  is 
filled  with  water,  the  gas  is  lighted,  and  the  pressure  is  re- 
duced the  desired  amount.  The  vapour  of  the  boiling  alcohol 
passes  up  between  the  two  tubes,  entirely  surrounding  the 
inner  for  its  whole  length.  At  first  the  condensed  alcohol 
flows  back  into  the  boiler;  but  as  the  temperature  of  the  water 
in  the  inner  tube  rises,  the  alcohol  vapour  passes  into  the 
condenser  and  thus  back  to  the  boiler,  complete  condensation 
being  insured  by  the  second  limb  of  the  Y-tube. 

The  pressure-regulator  is  shown  at  fig.  4  :  it  is  based  partly 
on  that  proposed  by  Meyer,  and  partly  on  the  modification 
introduced  by  Stadel  and  Schummann  *.  It  consists  of  a 
firm  wooden  stand  some  900  millim.  high  by  200  millim. 
wide.  A  gauge,  standing  side  by  side  with  a  barometer  in  a 
trough  of  mercury  in  front  of  a  mirror-millimetre  scale,  is 
connected  with  a  tube  passing  across  the  stand  near  the  top, 
and  bent  down  as  shown  on  one  side,  ending  in  a  wide  closed 
cylinder.  The  tube  is  furnished  with  two  stopcocks,  the  upper 
to  establish  communication  with  the  air  when  desired,  tiie 
other  communicating  with  the  bath.  On  the  other  side  of  the 
gauge  there  is  a  T-pieee,  the  vertical  limb  of  which  passes 
through  the  stand,  while  the  horizontal  limb  leads  to  the 
"  cut-olf."  This  arrangement  is  shown  on  a  larger  scale  at 
the  side  A.  It  consists  of  a  narrow  tube  some  oOO  millim. 
long,  opening  at  the  top  into  the  wide  tube  furnished  with  a 
narrow  side  tube.  Into  the  upper  end  of  the  wide  tube  is 
fastened  air-tight  another  tuhe,  only  slightly  narrower  ;  it  is 
contracted  at  the  lower  end  to  a  small  orifice,  and  a  small 
hole  is  made  at  the  shoulder.  (The  delicacy  of  the  regulation 
depends  to  a  large  extent  upon  the  proper  "size  and  position 
of  this  opening.)  To  the  upper  end  of  this  tube,  which  is 
•   Zeitschrift  fi'ir  Imtrumentenkunde,  1882,  p.  391. 
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about  400  milHm.  long,  is  attached  a  narrow  tube  which 
passes  down  behind  the  stand  and  leads  to  the  pump,  a  small 
WoulfF^s  bottle  being  interposed  to  catch  any  mercury  which 
may  splash  over.  A  reservoir  of  mercury,  capable  of  being 
raised  and  lowered,  attached  to  the  lower  end,  makes  the  "  cut- 
off" complete. 

On  the  back  of  the  stand  is  pivoted  a  wooden  bar  about 
800  millim.  long,  and  capable  of  being  fixed  at  any  angle  by 
the  thumb-screw  passing  through  the  stand.  This  bar  carries 
a  tube  about  10  millim.  internal  diameter,  and  closed  at  one 
end  with  a  side  tube  about  20  millim.  from  the  other.  The 
tube  is  filled  to  a  depth  of  about  700  millim.  with  mercury, 
and  a  capillary  passing  through  the  cork  which  closes  the 
end  and  reaching  to  the  bottom  establishes  communication 
with  the  air  when  the  pressure  is  sufficient  to  overcome  that 
of  the  column  of  mercury  in  the  tube  (the  height  of  this 
column  being  determined  by  the  inclination  of  the  tube). 
Connexion  with  the  remainder  of  the  apparatus  is  made  by 
an  indiarubber  tube  attached  to  the  side  tube  and  to  the  end 
of  the  T-piece  which  passes  through  the  stand. 

The  pressure-regulator  is  used  as  follows  : — The  water- 
pump  is  set  in  action,  and  the  mercury-reservoir  being  lowered 
both  stopcocks  are  closed.  When  the  pressure  as  indicated 
by  the  gauge  is  about  that  which  is  required,  the  reservoir  is 
raised  till  the  mercury  just  reaches  the  end  of  the  "  cut-off,'^ 
and  a  screw-clip  on  the  tube  to  the  pump  is  closed  till  only  a 
few  bubbles  of  air  pass  the  "cut-off."  Then  the  tube  at  back 
of  stand  is  slowly  inclined  till  air  begins  to  bubble  through 
the  mercury.  The  clip  is  slightly  opened  ;  and  if  the  pressure 
be  too  great,  the  reservoir  is  lowered,  and  the  inclined  tube 
placed  more  upright.  With  a  little  care,  and  with  at  least 
50  iTiillim.  of  mercury  above  the  side  hole  of  the  "  cut-off," 
it  is  possible  even  with  very  variable  water-pressure  (provided 
the  pump  have  a  Bunsen  valve)  to  maintain  the  pressure  in 
the  apparatus  itself  constant  within  1  or  2  millim. ;  while  if 
an  air-reservoir  be  interposed  between  the  regulator  and  a 
separate  gauge,  the  pressure  in  this  last  can  be  kept  absolutely 
constant. 

With  this  regulator  I  succeeded  in  maintaining  a  constant 
temperature  in  the  dilatometer-bath  for  any  required  time  ; 
while  the  temperature  of  the  whole  column  of  water,  700 
millim.  long,  was  so  uniform,  that,  ivithoiit  stirring,  the  differ- 
ence between  the  top  and  bottom  did  not  exceed  0°*2  C.  The 
dilatometers  were  used  in  pairs  :  two  placed  side  by  side  in  a 
small  wire  cage  along  with  the  thermometers  being  lowered 
into  the  bath  to  within  50  millim.  of  the  bottom. 
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I  have  entered  thus  minutely  into  the  details  of  the  appa- 
ratus employed,  as  it  seems  to  me  that  it  supplies  the  means 
of  filling  up  the  gap  left  by  the  paper  of  Ramsay  and  Young* 
ou  the  attainment  of  constant  temperatures  by  the  employ- 
ment of  liquids  boiling  under  constant  pressures;  for  while  it  is 
easy  to  make  a  small  piece  of  apparatus  air-tight,  this  becomes 
well  nigh  impossible  when  the  apparatus  is  complicated,  and 
then  a  simple  and  efficacious  pressure-regulator  is  a  deside- 
ratum. 

The  solutions  with  which  the  experiments  were  carried  out 
were  prepared  by  weighing  definite  quantities  of  water,  and 
adding  the  amount  of  salt  necessary  to  make  a  solution  con- 
taining n  molecules  salt  per  100  molecules  of  water.  The 
solution  thus  prepared  was  placed  in  the  vessel  shown  in  fig.  5. 
This  was  exhausted  of  air,  placed  in  a  water-bath,  and  boiled 
for  ten  minutes.  The  vessel  was  then  quickly  cooled,  and  one 
portion  of  its  contents  was  transferred  to  the  dilatometer, 
another  to  a  Sj)rengel  tube,  in  which  its  density  was  deter- 
mined. The  solutions  were  thus  so  far  deprived  of  air  that 
no  bubbles  made  their  appearance  during  the  experiments. 
The  composition  of  the  solutions,  as  indicated  by  the  density, 
was  very  nearly  that  indicated  by  n  salt  IOOH2O.  A  slight 
error  was  unavoidable,  owing  to  the  necessity  for  expelling  the 
air. 

Before  giving  the  results  of  the  experiments  it  w^ill  be  well 
to  indicate  the  degree  of  accuracy  obtained.  A  solution  of 
fiNaCl  IOOH2O,  gave  in  two  distinct  experiments  the  results 
given  in  Table  I.    The  millimetre  divisions  on  the  dilatometer- 

Table  I. 


1 

Volume. 

t°. 

Tohime. 

0 
45-2 

101-099 

4°50 

101-093 

601 

101-339 

50-8 

101-370 

560 

101-626 

56-3 

101-640 

61-5 

101-903 

01-3 

101-893 

67-3 

10:!-217 

67-1 

102-211 

72-3 

102-488 

72-6 

102-502 

78-2 

102-823 

78-1 

102-828 

stems  were  read  roughly  to  tenths,  i.  e.  to  0*000005,  and  the 
temperature  to  0°'l.     The  degree   of  accuracy  aimed  at  was 

*  Journ.  Cliem.  Society,  I880. 
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±0'00005;  and  the  results  show  that  this  was  always  attained, 
and  in  most  cases  greatly  exceeded. 

It  was  found  that  a  simple  interpolation-formula  V=  100,000 
-i-t'a+t''^^,  where  <'=  (<°  — 20°),  satisfactorily  expressed  the 
experimental  results.  The  following  Table  gives  the  experi- 
mental and  calculated  results  for  the  18  solutions  examined. 
These  comprise  the  four  salts  KaCl,  KCl,  XaNOs,  and  KXO3, 
dissolved  in  water  in  molecular  proportions.  The  initial  tem- 
perature is  20°  C,  and  seven  other  determinations  were  made 
in  each  case.  The  constants  for  the  formulae  are  given  at  the 
foot  of  each  section  of  the  Table.  It  will  be  seen  that  out  of 
125  separate  determinations  between  45°  and  80^,  the  calcu- 
lated volume  differs  from  the  found  in  five  cases  only  by  more 
than  9  in  the  100,000  ;  while  the  sum  of  the  +  and^-  differ- 
ences is  (  +  212  — 230)= —18.  There  is,  therefore,  little  doubt 
that  the  formulfe  accurately  represent  the  experimental  re- 
sults, and  that  the  latter  are  correct  as  a  rule  to  within  +2  in 
100,000. 

The  next  point  to  be  examined  is  the  concentration  of  the 
solutions.  These  were,  as  stated,  made  of  definite  molecular 
composition,  but  the  expulsion  of  the  air  caused  a  change 
in  the  strength  which  is  necessarily  most  marked  in  the  strong 
solutions.  Table  III.  contains  the  observed  densities  at 
20°  C,  and  the  molecular  volumes  on  the  supposition  that 
the  solutions  were  of  the  strength  given  in  the  formula. 
While  in  the  last  column  of  the  Table  are  given  the  true 
molecular  volumes,  where  these  have  been  determined.  In 
other  cases  the  volumes  calculated  from  the  formula  given  in 


my  paper  on    saturation"^    are 
necessarily  only  approximate. 


inserted,   though  these  are 


Table  II. 


2  NaCl  100  H2O. 

4  NaCl  100  H2O. 

t 

Found. 

Calculated. 

A. 

t 

Found. 

Calculated.      A. 

i 

0 
20 

45-4 
50-4 
66-5 
61-7 
67-6 
72-5 
78-0 

100,000 
954 
1,188 
1,495 
1,758 
2,079 
2,364 
2,699 

100,000 
958 
1,188 
1,487 
1,752 
2.081 
2,366 
2,699 

-4 
0 
+8 
+6 
-2 
-2 
0 

0 
20 
45-7 
60-9 
56-5 
61-5 
67-6 
72-5 
78-8 

100,000 
1,059 
1,300 
1,582 
1,839 
2,168 
2,445 
2,812 

100,000 
1,0.74 
1,301 
1,-578 
1,837 
2,167 
2,443 
2,813 

+  5 
-1 
+4 
+2 
+1 
+2 
-1 

a  =30-86;  18= 0  2703. 

a=35-7;  i8= 0-2061.               | 

*  Phil.  Mag.  January  1886. 
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6  NaCl  100  H2O. 

8  NaCl  100  H2O. 

t 

Found. 

Calculated. 

A. 

t. 

Found. 

Calculated. 

A. 

0 
20 

100,000 

100,000 

0 
20 

100,000 

100,000 

451 

1,096 

1,095 

+  1 

451 

1,132 

1,134 

_2 

50-5 

1,355 

1,356 

-1 

50-5 

1,398 

1,398 

0 

56-2 

1,633 

1,640 

-7 

56-5 

1,690 

1,699 

--9 

61-4 

1,901 

1,909 

-8 

61-6 

1,953 

1,961 

-8 

67-2 

2,214 

2,211 

+3 

67-5 

2,271 

2,273 

_2 

72-5 

2,495 

2,510 

-15 

720 

2,518 

2,516 

+2 

78-1 

2,827 

2,827 

0 

78-0 

2,848 

2,848 

0 

a=39-8;  /3  =0-1522. 

a=42-22  ;  /3=0-1185. 

10  NaCl  100  H2O. 

KCl  100  H2O. 

20 

100,000 

100,000 

0 
20 

100,000 

100,000 

45-6 

1,178 

1,178 

0 

45-4 

870 

873 

-3 

509 

1,440 

1,440 

0 

60-5 

1,101 

1,100 

+  1 

56-3 

1,715 

1,712 

4-3 

562 

1,374 

1,374 

0 

61-7 

1,989 

1,985 

+4 

61-3 

1,639 

1,637 

+2 

67  1 

2,279 

2,275 

+4 

67  2 

1,965 

1,963 

+2 

72-3 

2,555 

2,554 

+  1 

72-4 

2,271 

2,268 

+  3 

78-2 

2,878 

2,877 

+  1 

78-5 

2,641 

2,649 

-8 

a=43-36;  i3=0-105. 

a=2604;  /3=0-3288. 

3  KCl  100  H2O. 

5  KCl  100  H2O. 

0 
20 

100,000 

100,000 

20 

100,000 

100,000 

45-r. 

958 

959 

-1 

45-6 

992 

994 

—  2 

50-3 

1,171 

1,173 

-2 

50-3 

1,205 

1,217 

-12 

56-5 

1,470 

1,472 

-2 

56-5 

1,513 

1,503 

+  10 

61-7 

1,737 

1,733 

+4 

610 

1,760 

1,759 

+  1 

f;7-4 

2,051 

2,045 

+6 

67-4 

2,063 

2,064 

-   1 

723 

2,323 

2,324 

-1 

72-3 

2,327 

2,332 

-  5 

78-2 

2,671 

2,674 

-3 

78-2 

2,664 

2,669 

-  5 

a =30-83;  j3 =0-2598. 

a=33-31;  /3=0-2157. 

7  KCl  100  H2O. 

2NaNO3l00H2O. 

0 
20 

100,000 

100,000 

0 
20 

100,000 

100,000 

45-7 

1,036 

1,035 

+  1 

45-6 

1,088 

1,086 

+  2 

5')-6 

1,251 

1,257 

-6 

60-4 

1,325 

1,329 

-  4 

5(v3 

1.528 

1,525 

+3 

561 

1,633 

1,633 

0 

61-(', 

1,782 

1,784 

-2 

61-6 

1,936 

1,946 

-10 

(■)7-3 

2,074 

2,072 

+2 

67-1 

2,277 

2,268 

+  y 

72-3 

2,335 

2,332 

+3 

72-2 

2,593 

2,586 

+  7 

78-5 

2,670 

2,668 

+2 

78-5 

2,999 

2,995 

+  4 

a=3rvl2;  /3=0-1624. 

a =35-64;  /3=0-266. 
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4  NaNOs  100  H2O. 

6  NaNOg  100  H2O. 

t 

Found. 

Calculated. 

A. 

t. 

Found. 

Calculated. 

A. 

20 

100,000 

100,000 

0 
20 

100,000 

100,000 

45-4 

1,175 

1,180, 

-5 

45-5 

1,333 

1,333 

0 

50-5 

1,457 

1,459 

—  2 

50-1 

1,597 

1,598 

-1 

56-2 

1,786 

1,782 

+4 

56-4 

1,970 

1,973 

-3 

GV3 

2,091 

2,08(> 

+  5 

61-2 

2,276 

2,267 

+9 

(i7-2 

2,455 

2,454 

+  1 

67-1 

2,6:59 

2,640 

-1 

724 

2,796 

2,795 

+  1 

72-3 

2,979 

2,980 

-1 

78-5 

3,191  ? 

3,208 

-17? 

78-5 

3,395 

3,396 

-1 

a  =39 -99;  /3  =  0-2545. 

a  =  47-87;  /3=0-174. 

8  NaNOs  100  R,0. 

10  NaNOs  100  H2O. 

o 

20 

100,000 

100,000 

0 
20 

100,000 

100,000 

45-5 

1,396 

1,395 

+1 

45-6 

1,435 

1,437 

—2 

501 

1,6()5 

1,667 

—  2 

50-7 

1,739 

1,742 

-3 

5G-4 

2,047 

2,050 

-3 

56-6 

2,102 

2,103 

-1 

61-2 

2,351 

2,3.50 

+  1 

61-6 

2,425 

2,416 

+9 

67-1 

2,725 

2,726 

-1 

67-9 

2,823 

2,819 

+4 

72-3 

3,068 

3,067 

+  1 

72-7 

3,140 

3,132 

+8 

78-5 

3,486 

3,485 

+  1 

78-0 

3,480 

3,484 

-4 

a  =  50-96;  /3  =0-147. 

a  =  53-00;  /3=0-1219. 

12  NaNOs  100  HsO. 

KNO3  100  H2O. 

o 

20 

100,000 

100,000 

0 
20 

100,000 

100,000 

45-6 

1,456 

1,455 

+  1 

45-2 

933 

937 

-4 

50-7 

1,755 

1,761 

-  6 

.50-4 

1,182 

1,180 

+2 

5(5-6 

2,119 

2,124 

-  5 

56-2 

1,473 

1.468 

+5 

61-6 

2,446 

2,436 

+  10 

61-6 

1,763 

1,754 

+9 

67-9 

2,842 

2,838 

+  4 

67-8 

2,107 

2,107 

0 

72-7 

3,156 

3,149 

+  7 

72-2 

2,368 

2,372 

-4 

78-0 

3,499 

3,499 

0 

78-1 

2,736 

2,745 

-9 

a  =54-08;  j3  =  0-1075. 

a  =  29-49;  /3= 0-3057. 

3  KNO3  100  H2O. 

5  KNO3  100  H2O. 

0 
20 

100,000 

100,000 

20 

100,000 

100,000 

45-6 

1,122 

1,120 

+2 

45-4 

1,201 

1,200 

+  1 

50-8 

1,380 

1,388 

-8 

50-2 

1,453 

1,455 

—  2 

56-7 

1,694 

1,702 

-8 

56-5 

1,801 

1.803 

2 

61-5 

1,973 

1,972 

+  1 

61-3 

2,078 

2,078 

0 

67-8 

2,345 

2,343 

+2 

67-2 

2,4.33 

2,428 

+5 

72-3 

2,629 

2,620 

+9 

72-4 

2,748 

2,748 

0 

78-5 

3,023 

3,019 

+4 

a  =  37 -61;  i3  =  02389. 

a  =  42-38;  i3  =  0-1919. 
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M.V.  found. 

M.V. 

2  NaCl 

1836-75 
1876-93 
1920-06 
1963-83 
2010-70 

1836-42 
1876-74 
1919-44 
1963-93 
2009  •(56 

4  „  

6  , 

8  , 

10  „  

KCl  

1827-70 
1884-58 
1949-04 
2013-36 

1827-70 
1886-8  calc. 
1949-84 
2012   calc. 

3  , 

6  „   

7  „  

2NaN03 

1858-22 
1921-31 
1987-77 
2051-38 
2125-07 
2196-35 

1858-60 
1922-6  calc. 
1989-6   „ 
2058-4   „ 
2133-0   „ 
2202-0   „ 

4   „   

6  , :. 

8   „   

10 

12   „   

KNO,  

1839-18 
1920-83 
2007-74 

1839-07 
1921-15 
2006-74 

3   „    

5   „   

DlSCUSSIOX  OF  THE  RESULTS. 

Bate  of  Expansion. — In  every  case  examined  the  expansion 
is  a  constantly  increasing  valne.  This  follows  from  the  form 
of  the  expression  for  the  volume, 

Y  =  100,000 +  t' a +  t'-l3', 
for  were  the  expansion  uniform  it  would  have  the  form 

V=  100,000 +  ^'a. 
It  is,  however,  to  be  noted  that  the  more  concentrated  the 
solution  the  more  nearly  does  the  curve  of  volume  approach 
a  straight  line,  as  will  be  seen  from  Table  IV.,  which  contains 
the  ratio  of  the  two  constants  a  and  (3,  and  this  increases 
with  the  concentration.  In  fig.  6  these  ratios  are  plotted,  and 
it  will  be  seen  that  the  lines  are  practically  straight,  showing 
the  uniform  eiFect  of  increase  of  concentration.  The  volume 
of  water  between  20*^  and  100°  C.  cannot  be  expressed  by  a 
too  constant  formula,  but  if  20°,  60°  and  100°  be  taken,  then 
the  expression  is 

V  =  1 00,000  +  t'23-8  + 1"0'35, 

and  the  ratio  of  ^  is  68*0  ;  that  is,  a  value  lower  than  any  in 

Table  IV.  It  tlius  follows  that  the  volume-line  of  water  is 
more  curved  than  that  of  any  of  the  salt-solutions  examined, 
even  the  most  dihite.  In  fig.  7  the  volume-curves  for  water 
and  for  the  strongest  and  weakest  solutions  are  given.    Again, 
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a. 

(3. 

2NaCl 

30-86 

0-2703 

114-0 

4     

3.5-70 

0-2061 

173  0 

6     „     

39-80 

0-1522 

261-5 

8     

42  22 

0-1185 

3560 

10     

43-36 

0-1050 

4130 

KCl    

26-04 

0-3288 

79-2 

3    , 

30  83 

0-2598 

118-6 

5     „      

33-31 

0-21.57 

154-5 

7    „     

36-12 

0  1624 

222-6 

2NaN03... 

3.5  61 

0-2660 

134-0 

4       ,.        ... 

39-09 

0-2554 

157-5 

6      „ 

47-87 

01740 

275  0 

8      „ 

50-96 

0-1470 

339-6 

10       „ 

53-00 

0-1219 

434-7 

12      „ 

5-i-OS 

0-1075 

503-2 

KNO3    ... 

29-49 

0-3057 

96-5 

3      „       ... 

37-61 

0-2389 

157-6 

5      „       ... 

42-38 

01919 

221-0 

as  the  constant  a  for  water  is  less  than  that  for  any  of  the 
solutions,  it  is  evident  that  at  low  temperatures  the  amount 
of  expansion  of  salt-solutions  is  greater  than  that  of  water, 
and  that  at  some  temperature  the  volume-difference  between 
a  salt-solution  and  water  reaches  a  maximum  ;  that  is,  at  that 
point  the  rate  of  expansion  of  both  is  the  same.  In  order  to 
ascertain  what  temperature  this  is  for  the  various  salts,  and 
how  far  it  is  dependent  on  the  strength  of  the  solutions,  I 
calculated  the  volumes  of  the  solutions  at  everj  5°  between 
20°  and  100°  C,  and  compared  them  with  those  of  water. 
How  far  I  was  justified  in  doing  so  is  open  to  question  ;  still 
the  close  agreement  of  the  experimental  and  calculated  num- 
bers  seem  to  warrant  extrapolation  to  this  extent  without 
there  being  much  risk  of  introducing  serious  errors.  In  any 
case  this  affects  only  NaNOs  and  the  most  dilute  solution  of 
KISTOs.  The  volumes  for  water  are  calculated  from  the 
figures  given  by  Volkmann  *  and  Rosettif  as  the  means  of 
the  results  obtained  by  previous  experimenters.  Plate  VI. 
contains  the  differences  between  the  volumes  of  the  various 
salt-solutions  at  various  temperatures.  The  result  of  this 
comparison  was  that  the  maximum  differences  lav  between 
55°-()0°  for  all  solutions  of  NaCl ;  at  or  about  50°  for  all  KCl 
while    2NaN03,   4NaN03,  and    KNO3    give    no 


solutions 


*  Wied.  Ann.  xiv. 
t  Pogg.  A7in.  Erg. 


i.  260  (1881). 

Jd.  V.  p.  268  (1871). 


Expansion  of  Salt-Solutions.  397 

maxima,  but  the  other  solutions  have  maxima  lying  lower  on 
the  temperature-scale  the  stronger  the  solution  ;  thus: — 

GNaNOs,  90°-95°  ;     SNaNOs  at  90°. 
lONaNOs,  80°-85°  ;  12NaN03  at  80°. 
3KNO3,    80°-85° ;     5KNO3,  75°-80°. 

Again,  with  8  and  lONaCl  and  3,  5,  and  7KC1  the  volume 
of  the  solution  at  100°  C.  is  less  than  that  of  water  ;  but  such 
is  not  the  case  even  with  the  strongest  solutions  of  the  other 
two  salts.  Comparing  the  volumes  of  the  various  solutions  of 
the  same  salt  at  100°  C,  we  find  that  with  NuCl  and  KCl  the 
stronger  the  solution  the  smaller  the  volume  ;  but  with  KNO3 
the  reverse  is  the  ca'se  ;  while  NaN03  forms  a  connecting- 
link,  the  weaker  solutions  2,  4,  and  6  behaving  as  those  of 
KNO3 ;  the  stronger,  8,  10,  and  12,  as  those  of  KaCl  or  KCl. 

This  is  all  that  can  be  gathered  from  the  results  in  the 
above  form,  and  it  is  clear  that  the  conclusions  arrived  at  by 
former  experimenters  are  in  the  main  correct.  The  results  of 
Kremers  with  solutions  of  the  same  salts  give  figures  which, 
where  the  solutions  are  the  same  strength,  completely  agree 
with  mine  at  low  temperatures,  though  the  discrepancy  is 
marked  at  high  temperatures  ;  the  cause  of  this  being  probably 
in  the  use  of  too  high  a  correction  for  the  exposed  dilatometer 
column  (see  Thorpe,  Chem.  Soc.  Journ.  1880). 

The  questions  now  remain  to  be  considered  :  Is  it  permis- 
sible to  compare  together  equal  volumes  of  solutions  of 
different  strengths  ?  Is  it  probable  that  such  a  comparison  will 
lead  to  any  conclusion  that  can  be  in  any  sense  considered 
general  ?  A  little  reflection  will  show  that  the  answer  must 
be  no.  For  equal  volumes  of  various  solutions  of  a  salt  con- 
tain more  salt  and  less  water  the  more  concentrated  the 
solution  ;  and  when  solutions  of  different  salts  are  brought 
into  the  comparison,  the  proportions  of  water  and  salt  vary 
according  to  the  molecular  volumes  of  the  various  dissolved 
salts.  The  bearing  of  the  expansion  of  salt-solutions  on  the 
question  of  solution  must  necessarily  be  obscure  until  mole- 
cular, not  unit,  volumes  are  compared  ;  then,  and  not  till  then, 
can  we  reasonably  expect  to  gain  trustworthy  information. 

In  order  to  convert  results  for  equal  volumes  into  those  for 
molecular  volumes,  it  is  only  necessary  to  multiply  by  the 
molecular  volume  of  the  salt-solution  at  20°  C,  which  is 

^  ^  _  1800  +  nM^.  _ 
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where 

M.V.  =  molecular  volume  of  salt-solution  ; 
1800    =  IOOH2O; 
wM.W.  =  molecular  weight  of  the  salt  multiplied  by 
the  number  (n)  of  salt  molecules  present 
per  100  water  molecules  ; 
8  =  density  of  solution  at  20°  referred  to  water 
at  20°. 
When  this  is  done  we  obtain  the  volume  occupied  at  t°  C.  by 
n  molecules  of  salt  and  100  molecules  of  water. 

In  the  following  TaUe  I  have  employed  the  values  of  M.V. 
at  20°  for  the  various  solutions,  as  given  by  calculation 
according  to  the  method  described  in  a  previous  paper^. 
These  values  are  sufficiently  correct  for  the  purposes  of  this 
paper,  and  no  error  is  introduced  by  employing  them,  or  by 
considering  the  salt-solutions  as  possessing  the  precise  mole- 
cular composition  aimed  at.  In  the  table  the  molecular 
volumes  of  water  at  intervals  of  10°  are  given  in  the  first 
column,  and  in  the  others  are  the  molecular  volumes  of  the 
salt-solutions  at  the  corresponding  temperatures.  On  com- 
paring the  volumes  of  the  salt-solutions  with  those  of  water, 
it  is  found  that  the  maxima  are  moved  up  the  temperature- 
scale.     Thus  all  the  NaCl  solutions  and  3,  5,  and  7  KCl  have 


Table  V 

(see  also  fig.  8). 

t°. 

Water. 

2NaCl. 

4Na01. 

6]SraCl. 

8NaCl. 

lONaCI. 

0 
2U 

1800-0 

18361 

1876-6 

19200 

1964-5 

2008-4 

30 

4-6 

42-3 

83-7 

27-9 

73-0 

17-3 

40 

10-7 

49-4 

91-5 

36-5 

82-0 

26-7 

50 

18-4 

57-6 

1900-2 

45-6 

91-5 

36-4 

60 

27-2 

6()-7 

9-6 

55-3 

2001-4 

46-6 

70 

37-4 

7tV9 

19-8 

65-5 

11-8 

57-2 

80 

48-7 

88-0 

30.7 

76-4 

22-7 

68-2 

90 

611 

19001 

42  5 

87-8 

340 

79-6 

100 

74-6 

13-2 

550 

99-8 

45-8 

91-5 

t°. 

KOI. 

3KC1. 

5KC1. 

7KC1. 

2NaN03. 

4NaN03. 

0 
20 

1827-8 

1886-8 

1948-8 

2011-8 

1859-0 

1922-5 

30 

33-2 

93-1 

55-7 

19-4 

66-1 

30-6 

40 

39-7 

1900-4 

63-5 

27-6 

74-2 

39-8 

GO 

47.5 

8-7 

72-1 

36-5 

83-3 

49-9 

60 

56-4 

17-9 

815 

46-0 

93-4 

61-0 

70 

66-6 

28-2 

91-8 

56-3 

1904-5 

731 

80 

78-0 

39-4 

2002-9 

67-1 

16-6 

8()-2 

90 

90-6 

51-5 

14-8 

78-7 

29-6 

20U0-2 

100 

1904-4 

64-7 

27-6 

90-8 

43-7 

15-2 

Phil,  Mae:.  Janaary  1886. 
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t°. 

eNaNOg. 

SNaNOg. 

lONaNOg. 

12NaN03. 

KNO3. 

3KNO3. 

5KNO3. 

o 

20 

1989-3 

2058-8 

2130-0 

2202-1 

1839-0 

1921-7 

2006-2 

30 

99-2 

69-6 

41-5 

14-3 

450 

29-4 

151 

40 

2009-7 

81-0 

53-0 

26-9 

521 

38-0 

24-8 

50 

210 

93-0 

66-2 

40-0 

60-3 

47-5 

35-2 

60 

32-9 

2105-7 

79-3 

63-5 

69-7 

680 

46-4 

70 

45-6 

190 

930 

67-6 

80-2 

69-3 

58-3 

80 

58-9 

32-9 

2207-1 

82-1 

91-8 

81-6 

711 

90 

72-9 

47-4 

21-7 

971 

1904-5 

94-8 

84-0 

100 

87-6 

62-5 

36-9 

2312-5 

18-4 

2008-9 

98-9 

maxiiiica  at  70°  C;  while  KCl  and  the  solutions  of  NaNOa  and 
KNO3  iiow  show  no  maxima  at  all. 

Examining  now  the  amount  of  expansion  per  10°  C.  for 
each  solution,  we  meet  with  some  interesting  points.  The 
data  are  given  in  Table  VI. 

Table  VL 


t-t'. 

H2O. 

2NaCl. 

4Na01. 

ONaCl. 

8NaCl. 

lONaCl. 

0        0 
20-  30 
30-  40 
40-  50 
50-  60 
60-  70 
70-  80 
80-  90 
90-100 

4-55 

6-18 

7-62 

8-89 

10-12 

1113 

12-42 

13-48 

6-0 

7-1 

8-2 

9-2 

101 

111 

12-1 

13-1 

7-1 
7-9 

8-6 
9-4 
10-2 
110 
11-7 
12-5 

7-9 

8-5 

91 

9-7 

10-3 

10-9 

11-5 

120 

8-5 

9-0 

9-5 

9-9 

10-4 

10-9 

11-3 

11-8 

89 
9-3 
9-8 
10-2 
106 
11-0 
11-4 
11-9 

i-t'. 

KCl. 

3KC1. 

5KC1. 

7e:ci. 

2NPNO3. 

4NaN03 

.  6NaN03. 

0       0 
20-  30 
30-  40 
40-  50 
50-  60 
60-  70 
70-  80 
80-  90 
90-100 

5-4 

6-6 

7-8 

8  9 

10-2 

11-4 

12-8 

13-8 

03 
7-3 
8-3 
9-3 

10-2 
11-2 
12-2 
13-2 

6-9 

7-7 

8-6 

9-5 

10-3 

11-2 

11-9 

12-8 

7-6 

8-3 

8-9 

9-5 

10-3 

10-8 
11-5 
12-2 

71 
8-1 
91 
101 
11-1 
121 
130 
14-1 

8-1 
9-2 
101 
111 
12-1 
13-1 
14-0 
15-0 

9-9 
lO-O 
11-3 
119 
12-6 
13-3 
140 
14-7 

t-f. 

SNaNOg. 

lONaNO.,. 

12NaN03. 

KNO3. 

3KNO3. 

5KNO3. 

0      0 
20-  30 
30-  40 
40-  50 
50-  60 
(■>0-  70 
70-  80 
80-  90 
90-100 

10-8 
11-4 
120 
12-7 
13-3 
13-9 
14-5 
15-1 

11-5 
121 
12-6 
13-1 
13-7 
14-1 
140 
15-2 

12-2 
12-0 
13-1 
13-5 
141 
14-5 
160 
15-4 

6-0 

7-1 

8-2 

9-4 

10-5 

116 

12-7 

13-9 

7-7 
86 
9-5 
10-6 
11-4 
12-3 
13-2 
14-1 

8-9 
9-7 
10-4 
11-2 
120 
12-8 
13-5 
14-3 

400 


On  tlie  Expansion  of  Salt-Solutions. 


At  low  temperatures,  20°-30°  and  30''^-40,  the  behaviour 
of  all  the  salts  is  the  same  ;  they  all  expand  more  than  is  due 
to  the  100  H2O  contained  in  the  solutions,  and  as  the  strength 
increases  the  amount  of  expansion  increases.  Ascending  the 
temperature-scale,  we  come  to  points  at  which  the  expansion 
per  10°  is  the  same  as  that  of  water  in  the  case  of  NaCl  and 
KCI,  as  pointed  out  a})ove.  Then  at  high  temperatures  NaCl  and 
KCl  solutions  expand  less  the  more  concentrated  the  solution. 
With  NaNOs  ^rid  KNO3  this  not  the  case  ;  though  even  here 
there  is  a  close  agreement  observable  in  the  expansion  of  the 
stronger  solutions  between  90°-100°,  as  compared  with  the 
marked  difference  between  20°  and  30°. 

The  different  behaviour  of  these  four  salts,  which  separates 
them  into  two  classes,  NaCl  and  KCl,  as  compared  with 
NaNOa  and  KNO3,  lies  entirely  in  the  effect  of  temperature 
on  their  solubility.  According  to  Mulder*,  the  solubility  at 
different  temperatures  is  as  follows  : — 


20°. 

60°. 

100°. 

NaCl  

36-0 
111 

37-3 
11-5 

39-8 
123 

Molecules  

KCl    

34-7 

8-4 

45-5 
11-0 

56-6 
13-7 

Molecules   

NaNOg  

87-5 
18-5 

122-0 
25-9 

180-0 
38-1 

Molecules  

KNO3 

31-2 
5-0 

1110 
19-8 

2470 
440 

Molecules    

Thus,  while  NaCl  increases  in  solubility  between  20°  and 
100°  in  the  ratio  1  :  I'll,  KCl  increases  as  1  :  1*16,  NaNOj 
1  :  2-0(3,  KNO3  1  :  7-92.  It  thus  follows  that  a  solution  of 
NaCl  or  KCl  is  almost  as  nearly  saturated  at  100°  as  at  20°  ; 
while  NaNOs  solutions  become  on  heating,  so  to  speak,  rapidly 
more  dilute  ;  and  this  is  even  more  markedly  the  case  with 
KNO3  solutions. 

It  is  therefore  not  to  be  expected  that  these  salts  should  all 
behave  in  precisely  the  same  way  ;  but  they  do  resemble  one 
another  in  this,  that  the  volume-line  is  straighter  than  that  of 
water  when  merely  equal  volumes  are  considered.  When  mo- 
lecular volumes  are  compared  this  similarity  disappears  ;  and  it 
remains  now  to  ascertain  why  in  some  cases  the  expansion  of  a 
solution  is  actually  less  than   that  of  the  water  it  contains  ; 

•  Bijdragen  tot  de  GeschiedenU  van  het  scheikundig  gebonden  Water 
(Rotterdam,  1864). 
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for  in  the  case  of  lONaCl,  while  the  apparent  volume  of  the  salt 
is  at  20°  r=  208-4,  at  70°  r  =  219-8,  falling  again  to  r"=  216-9 
at  100°.  Now,  as  pointed  out  by  Ostwald"^,  this  decrease  in 
the  apparent  volume  of  the  salt  does  not  necessarily  imply  a 
contraction  of  the  salt,  but  only  that  between  70°  and  100° 
the  solution,  as  a  whole,  expands  at  a  slower  rate  than  that  of 
pure  water  ;  but  below  70°  it  expands  faster,  for  r  increases 
from  20°  to  70°.  This,  however,  is  only  apparent ;  for  the 
form  of  the  interpolation-formula  shows  that  the  expansion 
increases  at  a  uniformly  increasing  rate  :  the  cause  of  the 
apparent  irregularity  lies  in  the  expansion  of  the  water,  which 
is  not  uniform. 

XLVI.  On  Delicate  Thermometers.  By  Spencer  Umfrevillb 
PiCKEEiNG,  M.A.,  Professor  of  Chemistry  at  Bedford 
College'\. 

SOME  months  ago  I  had  the  honour  of  bringing  before  the 
notice  of  this  Society  (Phil.  Mag.  1886,  vol.  xxi.  p.  330) 
the  fact  that  with  very  delicate  thermometers  the  temperature 
registered  was  never  exactly  the  same  when  the  column  had 
risen  to  the  point  of  rest  as  when  it  had  fallen  to  it.  The  in- 
vestigation was  made  by  placing  the  instrument  in  a  large 
calorimeter  of  water,  removing  the  bulb  at  intervals,  cooling 
or  heating  it  slightly,  and  then  replacing  it  and  observing 
the  reading.  About  eight  separate  observations  were  made 
in  order  to  determine  the  difference  between  the  falling  and 
rising  readings  at  any  particular  point  on  the  stem;  and 
throughout  the  observations  the  instrument  was  tapped  con- 
tinuously on  the  upper  end  %  to  overcome  the  inertia  of  the 
mercury  in  the  tube.  The  diflFerence  which  was  noticed  was 
explained  at  the  time  by  the  bulb  not  being  of  precisely  the 
same  shape  while  the  mercury  was  being  forced  upwards 
through  the  fine  tube  as  when  it  was  being  dragged  downwards; 
nevertheless  there  were  several  points  which  rendered  such  an 
explanation  not  altogether  satisfactory.  One  out  of  the  two 
instruments  examined  (No.  62839)  gave  differences  propor- 
tional to  the  height  of  the  column  in  the  tube;  in  the  other 
(No.  63616)  no  such  proportionality  was  noticed:  moreover, 
the  instrument  which  showed  this  defect  to  the  greatest  ex- 
tent (63616)  was  the  one  which  had  the  smallest  and  strongest 
bulb.  I  was  subsequently  indebted  to  Lord  liayleigh  for  a 
suggestion  that  these  differences  should  be  attributed  to  the 

*  AlUjeineine  Cheinie,  vol.  i.  p.  'iU'2. 

t  Coiuiuuuicated  by  the  Physical  Society  :  read  April  '2'-i,  1887. 

X  I  now  employ  a  clockwork  tapping  apparatus  for  this  purpose. 
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capillarity  of  the  tubes  acting  on  the  expansibility  of  the 
bulbs,  and  not  to  the  action  of  the  bulbs  only,  and  thus  the 
differences  observed  between  the  behaviour  of  the  two  instru- 
ments might  easily  be  accounted  for  by  slight  differences  in 
the  shape  or  size  of  the  bore  at  various  points.  In  order  to 
test  the  validity  of  such  an  explanation,  which  at  first  sight 
appeared  highly  probable,  other  experiments  were  performed 
with  these  instruments,  taking  care  to  make  all  the  obser- 
vations at  exactly  the  same  temperature,  removing  some  of 
the  mercury  into  the  upper  chamber,  so  as  to  make  the 
different  points  on  the  scale  correspond  to  the  same  Cen- 
tigrade temperature.  The  somewhat  bulky  details  of  the 
experiments  may  here  be  omitted,  and  the  general  results 
only  given.  Table  I.  contains  these  results;  those  which  were 
obtained    originally,  and   have   been  given   in  the  previous 

Table  I. 
Thermometer  No.  '39. 

Scale-Reading  465  457*  270*  162  142*  mm. 

Difference    in    falling!    ^  j.  .^  oi-  i^r  ir 

and  nsmg  i-eadmgs  .  J 
Relative    capacity    of  1 

tube    at    the  point  1 46-1  46-1  45  45-6  45-6 

taken J 

Thermometer  No.  '616. 

Scale-Reading  562       458      458*       289        154        142        140*  mm. 

Difference    in    falling!    ^.^g         .^^       .gg^         .^g  .g^ 

and  rising  readings.  J 
Relative    capacity    of  1 

tube  at   the    point  I   403         40        40       39-3        40-1        401        401 

taken j 

communication,  are  marked  by  an  asterisk;  and  any  small 
discrepancies  observed  between  them  and  the  fresh  experi- 
ments may  be  attributed  to  differences  in  the  actual  tempera- 
ture of  the  observations,  the  recent  experiments  only  being 
strictly  comparable  with  each  other,  having  all  been  performed 
at  10°*5  C.  The  readings  and  the  diff'erences  are  expressed  here 
in  mm.  of  the  column,  instead  of  cm.  (or  scale-degrees)  as  in 
the  former  communication. 

To  whichever  thermometer  we  confine  our  attention,  it  is 
perfectly  obvious  that  the  magnitude  of  the  differences  bears 
no  relation  to  the  size  of  the  bore.  Taking  the  original 
experiments  with  '39,  the  difference  as  judged  by  the  size  of 
the  bore  should  be  least  at  457,  and  greatest  at  270,  and  of 
intermediate  value  at  142  mm.;  whereas  they  are  found  to 
be  greatest  at  457  and  least  at  142  mm.  Again,  with 
No.  '616,  the  differences  should  be  greatest  at  289,  and  least 
at  562  mm.;  whereas  they  are  practically  equal  at  these  two 
points,  and  greater   (taking  the  later  experiments  only)  than 
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at  an}'  other  points.     It  may  be  objected,  however,  that  the 
capacity  of  the  tube  at  these  points,  as  given  by  the  length 
of  a  comparatively  long    (2  cm.)    thread  of  mercury  in  that 
position,    affords    but    a    very   rough,   and    perhaps    quite 
erroneous,  measure  of  the  diameter  of  the  tube  at  the  parti- 
cular point  in  question.     As  a  crucial  test,  therefore,  it  was 
determined  to  alter  the  bulb  of  one  of  the  instruments.     This 
was  done  with  Thermometer  '39.     The   capacity  of  the  bulb 
was  reduced  to  half  its  former  value,  so  as  to  hold  18  instead 
of  36  grams  of  mercury;  and  a  determination  of  the  coefficients 
of  expansion  ofthe  two  bulbs  underpressure  (given  in  column 
6  of  Table  II.)  shows  that  what  may  be  termed  the  apparent 
expansion,   or  the   effect  of  pressure   on  the  height  of  the 
mercury  in  the  tube,  was  thereby  reduced  to  nearly  half  its 
former  value,  from  '042  to  '025  mm.  per  mm.  of  mercury- 
pressure,  so  that  the  differences  in  the  readings  with  falling 
and   rising  columns    should   have   been  diminished  in   that 
proportion,  if  it  depended  on  the  expansion  of  the  bulb  by 
pressure j  but  on  examination  it  was  found  that  this  difference 
was  even  greater  now  than  it  had  been  previously — at  270 
mm.  it  amounted  to  '59  instead  of  "27  mm.,  and  at  457  mm. 
it  was  "39  instead  of  '46  mm.  (col.  7  of  Table  II.).     Another 
thermometer    (No.    ^83)    was   then    examined    in    a    similar 
manner.     Originally  it  exhibited  no  difference  whatever  in 
the  ftilling  and  rising  readings;  but  when  the  bulb  was  altered, 
without  increasing  the  coefficient  of  apparent  expansion  to 
any  considerable  extent  (from  'Oil  to  '015),  a  small  though  un- 
mistakable difference  in  the  readings  was  observed  (No.  ''83  B 
in  the  table).     This  second  bulb  was  then  removed,  and  a  third 
and  smaller  one  substituted  for  it  (No.  '83  C),  by  which  the 
coefficient  of  apparent  expansion  was  reduced  by  one  half  its 
former  value;  but,  instead  ofthe  differences  being  diminished, 
they  were  actually  increased,  although  no  accurate  measure 
could  be  made  of  them,  for  the  column  of  mercury  in  the 
tube  kept  breaking  off  when  the  instrument  was  tapped.     It 
was  evident,  therefore,  that  the  cause  of  these  differences  in 
the  readings  did  not  lie  in  the  bulbs  of  the  instruments,  but 
in  the  stems,  that  each  time  the  instrument  was  opened  and 
air  admitted  into  the  stem,  the  defect  was   increased,  till   the 
tube  eventually  became  entirely  ruined.     The  moisture  and 
gases  present  in  the  air,  no  doubt,  affect  the  glass  and  adhere 
so  strongly  to  it  that  the  heating  to  which  the  stem  is  sub- 
jected is  quite  incapable  of  removing  it,  and  the  interior  of 
the    tube    remains   coated  with    an    elastic    covering  which 
destroys    the   working  Ciipabilities   of  the   instrument.     The 
researches  of  Bottomhsy  (Proc.  Hoy.  Soc.  xxxviii.  p.  158)  and 
others  on  the  absorption  of  air,  and  especially  carbon  dioxide, 
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by  glass,  prove,  in  a  striking  manner,  the  extent  to  which  such 
absorption  occurs,  and  the  persistence  with  which  the  absorbed 
gases  are  retained. 

Both  the  delicate  instruments  ('39  and  '616),  in  which  the 
difference  of  the  readings  was  first  observed,  had  had  small 
temporary  bulbs  attached  for  the  purpose  of  calibration;  and 
it  therefore  seemed  probable  that  the  second  opening  of  the 
tube  may  have  been  the  sole  cause  of  the  defects  which  they 
exhibited.  To  settle  this  question,  and  to  ascertain  whether  it 
was  possible  to  make  instruments  of  such  delicacy  entirely 
free  from  this  defect,  two  other  thermometers  were  manu- 
factured, Nos  '08  and  '61.  The  delicacy  of  these  was  some- 
what less  than  in  the  former  instruments,  owing  to  the 
impossibihty  of  procuring  sufficiently  fine  tubes;  the  size  of 
the  bulbs,  however,  was  increased,  that  of  '61  containing  as 
much  as  46  grams  of  mercury.  An  estimation-figure,  '05 
mm., represented  about  0'0005°C.  On  examining  these  instru- 
ments, in  the  same  manner  as  previously,  it  was  found  that 
they  worked  perfectly,  the  mercury  registering  exactly  the 
same  temperature  whether  the  column  had  risen  or  fallen  to 
the  point  of  rest,  equally  satisfactory  results  being  obtained 
whatever  portion  of  the  stem  was  examined.  Instruments  of 
this  excessive  delicacy  are  therefore  perfectly  workable;  it  is, 
however,  only  by  observing  the  utmost  precaution  in  making 
them  that  success  can  be  obtained.  The  tube  must  on  no  account 
be  opened  till  the  last  minute,  when  the  bulb  is  finished  and 
ready  to  be  attached  without  a  mementos  delay;  the  bulb,  as 
soon  as  it  is  attached,  must  be  warmed  so  as  to  fill  the  tube  with 
mercury  and  prevent  the  access  of  air  through  the  u})per  end. 
If  any  failure  occurs  in  the  attachment  of  the  bulb  at  the  first 
trial,  the  stem  must  be  rejected  ;  a  second  attempt  would  be 
attended  with  the  same  results  as  putting  on  a  second  bulb 
after  the  instrument  had  been  made  up.  When  once  the 
stem  is  filled  with  mercury,  the  tube  may  apparently  be 
opened  several  times  at  the  top  without  damage  being  done, 
and  the  bulb  itself  may  be  made  24  hours  before  it  is  attached 
to  the  stem  without  being  injured  by  exposure  to  air  for  that 
time. 

It  is  a  common  practice  of  thermometer-makers  to  examine 
the  bore  of  a  tube  before  it  is  made  into  a  thermometer  by 
passing  a  thread  of  mercury  along  it,  and  often,  indeed,  the 
stems  are  divided  and  fully  calibrated  before  the  bulb  is 
attached  and  the  tube  closed.  From  what  has  been  ascertained 
as  to  the  effect  of  the  air  on  the  interior  of  the  tube,  it  is  obvious 
that  a  tube  which  has  been  treated  in  such  a  manner  will  be 
utterly  useless  for  any  really  delicate  instrument. 
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XLVII.  O71  the  Effect  of  Pressure  on  Thermometer-bulhs,  and 
on  some  Sources  of  Error  in  Tlieinnometers.  By  SrENCER 
Umfeeville  Pickering,  M.A.,  Professor  of  Chemistry 
at  Bedford  College*. 

THE  great  difficulty  which  exists  in  obtaining  exact  con- 
cordance between  two  thermometers  throughout  a  con- 
siderable range  of  their  scales  must  have  been  experienced  by 
all  who  have  had  occasion  to  require  such  concordance.  In 
the  course  of  a  series  of  experiments,  in  which  the  tempera- 
ture-disturbance in  a  calorimeter  was  measured  simultaneously 
with  two  instruments,  I  was  much  struck  by  the  appearance 
of  a  certain  amount  of  regularity  in  the  difference  in  the  re- 
sults yielded  by  the  two  insti-uments,  which,  according  to 
direct  comparisons  with  each  other  through  longer  ranges  of 
temperature,  should  have  been  absolutely  concordant.  The 
instruments  being  open  in  the  scale  and  having  large  bulbs, 
I  was  led  to  seek  for  an  explanation  of  these  discrepancies  in 
irregularities  in  the  expansion  of  the  bulbs  under  the  pressure 
of  the  column  of  mercury  in  the  tube. 

The  effect  of  pressure  on  a  thermometer-bulb  has  been  in- 
vestigated by  Egen  (Pogg.  Ann.  xi.  p.  283),  and  by  Mills 
(Roy.  Soc.  Edin.  xxix.  p.  285),  with  the  general  result  of 
showing  that  the  expansion  experienced  is  directly  propor- 
tional to  the  pressure.  But  although  the  pressures  employed 
in  Mills's  experiments  were  considerable  (ranging  up  to  134 
atmospheres),  the  thermometers  which  he  examined  were  not 
of  the  most  delicate  character,  and  the  coefficient  of  expansion 
was  but  small  in  comparison  with  that  possessed  by  most  calo- 
rimetric  instruments.  In  the  present  experiments  the  bulb 
of  the  thermometer  was  enclosed  in  a  small  thin  brass  cylin- 
der, which  was  connected  with  a  pump,  by  means  of  which  a 
vacuum,  or  pressure  up  to  two  atmospheres,  might  be  pro- 
duced. The  case  enclosing  the  bulb  was  previously  filled 
with  melting  ice  and  placed  in  a  large  vessel  of  the  same,  the 
zero  point  of  the  thermometer  having  been  previously  ad- 
justed so  as  to  be  slightly  above  the  level  of  the  ice. 

Three  instruments  were  investigated  in  this  manner, 
Nos.  62839,  63616,  and  65108,  of  which  the  details  of  con- 
struction are  given  in  the  table  ii.  of  the  preceding  commu- 
nication (see  also  Phil.  Mag.  1886,  vol.  xxi.  pp.  331,  340). 
About  twenty  observations  at  different  pressures  were  made 
in  each  case,  and  the  results  are  given  in  Table  I.,  where  are 
entered  the  observed  pressures  and  readings  in  millim.,  and  also 

*  Communicated  by  the  Physical  Society :  read  April  23, 1887. 
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the  readings,  calculated  on  the  assumption  that  the  alteration 
in  height  of  the  cohimn  is  directly  proportional  to  the  pres- 
sure; these  calculated  values  being  deduced  from  the  average 
points  given  at  the  foot  of  the  table.     With  the  last-mentioned 
instrument  (65108)  the  effect  of  pressure  on  the  bulb  would 
appear  to  cause  a  very  regular  expansion  ;  there  are  only 
three  observations  which  differ  from  the  calculated  values  by 
more  than  O'l  niillim.,  while  the  average  difference  amounts 
to  about  0"05  millim.  only.     With  the  other  two  instruments 
the  observations  at  the  higher  pressures  cannot  be  much  relied 
on,  since  the  pressures  were  ascertained  by  means  of  a  Bour- 
don's gauge,  instead  of  a  column  of  mercury  as  in  the  other 
cases;  and  this  gauge  was  afterwards   found  to   be  untrust- 
worthy.    Omitting  these  observations,  we  find  that,  in  case  of 
No.  63616,  where  the  coefficient  of  apparent  expansion  of  the 
bulb  was  twice  as   great  as  that  of  65108,  the  error  in  the 
readings  is  considerably  larger,  amounting  to  as  much   as 
0*12  millim.  on  the  average,  while  the  grouping  together  of 
the  positive  and  negative  differences  is  well  marked.     It  is 
onlv  with  No,  62839,  however,  which  possessed  a  still  greater 
coefficient  of  expansion,  that  the  differences  become  so  large 
as  to  render  it  quite  impossible  to  attribute  them  to  mere  ex- 
perimental error.     As   the  pressure  is   increased  above  500 
millim.,  the  bulb  begins  to  contract  far  more  than  it  should, 
causing  a  difference  of  as  much  as  1*2  millim.  between  the 
observed  and  calculated  readings;  it  then  contracts  less,  crosses 
the  line  representing  the  calculated  values  and  for  pressures 
from   1100  up  to  1986  millim.  (if  these  higher  results  may 
be  trusted)  does  not  contract  as  much  as  it  should  do*.     The 
action  of  the  bulb  under  pressure  is  evidently  not  regular. 

As  the  differences  in  the  calorimetric  results  above  men- 
tioned were  observed  with  the  thermometers  '616  and  '08, 
which  behaved  normally,  or  nearly  so,  under  pressure,  as  well 
as  with  other  instruments  with  bulbs  of  considerably  smaller 
expansibility,  it  is  impossible  to  attribute  these  differences  to 
the  cause  suggested ;  at  the  same  time,  however,  the  present 
investigation  leads  to  results  of  considei'able  practical  im- 
portance. It  is  evident  that  where  the  coefficient  of  expan- 
sion of  the  bulb  is  large,  as  with  '39,  irregulai'ities  in  expan- 
sion sufficient  to  introduce  considerable  errors  may  occur; 
the  bulb,  when  subjected  to  pressure,  would  appear  to  behave 

*  Care  was  of  course  taken  that  the  thermometer  should  not  be  read  till 
the  column  had  attained  a  position  of  equilibrium.  The  top  of  the  in- 
strument was  tapped  throughout  the  experiments  by  means  of  the  tapping 
apparatus,  and  the  column  read  at  intervals  of  one  minute  till  it  was 
found  to  be  perfectly  stationary. 
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in  a  manner  analogous  to  that  often  noticed  with  thin  tin 
plate  vessels,  where  a  small  addition  or  removal  of  pressure 
will  cause  a  sudden  and  considerable  alteration  in  the  form  of 
the  vessel.  It  would  certainly  be  advisable,  in  the  case  of 
any  thermometer  required  for  very  delicate  work,  to  examine 
it  under  pressure  to  ascertain  whether  its  action  be  uniform 
or  not.  In  order  to  reduce  the  chances  of  irregular  action, 
it  is  necessary  to  render  the  bulb  as  inexpansible  as  possible. 
From  the  fact  that  the  thermometer  63616  showed  a  slight 
amount  of  irregularity  in  its  action,  we  may  place  the  limits 
of  expansibility  desirable  in  a  very  fine  instrument  at  a  number 
between  that  of  this  instrument  and  that  of  65108  ;  the  co- 
efhcient  of  expansion  should  not  exceed  0"000,000,03,  or  the 
apparent  expansion-0"02  millim.  of  the  mercurial  column  per 
millim.  of  pressure. 

An  examination  of  table  ii.  of  the  preceding  communica- 
tion will  show  at  once  the  increase  of  rigidity  obtained  by 
having  the  bulb  made  out  of  a  glass  cylinder  instead  of  being 
blown  before  the  lamp  ;  the  instruments  '83  and  ■'39  B  are  the 
only  ones  mentioned  in  this  table  which  had  blown  bulbs, 
and  the  coefficients  of  expansion  in  their  cases  are  higher 
than  in  any  other  case,  although  their  bulbs  were  only  ^  and 
^  as  big  as  those  of  most  of  the  other  instruments.  Again,  the 
thermometers  '83  and  '16  were  identical  in  all  respects  except 
as  regards  their  bulbs,  and  here  the  blown  bulb  ('83)  possesses 
onh"  half  the  strength  of  that  made  out  of  cylinder. 

Although  it  seems  probable,  joWma /acre,  that  a  blown  bulb, 
however  well  constructed,  would  not  be  so  uniform  as  a 
cylinder  bulb,  these  fiicts  of  course  do  not  prove  that  such  is 
necessarily  the  case,  as  the  thickness  of  the  walls  of  the  bulbs 
was  not  knovvn;  but  it  does  prove  that,  by  ordering  a  thermo- 
meter with  a  cylinder  bulb,  we  should  in  all  probability  get  an 
instrument  possessing  nearly  twice  the  strength  of  one  with  a 
blown  bulb.  A  further  very  considerable  addition  of  strength 
may  be  gained  by  having  the  bulb  made  double  instead  of 
single.  The  instruments  Nos.  '616,  ^08,  and  ''61  possessed 
double  bulbs  made  out  of  glass  cylinder ;  and  a  comparison  of 
theiti  with  '83  B  and  '39,  which  had  single  bulbs  made  out  of 
cylinder  also,  will  show  the  advantages  of  the  double  bulb. 
For  thermometers  to  be  used  in  a  liquid  which  is  stirred  in  a 
thoroughly  efficient  manner,  the  thickness  of  the  walls  of  the 
tube  forming  the  bulb  may  be  very  considerable.  The  instru- 
ments Nos.  '08  and  '61,  which  contain  between  40  and 
50  grams  of  mercury,  will  take  the  temperature  of  the  liquid 
in  the  calorimeter  in  about  5  seconds,  although  their  bulbs 
arc  0-75  millim.  thick  in  the  walls. 
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Although  the  effect  of  different  pressures  on  the  bulb  did 
not  appear  to  produce  irregularities  such  as  would  account 
for  all  the  difficulties  experienced  in  getting  two  instruments 
to  correspond  perfectly  throughout  their  scales,  it  was  thought 
possible  that  the  expansibility  of  the  bulbs  under  pressure 
might  be  influenced  to  a  considerable  extent  by  the  tem- 
perature of  the  experiment,  and  that  this  might  produce  dis- 
cordance between  two  instruments  which  had  been  compared 
with  the  same  standard  but  at  different  temperatures.  To 
investigate  this,  the  behaviour  of  No.  '08  under  pressure  was 
examined  at  12°  C.  As  it  was  impossible  to  keep  the  tem- 
perature of  the  bath  absolutely  constant  throughout  the  series 
of  experiments,  the  reading  at  any  pressure  Pj  was  compared 
with  that  at  P  by  taking  the  mean  of  two  observations  at  P, 
made  immediately  before  and  immediately  after  the  observa- 
tion at  Pi.     In  the  following  Table  the  value  of  the  constant 

Thermometer  '08.     Under  pressure  at  12°. 


lV|  —  i\i 

P,-R 

Pl-p- 

millim. 

-500 

001445 

-400 

0-01445 

-300 

0-01434 

-200 

0-01380 

+200 

001470 

001469 

+300 

0-01438 

^, 

0  01462 

+400 

0-01447 

+500 

001455 

+600 

0-01457 

Mean 

0-01453 

o    -p 

obtained  from  ~ — ^  (Ri  and  R  being  the  readings  at  P^ 

and  P  respectively)  is  given  in  the  second  column,  while 
Pj  —  P  is  given  in  the  first  column.  P  was  in  all  cases  the 
atmospheric  pressure.  The  mean  value  of  the  constant  (the 
coefficient  of  apparent  expansion)  is  0'0145,  a  number  abso- 
lutely identical  with  that  found  at  0°  (table  ii.,  preceding 
paper),  which  shows  that  small  alterations  of  temperature, 
such  as  would  occur  in  standardizing  delicate  calorimetric 
thermometers,  produce  no  appreciable  alteration  in  the  rigidity 
of  the  bulbs.   The  causes  producing  non-coucordance  of  ther- 
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mometers   under  certain  circumstances  still  remains  to  be 
discovered*. 

I  may  mention  one  source  of  error  in  thermometric  work 
which  attains  considerable  dimensions  when  dealing  with  tubes 
of  very  fine  bore.  These  tubes,  even  when  of  the  most  perfect 
description  obtainable,  generally  possess  a  few  points  at  which 
the  mercury  column  experiences  a  difficulty  in  passing  :  the 
mercury,  when  it  has  reached  such  a  point,  sticks  there  an 
appreciable  time,  and  then  passes  it  suddenly  with  a  jerk  ; 
sometimes,  even,  the  mercury  sticks  so  persistently  that  the 
column  will  separate  sooner  than  pass  it.  These  points  do  not 
indicate  any  contraction  which  is  sufficient  to  affect  the  results 
of  calibration,  and  are  probably  due  to  some  difference  in  the 
nature  of  the  glass,-  for  they  may  be  developed  by  heating 
the  thermometer- tube  externally  with  a  very  small  flame  up 
to  about  400°.  The  error  of  taking  a  reading  while  the 
mercury  is  sticking  at  such  a  point  may,  I  estimate,  amount 
sometimes  to  as  much  as  0*5  millim.  All  delicate  thermo- 
meters should  be  carefully  examined  in  order  to  ascertain  the 
position  of  such  points,  and  they  should  be  avoided,  if  possible, 
in  any  work  with  the  instrument. 

In  any  thermochemical  work  in  which  the  effect  of  tempe- 
rature on  a  given  reaction  is  being  studied,  many  of  the 
sources  of  error  inherent  in  the  use  of  thermometers  may  be 
avoided  by  using  the  same  portion  of  the  stem  of  the  instru- 
ment, whatever  the  actual  temperature  may  be.  To  effect 
this,  the  zero-point  is  altered  in  each  experiment  by  removing 
some  of  the  mercury  into  the  upper  chamber  of  the  thermo- 
meter. Formerly  I  removed  the  requisite  amount  of  mercury 
by  the  application  of  a  very  small  flame  to  a  point  just  below 
this  chamber ;  but  I  now  adopt  a  method  which  is  much 
safer,  more  expeditious,  and  equally  exact.  A  fine  tube, 
somewhat  wider  than  the  stem  of  the  thermometer,  is  affixed 
to  the  upper  end  of  the  stem,  and  in  this  tube  there  is  a  small 
contraction  or  "  knife-edge,"  sufficiently  wide  to  permit  of  the 
mercury  passing  it  either  upwards  or  downwards,  but  yet  so 
narrow  that  a  slight  swing  of  the  instrument  will  cause  the 
column  of  mercury  to  break  off  at  it,  that  portion  of  the 
mercury  which  is  above  the  knife-edge  passing  up  into  the 
upj)er  chamber.  By  this  means  any  point  on  the  stem  may 
be  adjusted  with  ease  to  within  0°*02  of  any  given  tem- 
perature. 

*  For  an  unexplained  instance  of  non-accordance  of  results  obtained 
with  different  thermometers,  and  also  with  dillerent  portions  of  the  stem 
of  the  same  thermometer,  see  Chem.  Soc.  Trans.  1887,  pp.  304,  322. 
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XLVIII.  On  the  Determination  of  Coefficient!^  of  Mutual 
Induction  hy  means  of  the  Ballistic  Galvanometer  and 
Earth- Induct  or.     By  R.  H.  M.  Bosanquet*. 

MY  attention  was  drawn  to  this  subject  by  the  paper 
recently  read  before  the  Society  by  Prof.  Fosterf.  I 
observed  at  once  that  the  ap})liances  which  I  am  in  the  habit 
of  using  afJ'ord  a  very  simple  solution  of  the  problem. 

The  ballistic  galvanometer  has  a  resistance  less  than  2  B.A. 
units,  and  about  500  turns.  I  have  three  earth  induction- 
coils,  all  having  a  mean  diameter  of  about  half  a  metre,  and 
the  following  constants.  The  resistances  are  approximate,  as 
they  vary  so  much  with  temperature.  The  wires  are  all 
cotton-covered  copper. 

Niunberof  Total  effective  Mean  circum-  Approximate  ^j^^_ 

r''  lot^NA             ^^"'^^'^"-  "^^''^^l^^^-  B.W.G. 

42  4-97132          167-325  -6  16 

250  5-74200         166-583  10-8  20 

1000  6-36182          170-005  42  20 

The  circular  channels  are  turned  in  wooden  rings  framed 
together  in  many  pieces.  They  were  turned  in  the  Royal 
Society's  lathe  in  my  laboratory.  They  are  mounted  so  as  to 
turn  on  vertical  axes  through  half  a  revolution,  in  doing  which 
they  are  reversed  with  respect  to  the  horizontal  component 
of  the  earth's  magnetism,  and  so  experience  an  electrical 
impulse  equal  to  2  NAH. 

If  the  resistance  of  the  circuit  be  R,  a  transfer  of  electricity 
then  takes  place,  such  that 

_2NAH 
^0-       ^ 

The  various  windings  of  the  coils  were  measured  with  great 
care  during  the  construction.  The  areas  were  calculated  for 
each  layer  separately;  and  the  above  values  of  logNA  are 
probably  certain  to  the  fourth  place  of  decimals. 

There  are  two  tangent-galvanometers,  both  on  Helmholtz's 
pattern,  having  mean  circumferences  of  exactly  1  metre.  The 
one  has  2  coils,  the  other  18.  The  currents  in  them  are 
measured  by  the  formula 

C  =  GHtan^; 

*  Communicated  by  tlie  Physical  Society :  read  February  26,  1887. 
t  Phil.  Mag.  February  1887,  p.  121. 
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where  log  G  has  the  values : — 

No.  of  coils,  logG. 

2 _-24797 

18 1-29373 

We  can  now  proceed  to  the  problem. 

Two  coils,  P,  S,  are  placed  side  by  side,  and  a  current  passed 
through  P  ;  then,  on  making  the  contact,  a  ballistic  galvano- 
meter in  the  circuit  of  S  is  deflected.  The  earth  induction- 
coil  forms  part  of  the  circuit  of  S. 

So  far  we  have  the  equations 

C  =  GHtan^, (1) 

■    Q=f , (2) 

with  reading  =  a  minutes  of  arc. 

If  we  now  give  the  earth  induction-coil  a  half  turn,  we  have 

Q.=^-^, (3) 

with  reading  =  /3  minutes  of  arc. 

Q       MGtan(9 


Whence 


Qo         2NA 


~/3 

by  the  principle  of  the  ballistic  galvanometer.     And 

TIT      «    2NA 

^=^Gt^ W 

The  2  disappears  from  the  numerator  if  the  observation  is 
made  by  reversal. 

In  order  that  H  may  be  the  same  for  the  tangent-galvano- 
meter and  the  earth  induction-coil,  it  is  necessary  to  remove 
the  tangent-galvanometer  and  put  the  earth  induction-coil 
in  its  place  before  making  the  observation  ^. 

There  are  two  classes  of  cases  which  cannot  be  treated  by 
this  most  simple  form  of  the  method  : — 

(a)  Where  the  quantit}^  of  electricity  to  be  dealt  with  is  too 
large  for  the  galvanometer,  even  with  the  coil  of  highest 
resistance.    And 

(h)  where  the  resistance  of  one  of  the  coils  to  be  determined 
is  so  great  that  no  earth  induction-coil  could  throw  a  sufficient 
quantity  of  electricity  through  it. 

In  both  these  cases  we  have  to  introduce  a  large  resistance 
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into  the  circuit  S,  after  calibrating  the  galvanometer  without 
it.  The  value  of  the  deflection  is  then  altered  in  the  ratio  of 
the  change  of  resistance. 

Let  R  be  the  total  increased  resistance, 
Ro  the  resistance  without  the  addition. 

Then  equations  (2),  (3),  (4)  become 

Q  =  -^, (5) 

Qo=  -^ — , (6) 

2«RNA_ 
/8R«G-tan6' ^^ 

The  2  disappears,  as  before,  when  reversal  is  employed. 

An  example  of  case  (a)  is  given  later  ;  where,  in  the  second 
determination  of  my  Gramme  machine,  a  resistance  of  1000 
B.A.  units  .was  introduced  into  the  secondary  circuit,  to  mo- 
derate the  deflection.  The  determination  of  the  resistances, 
however,  can  hardly  ever  be  accurate,  as  the  copper  earth 
induction-coil  is  liable  to  great  alterations  through  change  of 
temperature. 

An  example  of  case  (6)  would  be  afforded  by  the  determi- 
nation of  such  an  induction-coil  as  the  one  by  Apps,  with  high 
resistance  S,  mentioned  in  Prof.  Foster^s  paper.  In  this  case 
the  galvanometer  would  be  calibrated  by  the  earth  induction- 
coil,  the  high  resistance-coil  then  introduced,  and  the  known 
values  of  R,  R^  employed  in  formula  (7). 

The  determinations  I  have  made  are  mostly  of  the  mutual 
coefficients  of  the  coils  of  my  earth-inductors,  placed  close 
together,  I  have  also  made  a  couple  of  determinations  of  the 
coefficient  of  field-magnets  and  armature  in  my  A  Gramme 
machine. 

The  determination  of  February  21  was  rather  rough;  the 
coils  were  placed  together  in  their  frames,  but  they  could  not 
be  brought  very  near.  The  numbers  are  useful,  as  illustrating 
the  increase  of  the  discrepancy  of  Maxwell's  formula,  with 
the  increase  of  h.  the  distance  of  the  central  planes.  In  fact, 
unless  h  is  small  compared  with  the  diameters,  the  formula  is 
not  properly  applicable.  Here  it  is  about  half  either  of  the 
radii,  and  calculated  and  observed  values  are  nearly  as  4  :  5. 

On  February  22  the  coils  were  dismounted  and  brought  as 
close  together  as  possible,  h  being  now  between  a  quarter  and 
a  third  of  either  of  the  radii.  The  calculated  and  observed 
values  are  nearly  as  5  :  6.     In  order  to  see  what  part  of  the 
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error  was  due  to  the  dimensions  of  the  section  of  the  coils, 
the  coefficient  was  then  calculated  by  the  more  accurate  for- 
mula referred  to  below ;  but  the  improvement  is  very  slight. 
It  appears  that  this  formula  does  not  in  any  way  cure  that 
defect,  which  arises  from  the  distance  of  the  central  planes. 
So  that  in  coils  similar  to  mine  we  cannot  expect  to  get  nearer 
by  calculation  than  the  number  last  referred  to,  which  is  to 
the  observed  number  nearly  as  6  :  7. 

On  February  23  experiments  were  arranged  with  a  view- 
to  test  the  consistency  of  the  method,  the  coils  examined 
being  made  primary  and  secondary  alternately.  Though  the 
mode  of  observation  does  not  admit  of  great  accuracy,  it 
appears  that  there  is  a  systematic  difference  between  the 
results  of  the  two  aj'rangements,  amounting  to  about  1^  per 
cent.  This  I  have  not  been  able  to  explain.  The  coefficients 
of  self-induction  of  the  coils  should  have  no  influence  ;  but 
that  of  the  250  will  be  very  much  greater  than  that  of  the  42, 
and  this  is  the  only  source  of  error  that  I  can  suggest.  The 
number  calculated  by  Maxwell's  original  formula  is  to  the 
mean  of  observation  nearly  as  6  :  7. 

In  all  the  experiments  difficulty  was  experienced  in  con- 
sequence of  the  continual  fall  of  the  battery-current.  With- 
out care  in  charging,  and  freshly  charged  cells,  the  experi- 
ments could  hardly  be  made,  as  the  fall  of  the  current  affects 
the  galvanometer  in  the  intervals. 

Rowland's  method  of  control,  with  a  magnet  and  coil,  was 
employed. 

The  determinations  of  the  coefficient  of  the  Gramme  machine 
were  very  rough.  In  fact  the  fundamental  equation  (2)  is 
not  really  applicable  to  the  dynamo  at  all,  except  perhaps  in 
the  upper  part  of  its  range,  where  the  current  is,  say,  10 
amperes  or  more.  For  small  currents  do  not  do  more  than 
shake  the  subpermanent  magnetism,  which  is  considerable 
compared  with  the  magnetism  due  to  small  currents.  And 
in  motion  the  machine  makes  use  of  this  subpermanent  mag- 
netism, although  it  does  not  enter  into  the  electrical  coefficient 
of  mutual  induction. 

The  observations  of  Feb.  24  were  very  irregular  ;  it  ap- 
peared as  if  the  current  sometimes  shook  the  subpermanent 
magnetism  and  sometimes  not.  Still  a  mean  was  fairly 
deducible. 

On  Feb.  25  a  stronger  current  was  employed,  and  the  ob- 
servations were  fairly  regular  ;  but  this  current,  though  it 
moves  the  subpermanent  magnetism,  is  quite  insufficient  to 
reverse  it  as  the  reversal  of  a  large  current  does  ;  so  that 
even  here  wc  do  not  get  a  representation  of  the  whole  effect. 
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In  the  higher  part  of  the  range  of  the  machine,  say  for 
unit-current  (10  amperes),  we  can  assume,  without  serious 
error,  that  the  fundamental  equation  (2)  holds.  That  being 
so,  we  can  deduce  the  value  of  M  from  the  resistance  and 
number  of  revolutions  with  which  a  stable  current  is  pro- 
duced. 

It  will  be  convenient  to  assume  that  all  the  coils  of  the 
armature  are  gathered  up  into  two  coils  at  right  angles. 
Then,  if  one  be  parallel  and  the  other  perpendicular  to  the 
axis  of  the  magnetic  field,  the  determination  of  the  coefficient 
of  induction  at  rest  affects  only  one  of  the  coils,  or  half  the 
armature. 

Then,  as  to  one  of  these  coils,  or  half  the  armature  : — In  a 
half  revolution  the  same  effect  is  produced  as  if  the  exciting 
current  were  reversed,  and  a  quantity  of  electricity  passes, 

_2MC 
~    R  • 

In  a  whole  revolution      ^     passes. 

The  same  applies  to  the  other  half  of  the  armature,   so 

8MC 
that  altogether      j,     passes  in  each  revolution. 

If  there  be  n  revolutions  per  second,  the  quantity  passing 
in  n  revolutions  =  the  current  numerically,  and  this  divides 
out,  so  that 

M=— 
Sn 

In  an  old  paper  of  mine  on  Practical  Electricity  (Phil. 
Mao-,  xiv.  p.  246)  I  find  data  from  which,  by  interpolation, 
I  obtain  the  corresponding  values  for  this  machine : — 

7i'  per  minute.  E.  C. 

840  10^  X  5-55         1  =  10  amperes. 

Whence  M  =  10'x4-95. 

The  assumption  made  above  is  rough,  but  we  cannot 
specialize  further  unless  the  distribution  of  the  field  is  known. 
The  two  coils  may  then  be  supposed  to  be  in  any  required 
proportion  instead  of  being  equal. 

Regarding  the  coefficient  as  the  product  of  the  number  of 
windings  of  armature  and  magnets,  and  of  the  m.agnetic  induc- 
tion common  to  both,  due  to  unit-current,  we  can  find  the  com- 
mon magnetic  induction  in  this  case.  There  are  1700  turns  in 
the  armature,  half  of  which  count,  and  234  turns  on  each  of  the 
four  magnets,  two  of  which  receive  each  part  of  the  common 
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induction.     Whence  the  common  magnetic  induction  is 
10^  X  4-95  _ 
468x850" 
This  seems  very  small.     But  the  dimensions  of  the  armature 
are  such  that  it  can  have  hardly  any  core. 

But  I  must  not  now  pursue  the  subject  of  the  dynamo. 

The  method  of  the  earth  induction-coil  and  ballistic  galva- 
nometer is  susceptible  of  numerous  applications.  I  have  in 
my  mind  the  direct  determination  of  the  capacity  of  a  con- 
denser, and  a  method  following  the  lines  of  that  used  by 
Weber,  for  the  determination  of  resistance.  He  employed 
earth  induction-coils  on  this  principle,  though  I  do  not  know 
how  they  were  arranged  in  detail.  I  cannot  conceive  how  a 
tangent  galvanometer  could  be  employed  for  the  ballistic 
work,  as  seems  to  be  contemplated  in  Maxwell's  account.  I 
should  determine  the  constant  of  the  ballistic  galvanometer 
for  the  purpose  by  a  shunt  comparison  with  a  tangent  galva- 
nometer. I  believe  Mr.  Glazebrook  has  done  something  of 
this  kind  in  another  case.  In  fact  I  have  been  through  the 
"work  of  such  a  method ;  but  where  there  is  a  shunt  to  be 
verified,  in  this  case  1  :  10^,000,  as  well  as  other  determina- 
tions of  resistances,  the  errors  of  temperature  are  so  trouble- 
some to  deal  with,  that  in  the  present  state  of  the  subject  I 
doubt  whether  it  is  worth  while  to  spend  much  labour  on  it. 

The  numerical  results  of  the  experiments  referred  to  are 
appended. 

Coefficients  of  Induction  of  250  and  100  coils. 

Feb.  21.     Distance  between  central  planes,  6=13*97  centims. 

^  by  half  turn  of  1000  coil. 

Arrange-  Galvano- 

ment.  a.  j8.  Q.  meter.  M. 

1000  S     ^^^'*^     ^^^''^     ^^°^^'  ^^        ""'brear"^     10^x7-6903 

*Calculation  by  Maxwell's  original  formula      .     .     .     10^  x  6*164 

Feb.  22.     Distance  between  central  planes,  6=7*925  centim. 
^  by  half  turn  of  1000  coil. 

Arrange-  Galvano- 

ment.  a.  (3.  9.  meter.  M. 

1000  S     ^^^'"^     ^^^'"       ^^°^^'  ^^         '"treaT"^     10^x1*2593 

*Calculation  by  Maxwell's  original  formula      .     .     .     10**  x  1*070 
*Calculation  by  formula  for  dimensions  of  section  of  coils  10^  x  1*104. 

*  New  edition  of  Maxwell's   '  Electricity  and   Mametism,'   vol.    ii. 
pp.  314,  320. 

Phil.  Mag.  S.  5.  Vol.  23.  No.  144.  May  1887.        2  F 
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Data  for  this  last  formula  : — 

n=   1000  n'=   250 

a=27-056  a'=26-512 

2/i  =  2-18  2/i'=  -562 

2^— 5-45  2A;'  =  5-77 

Coe-fficients  of  Induction  of  ^^  and  250  coe7s. 

Distance  between  central  planes^  Z>  =  6'35  centim. 
/3  by  half  turn  of  1000  coil,  in  S,  throughout. 


Date. 

Set. 

Arrange- 
ment. 

a. 

iS. 

0. 

Galvano- 
meter. 

Make  &  break 
or  reversal. 

M. 

Feb.  23. 

1 

42  P 

250  S 

202-2 

142' 

3156' 

2 

m.  b. 

10'^  X  5-9390 

2 

250  P 

42  S 

88-2 

173 

44  20 

18 

rev. 

xG-1075 

Feb.  24. 

1 

86-5 

175 

43  55-5 

X  60030 

2 

85-2 

175 

43  5 

X  0  0893 

3 

42  P 

250  S 

190-2 

144-7 

29  43 

2 

m.  b. 

X  5-9862 

Calculation  by  Maxwell's  original  formula     .     10^x5*275 


Comparison  of  arrangements  : — 
42  P 
250  S 
Feb.  23.     1     lO*'  x  5-9390 
..    24.     3  X  5-9862 


250  P 

42  S 
Feb.  23.     2 
„     24.     1 
11      11       ^ 


Mean     x  5*9626 


lO^'x  6-1075 
X  6-0030 
X  6-0893 


Mean      x  ^'^^^^ 
Mean  of  both  arrangements  10^  x  6-0146. 


Determinations  of  Coefficient  of  Induction  of  Dynamo  Field- 
magnets  and  Armature.     (A  Gramme.) 

Feb.  24.     P  field-magnets,  with    two    bichromates   and   10 

B.A.  units. 

S  armature,  ballistic  galvanometer,  and  1000  coil. 

By  reversal. 

Galvauo- 
a.  j8.  9.  meter.  Amperes.  M. 

Mean  value    .     .     146'     179'     27°  11'        18  -181      10^x1858 

Highest  value     .     176       ...  x  2-239 

Lowest       „        .     113        ...  K 1-438 
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Feb.  25.     P  field-magnets,  with  two  bichromates. 

S  armature,  ballistic  galvanometer,  and  1000  coil, 
with  and  without  1000  B.A.  units,  so  that 

R=1045,  Eo=45. 

By  reversal. 

Galvano- 
a.  j8.  0.  meter.  .Amperes.  M, 

179''5     179'     39°  24'  2  2-54     10' x  3-685 

Bj  formula  M=?^  lO'O       10^  x  4-95 

Addendum. 
Mardi  5.  Supplementary  Notes. 

1.  Calculation  of  coefficients  by  the  elli])tic  integral  table 
in  the  new  edition  of  Maxwell,  combined  with  the  formula 
for  approximation  to  the  effect  of  the  sections  of  the  coils. 

I  have  now  calculated  the  experiments  of  Feb.  22  and 
Feb.  23-24  by  this  method,  which  is  the  most  complete  that 
exists,  short  of  calculating  all  the  single  combinations  of 
circles  in  the  two  coils.  The  accordance  with  experiment  is 
somewhat  better,  but  still  far  froni  close. 

Observed.  Calculated. 

Feb.      22.     10^x1-259  10«xl-176 

„    23-24.     lO^x  6-015  10*^x5-5b5 

2.  Simple  formula  for  approximate  calculation  of  the 
coefficient. 

Assume  that  the  field  in  a  due  to  A  is  everywhere  the  same 
as  at  the  centre  of  a.  Then  the  total  lines  of  force  for  unit 
current  are  27rA^ 

ira^X 


(A2  +  6-)i' 

where  h  is  the  distance  between  the  planes  of  the  circles,  or, 

A 

if  T-  =  tan^,  this  becomes 

^  2'n^a''  sin  ^9 

A 
which  is  simpler  to  calculate  than   Maxwell's  approximate 
formula. 

The    following   is  the   comparison   of  this    formula  with 
observation. 

Observed.  Calculated. 

Feb.      21.     10' X  7-690  10"  x  8-991 

„         22.     10*^x1-259  10^x1-133 

,,23-24.     10«x  6-015  10*^x5-036 
2  F  2 
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3.  Course  of  values  of  the  coefficient  of  field-magnets  and 
armature  of  a  dynamo. 

The  numbers  stated  in  the  paper  may  possibly  be  mislead- 
ing, as  it  is  not  sufficiently  explained  that  the  number  deter- 
mined from  the  motion  of  the  machine,  \q~\  is  not  of  the 

same  nature  as  the  two  results  of  determinations  made  at  rest, 
which  precede. 

— )  is  necessarily  infinite 

when  the  current  is  evanescent,  if  there  is  any  retention  of 
magnetism  in  the  machine,  and  diminishes  continually  as  the 
current  increases.  The  following  corresponding  values  of 
this  coefficient  and  current  are  given  by  the  data  referred  to 
in  the  paper. 

Coefficient.  Current  in  amperes. 

10'  X  7-054  3-8 

X  6-250  5-5 

X  5-600  7-6 

X  4-732  10-5 


XLIX.  The  Effects  of  Percussion  and  Annealing  on  the 
Magnetic  Moments  of  Steel  Magnets.  By  William  Bkown, 
Thomson  Experimeiital  Scholar^  Physical  Laboratory,  Uni- 
versity of  Glasgoic*. 

Part  II. 

N  Part  I.  of  this  paper,  which  appeared  in  the  March 
number,  certain  preliminary  results  were  given,  showing 
the  efi'ects  of  percussion  on  the  magnetic  moments  of  steel 
magnets.  In  the  present  communication  these  effects  are 
considered  in  greater  detail,  with  tables  giving  the  results  of 
an  extended  series  of  experiments,  and  the  question  of  an- 
nealing is  treated  with  respect  to  exact  measurements  of  the 
annealing  temperature. 

The  steel  experimented  on  in  this  case  was  furnished  to  Sir 
William  Thomson  for  experimental  purposes  by  two  different 
steel-makers. 

The  following  Table  gives  approximately  the  relative  per- 
centage proportions  of  all  the  substances  found  in  the  steel, 
the  quantities  in  specimen  I.  being  taken  as  unity.  Thoy  are 
taken,  not  from  analyses  of  the  particular  pieces  exj)erimented 
on,  but  from  a  general  analysis  of  the  sample  in  each  case. 

*  Commxmicated  by  Sir  William  Thomson. 
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The  proportions  are  on  this  account  probably  only  roughly 
approximate,  and  until  special  analyses  are  obtained  it  seems 
unnecessary  to  give  the  actual  quantities. 


Table  I. 

Comparative  Composition  of  the  Specimens. 


Substance. 

Number  of  specimen. 

I. 

II. 

III. 

Silicon    

Manganese    .'. . . 

1-00 
1-00 

rou 

1-00 
100 
1-00 

U-08 
1-23 
1-71 
000 
0-25 
0-994 

017 
3-25 
1-.55 
0-00 
0-25 
0-987 

Sulphur     

Cai'bon  

Iron   

All  the  specimens  contain,  as  a  matter  of  course,  nearly  the 
same  amount  of  iron,  but  the  other  constituents  differ  con- 
siderably. The  magnets  were  prepared  in  the  same  manner 
as  those  referred  to  in  Part  I.  of  this  paper.  They  were  all 
made  glass-hard  to  begin  with  ;  and  this  was  done  by  bringing 
them  to  a  bright  red  heat,  and  then  dropping  them,  with  their 
lengths  vertical,  into  a  vessel  60  centim.  deep,  which  was  filled 
with  Avater  at  a  temperature  of  7°  0. 

A  greater  number  of  magnets  than  were  actually  required 
were  prepared,  but  only  those  which  were  found  to  be  straight 
and  of  uniform  glass-hardness  throughout,  chosen  for  the  ex- 
periments. The  hardness  was  tested  by  means  of  a  file  run 
longitudinally  along  and  around  the  magnet ;  in  this  way  any 
marked  divergence  from  uniformity  in  hardness  was  detected. 

Also,  to  make  sure  that  all  the  pieces  of  the  same  sample 
should  be  as  nearly  as  possible  alike,  they  were  one  by  one 
let  fall  on  to  a  block  of  hard  wood,  and  those  which  gave  the 
same  kind  of  metallic  ring  were  taken  for  the  experiments. 
They  were  then  thoroughly  cleaned  and  polished,  and  their 
lengths,  diameters,  and  weights  accurately  determined  ;  these 
measurements  being,  for  ease  of  reference,  given  below  in 
Table  II. 

There  were  fifteen  magnets  in  all,  i.  e.  five  samples  of  each 
specimen,  and  each  one  was  made  exactly  10  centimetres  in 
length. 
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Table  II. — Dimensions  of  Magnets. 


Number  of 
specimen. 

Length  of 

magnet,  in 

centimetres, 

Diameter  of 

magnet,  in 

centimetres, 

d. 

Dimension, 
ratio  Ijd. 

Weight  of 
magnet, 
in  grms. 

I 

II 

Ill 

10 
10 
10 

0-300 
0-265 
0-270 

33 

38 
37 

5-5 
4-3 
4-5 

The  five  pieces  of  each  sample  were  then  magnetized  by- 
placing  them  between  the  poles  of  a  powerful  RulimkorfF 
electromagnet,  which  was  excited  by  a  current  from  twenty- 
four  Thomson  tray-cells  joined  in  series.  The  magnetizing 
current  was  approximately  5 "3  amperes,  producing  a  field  of 
900  C.G.S.  units  intensity.  The  field  was  measured  by  rota- 
ting a  coil  of  known  dimensions  between  the  poles  of  the 
magnet  and  observing  the  deflection  produced  on  a  ballistic 
galvanometer  ;  and  this  was  reduced  to  absolute  measure  by 
comparing  with  the  deflection  (on  the  same  galvanometer) 
obtained  by  rotating  another  coil  of  known  dimensions  in  a 
field  the  strength  of  which  was  known. 

When  the  field  due  to  the  electromagnet  was  being  measured, 
there  was  nothing  between  the  poles  except  the  measuring- 
coil.  In  the  process  of  magnetizing,  the  magnets  were  reversed 
three  times  between  the  poles  of  the  electromagnet  and  then 
finally  magnetized.  This  was  also  done  in  every  case  when  the 
magnets  were  remagnetized  between  two  sets  of  experiments. 

After  being  magnetized  the  magnets  were  laid  aside  for  a 
period  of  eighteen  hours,  and  then  the  deflections  were  taken 
for  the  purpose  of  calculating  their  magnetic  moments.  They 
were  put  through  the  same  series  of  operations  as  the  magnets 
used  in  the  former  experiments,  described  in  Part  I. ;  that  is 
to  say,  the  deflection  produced  by  each  magnet  on  a  magneto- 
meter-needle was  observed  ;  each  was  then  allowed  to  fall 
once  perpendicularly  through  a  height  of  150  centimetres, 
with  the  true  north  end  downwards,  on  to  a  thick  glass  plate; 
and  the  deflection  on  the  magnetometer  again  taken  with  each 
magnet  in  exactly  the  same  position.  Each  was  then  allowed 
to  fall  three  times  in  succession  through  the  same  height,  and 
the  deflection  again  taken. 

The  following  Table  gives  the  results  obtained  for  the 
magnets  when  they  were  all  glass-hard  ;  and  also  after  they 
had  been  magnetized  and  left  undisturbed  for  a  period  of 
eighteen  hours. 
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Table  III. — Grlass-hard. 


Specimen  I. 

Number  of 
magnet. 

Magnetic 

moment, 

per  gram. 

Percentage  loss  due  to 
falling 

Total  loss. 

one  time.    \   three  times. 

1 

2 

3 

4 

6 

61-08 
60-42 
60-18 
60-96 
5903 

0-79 
0-90 
1-11 
0-49 
1-64 

0-40 
0-20 
0-20 
0-30 

0-83 

1-19 
1-10 
1-31 
0-79 
2-46 

Mean   

60-33 

0-99 

0-39 

1-37 

Specimen  II. 

1 

2 

3 

4 

5 

72-10 
72-70 
71-50 
72-70 
71-80 

1-72 
2-13 
1-30 
2-13 

2-15 

0-87 
1-30 

0-88 
0-87 
0-88 

2-57 
3-53 
2-16 
2-98 
302 

Mean    

72-16       1         1-88 

0-96 

2-85 

Specimen  III. 

1 

2 

3 

4 

5 

68-89                4-72                 2-25 
69-78                1-27        '         1-72 
68-10       1         4-78                 1-83 
70-80                2-49        '         2-13 
72-40                408                 1-28 

6-89 
2-96 
6-52 
4-56 
5-31 

Mean    70-00                347        ;          1-84 

5-25 

The  above  table,  as  far  as  it  goes,  seems  to  show  that  the 
percentage  loss  in  the  magnetic  moment  varies  in  the  order 
of  the  quantity  of  manganese  which  the  specimen  contains. 
Thus  specimen  III.  has  a  mean  total  loss  of  5*25  per  cent., 
and  it  has  about  three  times  as  much  manganese  as  either  of 
the  other  two  ;  and  specimen  II.  has  about  20  per  cent,  more 
manganese  than  I.,  and  its  loss  is  3  per  cent,  nearly,  whilst 
that  of  I.  is  approximately  1*4  per  cent. 

Specimen  I.,  however,  differs  very  much  from  the  other 
specimens  in  the  quantity  of  silicon  it  contains,  and  it  alone 
contains  sulphur. 

These  same  fifteen  magnets  were  now  all  fastened  to  a 
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piece  of  wood  by  means  of  soft  copper  wire,  and  annealed  for 
one  hour  in  a  bath  of  linseed  oil  at  a  temperature  of  100°  C. 

Thej  were  then  taken  out  and  allowed  to  lie  at  the  ordinary 
temperature  of  the  room  (8°  C.)  for  a  period  of  6  hours, 
after  which  they  were  magnetized  with  the  same  battery- 
power,  and  every  precaution  taken,  as  formerly.  Then,  after 
lying  aside  undisturbed  for  a  period  of  20  hours,  they  were 
put  through  a  similar  series  of  observations  for  the  purpose 
of  finding  the  effects  of  percussion  in  changing  their  magnetic 
moments.     The  results  are  given  in  the  following  Table: — 


Table  IV.     (Annealed  for  one  hour  at  100°  C.) 

Specimen  I. 

Number  of 
magnet. 

Magnetic 
moment, 
per  gram. 

Percentage  loss  due  to 
falling 

Total  loss. 

one  time.        three  times. 

1 

2 

3 

4 

5 

63-4 
62-4 
61-7 
62-6 
61-4 

0-76        '          1-92 
1-94                 0-39 
2-74                 O'GO 
1-54                 0-78 
1-97                 1-20 

2-67 
2-32 
3-33 
2-70 
3-19 

Mean    

62-3 

1-79                 0-98 

2-84 

Specimen  II. 

1 

2 

3 

4 

5 

71-2 
72-1 
72-1 
72-4 
72-4 

1-74 
2-57 
3-43 
1-71 
2-99 

1-33 
1-32 
0-89 

0-87 
0-88 

2-67 
3-86 
4-29 
2-56 
3-85 

Mean    

7204 

2-49 

1-06 

3-45 

Specimen  III. 

1 

2 

3 

4 

5 

66-8 
69-8 
651 
67-4 

68-3 

2-54 
2-54 
409 
2-63 
2-16 

0-92 
1-74 
2-37 
1-80 
1-33 

4-42 
4-24 
6-36 
4-38 
3-46 

Mean    '          (Sl-b 

2-79 

1-63 

4-57 

From  the  above  Table  we  see  that  annealing  for  one  hour 
in  an  oil-bath  at  temperature  100°  C.  has  slightly  raised  the 
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magnetic  moment  of  specimen  I.  and  lowered  it  in  III., 
whilst  that  of  II.  remains  unaltered.  Also  that  the  total 
percentage  loss  in  I.  and  II.  is  increased,  whilst  in  III.  it  is 
slightly  diminished  ;  indeed,  we  find  it  is  doubled  in  speci- 
men I.,  and  in  II.  it  is  increased  17  per  cent.,  whilst  it  is 
diminished  12  per  cent,  in  specimen  III. 

VV^e  must  remember,  however,  that  specimen  I.  alone  con- 
tains sulphur,  and  has  the  least  quantity  of  manganese,  and  by 
far  the  most  silicon  of  the  three,  while  II.  contains  the  least 
amount  of  silicon. 

The  same  fifteen  magnets  were  again  annealed  for  a  period 
of  ttvo  hoicrs  in  the  same  oil-bath  at  a  temperature  of  100°  C. 
They  were  allowed  to  cool  and  lie  for  six  hours,  as  formerly, 
at  the  ordinary  temperature  of  the  room.  They  were  also 
magnetized  and  treated  similarly  in  every  way  as  in  previous 
experiments.  Then,  after  lying  aside  undisturbed  for  a  period 
of  twenty  hours,  they  were  put  through  the  same  series 
of  observations  for  determining  the  loss  in  their  magnetic 
moments.     The  results  are  given  in  the  following  Table: — 

Table  V. 
(Annealed  for  two  hours  at  100°  C) 


Specimen  I. 

Number  of 
maguet. 

Magnetic 
moment, 
per  gram. 

Percentage  loss  due  to 
falling 

1 

Total  loss. 

one  time. 

three  times. 

1 

o 

3 

4 

5 

62-09 
60-72 
60-72 
62-40 
61-20 

1-56 
1-99 
1-99 
1-94 
2-37 

1-19 
102 
0-61 
0-39 
1-21 

2-73 
2-99 
2-59 
2-32 
2-56 

Mean   

61-42 

1-99 

1-08                 2-84 

Specimen  II. 

1 

2 

3 

4 

5 

1        72-72 
72-72 
72-10 
73-00 
72-46 

2-13 
2-97 
2-57 
2-96 
3-42 

1-70 

0-88 
1-31 

0-87 
0-88 

3-83 
3-83 
3-86 
3-81 
4-27 

Mean    

72-Go       j         2-81 

1-13 

3-92 
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Table  V.  {continued). 


Specimen  III. 

Number  of 
magnet. 

Magnetic 
moment, 
per  gram. 

Percentage  loss    due  to 
falling. 

Total  loss. 

one  time. 

three  times. 

1 

2 

3 

4 

5 

63-86 
71-65 
68-89 
71-55 
71-25 

1-85 
5-00 
4-72 
5-00 
3-32 

0-94 
1-09 
5-40 
1-74 
2-14 

2-78 
5-99 
9-87 
6-61 
5-39 

Mean  

69-42 

3-98 

2-26                  6-13 

From  this  Table  we  see  that  the  second  annealing  for  two 
hours  has  had  no  effect  on  the  magnetic  moment  per  gramme 
in  the  case  of  specimens  I.  and  II.,  and  has  only  slightly  in- 
creased that  of  specimen  III.  We  also  see  that  the  total 
percentage  loss  is  unaltered  in  I.,  and  but  slightly  increased 
in  II.,  but  in  specimen  III.  there  is  an  increase  of  about 
33  per  cent. 

All  the  magnets  were  no\A^  annealed  for  a  period  of  thirty 
minutes  in  an  oil-bath  at  a  temperature  of  236°  C;  they  were 
then  taken  out  and  allowed  to  cool,  as  usual,  to  the  ordinary 
temperature  of  the  room  (8°  C).  Then,  after  lying  aside 
for  six  hours,  they  were  magnetized  in  the  same  manner  and 
with  the  same  battery-power  as  in  the  previous  operations. 

The  temperature  of  the  oil  was  at  first  determined  approxi- 
mately by  means  of  a  mercury  in  glass  thermometer  ;  it  was, 
however,  accurately  determined  by  an  air-thermometer  con- 
structed on  a  method  introduced  by  Mr.  J.  T.  Bottomley,  and 
communicated  by  him  to  the  Birmingham  Meeting  of  the 
British  Association  in  1886.  This  method  will  be  explained 
further  on. 

After  being  magnetized,  the  magnets  were  laid  aside  for  a 
period  of  twenty  hours  and  then  put  through  another  series 
of  observations,  the  results  of  which  are  given  in  the  following 
Table  :— 
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Table  VI. 
(Annealed  for  half  an  hour  at  236°  C.) 


Specimen  I. 

Number  of 
magnet. 

Magnetic 
moment, 
per  gram. 

Percentage  loss  due  to 
falling 

Total  loss. 

one  time. 

three  times. 

1 

2 

3 

4 

5 

63-48 
61-90 
61-60 
62-90 
61-66 

5-14 
5-27 
7-45 
6-73 
5-49 

3-21 
3-08 
2-96 
2-94 
4-56 

8-19 

8-20 

10-20 

8-84 
9-80 

Mean    

62-32 

6-01 

3-35 

9-04 

Specimen  II. 

1 

2 

3 

4 

5 

69-13 
69-13 
68-05 
69-60 
68-36 

6-71 

7-80 

6-36 

13-77 

12-88 

4-07 

7-28 
7-76 
2-83 
4-93 

10-51 
14-54 
13-63 
16-22 
17-20 

Mean    

68-85 

9-50 

5-37 

14-42 

1 65-8 

2 67-9 

3 64-7 

4 !         65-0 

5 640 

17-97 
10-43 
17-80 
13-63 
13-85 

4-11 
5-34 

5-55 
4-21 
6-17 

21-34 
15-22 
20-10 
17-27 
19-16 

Mean   1         65-5 

14-73 

5-07 

18-61 

Here  we  get  a  very  interesting  result :  we  find  that,  by 
annealing  for  Aa//' an  hour  at  approximately  three  times  the 
temperature,  we  get  throe  times  more  percentage  loss.  It  is 
also  interesting  to  note  that  in  every  case  the  total  percentage 
loss  is  almost  exactly  tripled  ;  but  the  three  specimens  still 
preserve  the  same  relative  behaviour  throughout. 

The  same  magnets  were  again  innuersed  tor  half  an  hour  in 
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an  oil-bath  at  temperature  236°  C.  and  then  allowed  to  cool 
in  the  air  as  formerly.  But  this  time  they  were  allowed  to 
lie  for  three  weeks,  and  then  magnetized  in  a  manner  every 
way  similar  to  that  formerly  employed.  After  being  mag- 
netized they  lay  undisturbed  for  a  further  period  of  twenty 
hours,  and  were  then  put  through  the  same  series  of  observa- 
tions as  on  the  previous  occasions.  The  results  are  contained 
in  the  following  Table  : — 

Table  VII. 
(Annealed  for  half  an  hour  at  236°  C.) 


Specimen  I. 

Number  of 
magnet. 

Magnetic 
moment, 
per  gram. 

Percentage  loss  due  to 
falling 

Total  loss. 

one  time. 

three  times. 

1 

2 

3 

4 

5 

57-0 
60-9 
611 
60-4 
60-9 

7-6 
121 
10-8 

8-6 
15-4 

7-5 
5-4 
4-4 
5-3 
5-4 

14-6 
16-8 
14-8 
13-6 
19-8 

Mean   

60-0 

10-9 

5-6 

15-9 

Specimen  II. 

1 

2 

3 

4 

5 

60-3 
60-9 
58-9 
GO-4 

58-5 

220 
16-4 
10-6 
170 
25-0 

70 
141 
161 
16-9 
10-8 

29-5 
27-8 
250 
31-1 
32-8 

Mean   

59'8 

18-2 

12-9 

29-2 

Specimen  III. 

1 

2 

3 

4 

5 

661 
56-9 
561 

68-2 

58-2 

16-6 
10-6 
17-4 
23-0 
20-0 

9-5 

14-6 

9-9 

6-2 

14-2 

24-6 
22- 1 
25-9 
27-6 
310 

Mean    

571 

17-5 

10-8 

26-2 

We  here  find  that  the  second  annealing  at  a  high  tempera- 
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ture  has  diminished  the  magnetic  moment  per  gramme  by 
13  per  cent,  in  specimen  II.,  and  by  about  12  per  cent,  in 
III.,  whilst  in  specimen  I.  it  is  decreased  by  nearly  4  percent. 
We  also  find  that  the  total  percentage  loss  due  to  falling  four 
times  through  a  height  of  1*5  metre  has  increased  above  the 
results  of  the  last  experiment  as  much  as  100  per  cent,  in 
specimen  II.,  and  70  per  cent,  in  I.,  and  40  per  cent,  in  the 
case  of  specimen  III. 

The  magnets  were  not  again  magnetized,  but  were  allowed 
to  lie  undisturbed  in  the  varying  temperature  of  the  room  for 
a  period  of  nine  months,  that  is  from  May  15,  1886,  till 
February  12,  1887.  This  was  done  merely  to  see  what  would 
be  the  effect  of  time  upon  them  in  their  annealed  condition. 
They  were  put  through  a  similar  series  of  observations,  with 
the  exception  that  they  were  not  remagnetized.  The  follow- 
ing Table  contains  the  results  : — 


Table  VIII. 
Magnets  not  remagnetized  and  left  undisturbed  for  9  months. 


Specimen  I. 

1 

Number  of         l^agnetic 
nia-uet             moment, 

Percentage  loss  due  to 
falling 

Total  Ios3. 

°                 per  gram. 

one  time. 

three  times. 

1 47-79 

2 49-48 

3 48-51 

4 1        50-70 

5 1        48-01 

1-02 
0-50 
1-50 
0-96 
1-01 

103 
0-50 
0-00 
1-45 
0-00 

204 
0-98 
1-50 
2-40 

1-01  ■ 

Mean   48-89 

1-00 

0-69 

1-58 

Specimen  II. 

1 

2 

3 

4 

5 

41-47                 2-25 
43-02                2-89 
39-28                1-58 
41-00                1-14 
38-66                0-80 

4-23 
1-50 
0-80 
0-00 
2-52 

5-64 
4-34 
2-38 
1-14 
3-22 

Mean    

40-68                1-73 

1-81 

3-34 
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Table  VIII.  {continued). 


Specimen  III. 

Number  of 
magnet. 

Magnetic 
moment, 
per  gram. 

Percentage  loss  due  to 
falling 

,  Total  loss. 

one  time. 

three  times. 

1 

2 

3 

4 

5 

42-31 
43-45 
41-11 
41-11 
39-36 

2-11 
1-37 
0-00 
1-45 
1-77 

2-16 
1-38 
0-00 
1-47 
0-77 

4-22 
2-82 
0-00 
2-90 

2-27 

Mean   

41-46                 1-34 

1-15 

2-44 

From  the  above  Table  we  find  that  the  relative  losses  of 
mao-netism  in  the  different  specimens  due  to  lying  undisturbed, 
as  indicated  by  the  diminished  magnetic  moments,  is  in  the 
reverse  order  to  what  has  taken  place  throughout  the  whole 
series  when  the  magnets  w'ere  subjected  to  percussion. 

The  total  percentage  loss  all  through  these  experiments  due 
to  percussion  has  been  in  the  order  of  the  number  of  the  spe- 
cimen. Thus  specimen  I.  has  always  decreased  the  least  and 
specimen  III.  the  most ;  but,  in  the  case  of  lying  undisturbed 
for  nine  months,  the  decrease  in  the  magnetic  moment  of  spe- 
cimen I.  is  3*5  per  cent.,  and  of  II.  3*7  per  cent.,  while  III. 
has  diminished  only  1*6  per  cent.  Specimen  IIL^  however, 
contains  about  three  times  as  much  manganese  as  either  I. 
or  II. 

In  Joule's  Scientific  Papers,  vol.  i.  page  591,  some  results 
are  given  on  the  effects  of  time  and  temperature  on  hard  mag- 
nets. The  magnets  used  by  him  were  either  one  inch  long  or 
half  an  inch,  and  were  made  up  of  a  number  of  thin  bars 
placed  side  by  side  so  as  to  form  compound  magnets  of  va- 
riously shaped  sections  but  with  plane  ends  ;  the  magnetic 
moments  of  these  magnets  diminished  about  33  per  cent,  on 
lying  aside  for  a  periocl  of  eighteen  years. 

The  rate  of  diminution  of  magnetism  in  different  kinds  of 
steel,  with  annealing,  time,  and  temperature,  is  at  present 
under  investigation  in  this  laboratory.  In  connection  with 
this  investigation,  further  experiments  are  being  made  on  the 
same  kind  of  steel  as  is  referred  to  in  this  paper,  and  it  is 
hoped  that  further  results  will  be  ready  for  publication  at  an 
early  date,  I  wall  now  give  a  tabular  view  of  the  results 
obtained  up  to  this  point. 
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Mr.  Bottomley's  modificcation  of  the  air-thermometer,  re- 
ferred to  above,  which  was  used  for  measuring  the  high  tem- 
peratures, is  constructed  and  employed  as  foUows : — 

Suppose  a  glass  tube,  \  inch  or  |  inch  internal  diameter, 
is  made  to  the  shape  shown  in  fig.  1,  which 
is  a  quarter  of  the  full  size  of  the  tubes  used 
in  these  experiments. 

The  parts  AB  and  DC  are  drawn  out  to 
fine  capillary  tubes,  very  small  in  volume  in 
comparison  with  the  bulb  BD  of  the  ther- 
mometer. When  ready  for  use  it  is  com- 
pletely filled  with  pure  dry  air  and  closed  at 
C,  but  open  at  A. 

The  parts  CDB  and  the  greater  portion  of 
AB  are  now  inserted  into  the  liquid,  the 
temperature  of  which  we  wish  to  measure ; 
and  when  it  has  been  in  long  enough  to  be  ( \lf^* 

at  the  same  temperature  as  the  liquid,  it  is 
sealed  at  A  with  a  blowpipe  flame,  thus  en- 
closing a  sample  of  the  air  at  the  required 
temperature.  The  height  of  the  barometer 
at  the  time  of  closing  is  also  noted. 

It  is  then  taken  out  and  allowed  to  cool,  and  also  thoroughly 
cleaned,  with  alcohol  if  the  bath  has  been  of  oil,  as  it  was  in 
the  case  under  consideration. 

It  is  now  carefully  weighed  in  a  chemical  balance  ;  then 
the  end  C  is  opened  under  water  at  a  known  temperature;  the 
height  of  the  barometer  being  again  noted. 

By  this  operation  the  water  is  allowed  to  rush  into  the  bulb 

BD  and  to  compress  the  contained  air  to  the  volume  consistent 

with  the  barometric  height  and  temperature  at  the  given  instant. 

The  thermometer  with  the  contained  air  and  w^ater  is  again 

•  1  • 

carefully  weighed,  at  the  same  tnne  taking  care  to  add  the 

small  piece  of  tube  which  was  broken  oflp  in  the  act  of  open- 
ing the  end  C.  The  remaining  part  of  the  tube  AB  is  now 
filled  with  water  by  breaking  off  the  end  A,  and  the  whole 
again  carefully  weighed. 

In  the  following  calculation  the  weight  of  the  air  displaced 
during  this  last  operation  is  assumed  to  be  so  very  small  that 
for  our  present  purpose  we  may  neglect  it. 
Let  now 

^  =  Weight  of  the  glass,  in  grammes. 
^ -f  1(1^  =  Weight  of  the   glass  and  the  contained  air,  in 

grammes. 
^ -|- Wg  =  Weight  of  the  glass  and  water,  in  grammes. 
i  =  Temperature  of  the  water  employed. 


Assumptions  required  for  the  Proof  of  Ay  ogad.i'o''s  Law.     433 

T  =  The  absolute  temperature  of  the  oil-bath. 

H  =  Observed    barometric    height    at    the    time    of 

sealing. 
H'  =  The  barometric  pressure  at  the  time  of  opening, 
corrected  for  pressure  of  vapour  of  water,  at  the 
temperature  of  the  water  used  in  filling  the  tube. 
Then  we  have 

g      w^-ioi  _27S  +  t 
H  ^  ~W'  ~      T     ' 
^^Hm^2(273  +  0. 

H'(lf2  — l«l)    * 

In  these  experiments  the  observed  values  were,  after  making 
all  corrections, 

.    H  =  752*4  millim. 
H'=  744-8       „ 
tt'2=     5 "3 10  grammes. 
u\-=-     2"278         ,, 
f  =  15°C. 
Hence  752-4  x5;31x288_ 

^-     744-8 X  3-032         ^^^• 
And  the  temperature   of  the  oil  was   therefore  509  —  273  = 
236°  C. 

L.   The  Assumptions  required  for  the  Proof  of  Avogadro's 
Lmv.     By  Professor  Tait*. 

TWO  months  ago  (in  consequence  of  a  chance  hint  in 
'  Nature  ')  I  managed  to  procure  a  copy  of  Prof.  Boltz- 
mann^s  paper  {ant^,  p.  305),  and  inserted  a  reply  to  it  in  the 
(forthcoming)  Part  II.  of  my  investigations  ;  but,  as  there 
may  be  some  delay  in  the  publication,  I  send  a  short  abstract 
to  the  Philosophical  Magazine. 

Prof.  Boltzmann  says  that  I  do  not  expressly  state  that  my 
work  applies  only  to  hard  spheres.  This  is  an  absolutely 
unwarrantable  charge,  as  I  have  taken  most  especial  care 
throughout  to  make  this  very  point  clear. 

Prof.  Boltzmann,  while  objecting  to  my  remark  about 
"playing  with  symbols,"  has  unwittingly  furnished  a  very 
striking  illustration  of  its  aptness.  His  paper  bristles  through- 
out with  formulae,  not  one  of  which  has  the  slightest  direct 
bearing  on  the  special  question  he  has  raised  I 

He  assorts  that,  in  seeking  a  proof  of  Clerk-Maxwell'a 
Theorem,  I  have  made  more  assumptions  than  are  necessary. 
To  establish  this,  he  proceeds  to  show  that  the  Theorem  can 
*  Communicated  by  the  Author. 
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be  proved  by  the  help  of  a  different  and  much  more  com,pre- 
hensiveset  of  assumptions  !  "  'Erepw  ye  tv^w,  Aioyeva""  !  He 
allows  that  my  proof  is  correct ;  and  I  am  willing  (without 
readin  cr  it)  to  allow  as  much  for  his.  The  point  at  issue,  then, 
is: — Which  of  us  has  made  the  feivei^,  or  the  less  sweepingj 
assumptions  ?  Another  question  may  even  be  : —  Whose  as- 
sumptions are  justifiable  ? 

My  assumptions  are  (formally)  three,  but  the  first  two  are 
expressly  regarded  as  consequences  of  the  third,  which  is  thus 
my  onh/  one,  viz. : — 

There  is  free  access  for  collision  between  each  pair  of  par- 
ticles, whether  of  the  same  or  of  different  systems ;  and  the 
number  of  particles  of  one  kind  is  not  overwhelmingly  greater 
that  that  of  the  other. 

From  this  I  conclude  (by  general  reasoning  as  to  the  be- 
haviour of  communities)  that  the  particles  will  ultimately 
become  thoroughly  mixed,  and  that  each  system  (in  conse- 
quence of  its  internal  collisions)  will  assume  the  "special  state." 

Prof.  Boltzmann  denies  the  necessity  for  internal  collisions 
in  either  system,  and  assumes  that  (merely  by  collisions  of 
particles  of  different  kinds)  uniform  mixing,  and  distribution 
of  velocities  symmetrically  about  every  point,  will  follow  ! 
Surely  this  requires  proof,  if  proof  of  it  can  be  given.  So 
sweeping  is  the  assumption  that  it  makes  no  proviso  as  to 
the  relative  numbers  of  the  particles  in  the  two  systems  !  The 
character  of  this  absolutely  tremendous  assumption  is  so  totally 
different  from  that  of  mine  that  it  is  impossible  to  compare 
the  two.  My  assumption  has,  to  say  the  least,  some  justifica- 
tion ;  but  I  fail  to  see  even  plausible  grounds  for  admitting 
that  of  Prof.  Boltzmann.  There  is  no  need  to  inquire  as  to  its 
truth,  at  present;  for  I  am  not  now  discussing  his  extension 
of  MaxwelPs  Theorem  which,  of  course,  is  implied  in  it.  The 
question  is  : — Is  Prof.  Boltzmann's  assumptiou_,  even  if  cor- 
rect, sufficiently  elementary  and  obvious  to  be  admitted  as  an 
axiom  ?  It  is  so  wide-reaching  as,  in  effect,  to  beg  the  whole 
question  ;  and  I  venture  to  assert  that,  on  grounds  like  these, 
it  cannot  possibly  be  shown  that  any  of  my  assumptions  are 
unnecessary. 

The  objection  raised  in  Prof  Boltzmann's  "  Second  Ap- 
pendix "  (which  is  not  in  my  German  copy)  was  made  long 
ago  to  me  by  Prof.  Newcomb  and  by  Messrs.  Watson  and 
Burbury.  I  have  replied  to  this  also  in  my  Part  II.,  and 
I  will  not  discuss  it  now.  I  need  only  say  that  Prof.  Boltz- 
mann, while  causelessly  attributing  to  me  a  silly  mathema- 
tical mistake,  has  evidently  overlooked  the  special  importance 
which  I  attach  to  the  assumed  steadiness  of  the  "  average 
behaviour  of  the  various  groups  of  a  comm^mity." 
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Continuous  Transition  from  the  Liquid  to  the  Gaseous  State 
of  Matter  at  all  Temperatures.  By  WiLLlAM  Ramsay, 
Fh.I).,  and  Sydney  Young,  D.Sc.\ 

[Plates  VIL,  VIII.,  IX.,  &  X.] 

IT  was  proved  by  Boyle,  in  1662,  that  the  volume  of  a  gas, 
provided  temperature  be  kept  constant,  varies  inversely 
as  the  pressure  to  which  it  is  subjected  ;  this  relation  may  be 

expressed  by  the  equation  p=~,  or  pv  =  constant,  where  p 

iind  V  respectively  stand  for  pressure  and  volume.  But  sub- 
sequent experiments  by  Van  Marum,  Oersted,  Despretz,  and 
others  showed  that  certain  gases  do  not  obey  this  law ;  and  it 
is  now  well  known  that  Boyle's  statement  is  only  approximate; 
for  it  has  been  proved  by  experiment  by  Regnault,  Natterer, 
and  more  recently  by  Amagat,  that  no  gas,  under  high  pres- 
sures, is  diminished  in  volume  in  inverse  ratio  to  the  rise  of 
pressure.  Indeed  Boyle's  law  could  hold  only  on  the  assump- 
tion that  the  actual  molecules  of  matter  possess  no  extension 
in  space  and  exert  no  attraction  on  each  other.  A  gas,  such 
as  hydrogen,  at  low  pressures,  and  consequently  at  large 
volumes,  fills  a  space  very  great  when  compared  with  the 
space  occupied  by  the  actual  molecules  ;  and  these  molecules 
are  comparatively  so  distant  from  one  another,  that  the  attrac- 
tion which  they  mutually  exercise  is  inappreciable.  But,  on 
compression,  the  actual  space  occupied  by  the  molecules  bears 
an  increased  ratio  to  the  space  which  they  inhabit;  and,  by 
their  approach,  the  attraction  which  they  exert  is  also  increased. 
The  gas,  then,  deviates  appreciably  from  Boyle's  law. 

Gay-Lussac,  in  1808,  enunciated  the  law  that  the  volumes 
of  all  gases  increase  by  a  constant  fraction  of  their  volume  at 
0°  for  each  rise  of  1°  in  temperature.  It  was  subsequently 
ascertained  by  Magnus,  and  confirmed  by  Regnault,  that  cer- 
tain gases  deviate  from  this  law,  expanding  more  rapidly  than 
othei's.  Such  gases,  as  a  rule,  are  at  temperatures  not  far  re- 
moved from  those  at  which  they  condense  to  liquids  ;  that  is, 
their  volumes  are  comparatively  small,  and  the  actual  size  of 
the  molecules  and  their  mutual  cohesion  begin  to  manifest 
themselves  within  the  range  of  experimental  observation. 
Again,  it  is  evident  that  no  gas  can  perfectly  follow  Gay- 
Lussac's  law  ;  but  the  larger  the  volume  it  occupies  the 
smaller  is  the  influence  of  the  disturbing  factors.     The  usual 

*  Parts  I.  and  II.,  Philosophical  Transactions,  parti.  1886,  pp.71  and 
123 ;  Part  III.,  ibid,  part  ii.,  1886,  p.  1 ;  Part  IV.,  Trans.  Chem.  Sec. 
188(5,  p.  7<.)0  ;  Part  V.,  in  the  hands  of  the  Royal  Society. 

t  Communicatod  by  the  Physical  Society  :  read  February  26,  1887. 
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expression   for   Gay-Lussac's   law  is  v  —  c{\ -\- at) ,  or,   if  the 
absolute  temperature-scale  be  employed,  v  =  cT. 

As  a  deduction  from  these  laws,  it  follows  that  if  the  volume 
of  unit  mass  of  a  gas,  supposed  to  follow  them  rigorously,  be 
kept  constant,  the  pressure  varies  directly  as  the  absolute 
temperature  ;  or  jt?  =  cT. 

Now,  so  long  as  the  volume  of  unit  mass  of  a  gas  is  kept 
constant,  the  average  distance  of  its  molecules  from  one  an- 
other will  remain  constant ;  and  it  is  a  fair  assumption  that 
the  attraction  of  the  molecules  for  each  other  will  not  vary. 
It  may,  of  course,  be  the  case  that  the  effect  of  a  rise  of  tem- 
perature on  any  individual  molecule  is  to  alter  its  actual 
volume  ;  but  of  this  we  know  nothing  ;  and,  in  default  of 
knowledge,  it  has  been  assumed  by  us  that  no  such  alteration 
takes  place.  If  these  assumptions  are  correct,  it  follovvs 
that  the  temperature  and  pressure  of  gases — and  indeed  the 
same  assumptions  may  be  extended  to  liquids — should  then 
bear  a  simple  relation  to  each  other.  We  have  obtained  ex- 
perimental proof  of  a  convincing  nature  that  th^"s  is  the  case  ; 
and  in  a  preliminary  note  to  the  Royal  Society,  read  on 
January  6,  we  promised  such  a  proof.  This  proof  is  the  sub- 
ject of  the  present  paper  ;  and  we  must  ask  for  indulgence 
in  quoting  a  large  array  of  figures,  some  of  which  have 
already  been  published,  on  the  ground  that  such  an  important 
generalization  requires  as  much  experimental  evidence  as  can 
be  brought  to  bear  on  it. 

The  relation  between  the  pressures  and  temperatures  of  a 
liquid  or  a  gas  at  constant  volume  is  expressed  by  the  equation 

jo  =  Z>T — a  ; 
where  p  is  the  pressure  in  millimetres,  T  the  absolute  tempera- 
ture, and  h  and  a  constants.  The  values  of  these  constants 
depend  on  the  nature  of  the  substance  and  on  the  volume.  It 
follows  from  this,  that  if  a  diagram  be  constructed  to  express 
the  relations  of  pressure,  temperature,  and  volume  of  liquids 
and  gases,  where  pressure  and  temperature  form  the  ordinates 
and  abscissas,  the  lines  of  equal  volume  are  straight*. 

We  have  proved  this  to  be  the  case  for  ethyl  oxide  (ether) 
between  the  temperatures  100°  and  280°,  and  for  volumes 
varying  from  1'85  cubic  centim.  per  gram  to  300  cubic  centim. 
per  gram.     This  proof  we  now  proceed  to  give. 

The  data  for  the  calculations  are  at  present  in  the  press,  and 
will  shortly  appear  in  the  Philosophical  Transactions  for  1886, 
p.  10.  A  diagram  (which  will  accompany  that  memoir)  was 
constructed  with  the  greatest  care,  showing  isothermal  lines, 

*  Amagat  {Comptes  Rcndus,  xciv.  p.  84")  has  stated  a  similar  relation 
for  gases ;  his  data  are,  however,  imperfect,  and  he  expressly  states  that 
the  law  does  not  apply  to  liquids. 
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the  ordiuates  and  abscissae  being  respectively  pressures  and 
volumes.  It  was  possible  to  read  pressure  accurately  to 
within  20  millim.  ;  and  volume,  up  to  a  volume  of  3'1,  to 
within  0*001  cubic  centim.  per  gram  ;  and,  at  volumes  greater 
than  3'1  cubic  centim.  per  gram,  to  001  cubic  centim.  per 
gram.  Pressures  corresponding  to  each  isothermal  were  then 
read  oft"  on  the  equal  volume-lines,  from  curves  constructed  to 
fit  the  experimental  points  as  accurately  as  could  be  drawn 
with  the  help  of  engineers^  curves.  These  pressures  and 
temperatures  were  then  mapped  as  ordinates  and  abscissae ; 
and  it  was  found  that  points  corresponding  to  each  volume 
lay  in  a  straight  line.  Again,  two  points  were  chosen  on 
these  equal  volume-lines,  as  far  apart  as  the  scale  of  the  dia- 
gram would  permit,, and  the  values  of  the  change  of  pressure 

dp 
per  unit  change  of  temperature,  ~-,  were  ascertained  for  each 

separate  volume  chosen.  To  eliminate  irregular ilies,  these 
values  were  smoothed  graphically  ;  but  it  was  difficult  to  find 
any  very  satisfactory  method.  The  method  employed  for 
ether,  which  we  found  to  give  the  best  results,  was  to  map  as 
ordinates  the  ratios  between  these  values,  and  similar  values 
calculated  on  the  supposition  that  the  gas  or  liquid  followed 
the  usual  gaseous  laws,  against  the  reciprocals  of  the  volumes 
as  abscisScB.     A  curve  was  then  drawn,  taking  a  mean  course 

among  the  actual  points,  and  the  values  of    -  were  calculated 

from  readings  at  definite  volumes.     This  expression,  ^,  is  the 

dt 
b  of  our  formula.  Having  thus  obtained  the  mo:<t  probable 
value  of  b  for  each  volume,  the  value  of  a  at  each  volume  was 
ascertained  by  calculation  from  each  individual  point  read 
from  the  original  curves,  and  at  each  volume  the  mean  of  all 
was  chosen. 

Isothermals  were  then  calculated  by  means  of  the  equation 
p  =  hT  —  a,  T  being  kept  constant ;  and  those  values  of  «  and 
b  corres|)onding  to  the  volumes  required  being  selected.  These 
calculated  isothermals  are  shown  on  Plate  VII.  ;  and  the  lines 
of  equal  volume,  or  isochors*,  on  Plate  VIII.  It  is  evident, 
from  inspection  of  the  former,  that  the  calculated  lines  corre- 
spond as  closely  as  possible  with  the  actual  observations. 

It  is  necessary  now  to  give  the  data  on  which  these  deduc- 
tions are  based.  The  following  Table  gives  those  points 
corresi)onding  to  lines  of  equal  volume  read  from  the  diagram 
constructed  I'rom  experimental  observations. 

*  From  1(T09,  cqimJ,  and  xoopnv,  to  contnin.  Another  suitable  word 
would  b(;  •'  isoplct/ic;'  but  we  have  Professor  Jowett's  preference  for  the 
ono  selected.  ]Oilher  of  these  terms  seems  preferable  to  that  (isomeln<a\ 
already  proposed. 
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Lines  of  equal  volume,  or  isochors,  were  then  mapped  from 
these  results,  pressures  and  temperatures  being  ordinates  and 


abscissae.     The  values 


of  %  or  h, 


were  then  read  for  each 


separate  volume  and  smoothed,  as  before  described.  The  fol- 
lowing Table  shows  the  read  values,  and  the  values  after 
smoothing.  The  values  of  a  are  also  given,  calculated  by 
the  equation  a^^ht—p^  from  the  results  shown  on  the  previous 
table  ;  the  means  of  all  the  individual  results  for  each  volume 
are  stated.  Table  II. 


Volume. 

h 
found. 

h  calcu- 
lated. 

log  h. 

a. 

1-85 

2034 

3-30826 

826860 

1-90 

1746 

1861 

3-26986 

767670 

1-95 

1716 

3-23452 

715860 

20 

1597 

3-20335 

672820 

•1Mb 

imi 

1492 

317372 

633070 

21 

1500 

1405 

3-14777 

600110 

215 

1342 

1320 

3-12061 

566170 

2-2 

1211 

1243 

3-09462 

635100 

2-25 

1155 

1175 

3-07022 

507170 

2-3 

1117 

1115 

3-04744 

482160 

2-4 

1020 

1010 

3-00428 

437240 

2-5 

920-8 

919-7 

2-69363 

397970 

2-75 

732-0 

732-0 

2-86451 

313605 

30 

623-5 

621-7 

2-79357 

262917 

3-3 

635-7 

532-8 

2  72659 

221630 

3-7 

463-1 

454-6 

2-65762 

185109 

4-0 

413-7 

413-7 

2-61669 

165996 

50 

321-5 

319-1 

2-50392 

121895 

60 

257-15 

254-2 

2-40511 

91906 

7 

213  6 

208-7 

2-31959 

71464 

8 

178-0 

176-1 

2-24584 

57203 

9 

150-95 

151-4 

2-18022 

46742 

10 

130-8 

132-7 

2-12280 

39079 

11 

116-25 

117-6 

2-07027 

33037 

12 

104-45 

105-5 

202336 

28401 

13 

94-29 

95-54 

1-98017 

24659 

14 

85-00 

87-09 

1-93998 

21507 

15 

78-82 

80-06 

1-90339 

19125 

16 

72-29 

73-95 

1-86893 

17049 

17 

67-53 

68-76 

1-83733 

15313 

18 

62-53 

64-24 

1-80780 

13854 

19 

59-23 

6011 

1-77893 

12533 

20 

55-70 

56-43 

1-75151 

11386 

25 

43-75 

43-26 

1-63612 

7529 

30 

35  GO 

34-99 

1-54393 

5412 

40 

26-23 

2509 

1-39945 

3159 

50 

20-38 

19-46 

1-28925 

2077 

75 

12-82 

12-50 

1-09674 

994 

100 

9-32 

9110 

0-95997 

571 

ino 

6-87 

5-923 

0-77254 

270 

2(X) 

4-38 

4-396 

0-64306 

160-5 

250 

3-46 

3-483 

0-54198 

105 

300 

2-93 

2-858 

0-45605 

59 
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The  lines  of  equal  volume  calculated  from  these  values  of 
a  and  h  are  reproduced  graphically  in  Plates  VIII.  and  IX. 
We  propose  to  discuss  the  form  of  the  diagram  later. 

We  have  calculated  the  values  of  y?  for  various  isothermals, 
at  the  above  volumes.  These  are  shown  in  Plate  VII. ;  the 
actual  experimental  observations,  of  which  a  detailed  account 
is  given  in  the  '  Philosophical  Transactions,'  1886,  p.  10  et 
seq.,  are  represented  by  circles.  It  is  evident  that  the  curves 
through  the  calculated  points  represent  the  actual  measure- 
ments very  closely,  indeed  as  nearly  as  unavoidable  error  of 
experiment  allows.  It  is  to  be  noticed  that  the  greatest 
divergence  is  at  the  temperatures  250°  and  280°,  but  the  de- 
viations are  in  opposite  directions,  and  must  therefore  be 
ascribed  to  experimental  error. 

Table  III.  (pp.  442^  443)  gives  the  data  from  which  the  cal- 
culated isothermals  were  constructed. 

As  volumes  above  30  cubic  centim.  per  gram  are  not  given 
in  the  diagram,  we  have  thought  it  advisable  to  show  the  cor- 
respondence of  calculated  and  observed  results  by  a  table  ; 
the  calculated  numbers  were  read  from  curves  specially  con- 
structed from  the  formula  p  =  ht  —  a,  and  the  observed  results 
are  those  actually  furnished  by  our  experiments.  It  will  be 
seen  that  the  correspondence  is  very  close. 

Table  III.  [continued). 
Temperature  100°. 


Volume. 

Pressure 
found. 

Pres.  cal- 
culated. 

Volume. 

Pressure 
found. 

Pres.  cal- 
culated. 

c.  c. 
64-06 
55-50 
66-95 
69-84 
62-73 
65-63 
68-56 
71-48 

millim. 
4817 
4720 
4627 
4434 
4265 
4102 
3946 
3818 

millim. 
4875 
4760 
4670 
4470 
4290 
4100 
3970 
3815 

c.  c. 
74-42 
77-34 
8314 
8602 
88  89 
94-63 
97-61 

millim. 
3668 
3546 
3334 
3243 
3150 
2978 
2893 

millim. 
3685 
3550 
3320 
3215 
3120 
2970 
2900 

Temperature  150°. 

31-09 
33  94 
39-66 
45-43 
51-23 
5702 
62-81 

9066 
8497 
7484 
6674 
6024 
5480 
6034 

9110 
8520 
7505 
6745 
6100 
5560 
5090 

68-64 
74-51 
80-35 
86-13 

91-87 
97-63 

4651 
4304 
4027 
3783 
3564 
3375 

4675 
4310 
4010 
3760 
3530 
3345 
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Table  III.  [continued). 


Temperature  175°. 

Volume. 

Pressure 
found. 

Pres.  cal- 
culated. 

Volume. 

Pressure 
found. 

Pres.  cal- 
culated. 

c.  c. 

3111 
33-96 
39-68 
45-46 
51-26 
57-06 
62-85 

millim. 

9906 
9248 
80(55 
7208 
6485 
5903 
5396 

millim. 

9975 
9290 
8130 
7205 
6510 
5940 
5450 

c.  c. 

68-69 
74-56 
80-40 
86-18 
91-93 
97-69 

millim. 

4987 
4626 
4307 
4035 
3803 
3589 

miUim. 

5000 
4630 
4310 
4030 
38()0 
3600 

Temp.  185°. 

Temp.  190°, 

31-12 
45-47 
59-97 
74-58 
86-21 
91-95 
97-72 

10284 
7434 
5811 
4755 
4159 
3915 
3692 

10300 
7460 
5865 
4770 
4140 
3900 
3690 

31-12 

45-47 
59-97 
74-59 
86-21 

10455 
7549 
5902 
4828 
4210 

10460 
7545 
6940 
4810 
4190 

1 
Temp.  192°. 

Temp.  193°-8. 

31-12 
45-48 
59-98 
74-60 
86-42 

10544 
7590 
5930 
4847 
4230 

10520 
7600 
5970 
4850 
4200 

31-12 

45-48 
59-98 
74-60 
86-42 

10587 
7627 
5951 
4867 
4252 

10590 
7630 
6000 
4875 
4220 

Temp.  195°. 

Temp.  197°. 

31-12 
45-48 
5998 
74-60 
86-42 
91-97 
97-74 

10631 
7651 
5969 
4884 
4260 
4(J07 
3797 

10620 
7675 
6020 
4895 
4230 
4000 
3775 

33-17 

38-07 
47-84 
57-59 
67-33 
77-05 
86-75 
96-44 

10108 
8972 
7312 
6166 
5356 
4718 
4219 
3820 

10055 
8965 
7320 
6130 
5340 
4735 
4220 
3820 

Temperature  223°-25. 

3115 

45-51 
60-02 
74-65 

11567 
8260 
6412 
5232 

11550 
8240 
6420 
5225 

80  50 
86-29 
92-04 
97-81 

4870 
4556 
4289 
4044 

4880 
4550 
4270 
4020 
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These  complete  the  data  for  ether.  It  appeared  necessary 
to  examine  the  relations  between  volume,  temperature,  and 
pressure  for  carbon  dioxide,  because  it  is  chemically  entirely 
different  from  ether,  and  also  because  the  data  are  furnished 
by  Dr.  Andrews,  whose  experimental  skill  was  very  great ;  and 
we  shall  jirove  that  his  results  entirely  corroborate  our  views. 

It  was  first  necessary  to  correct  the  pressures  given  by  him 
in  atmospheres  by  means  of  Amagat^s  results,  so  far  as  that  is 
possible.  As  Amagat^s  experiments  on  the  compressibility  of 
dry  air  do  not  extend  beyond  65,000  millim.,  no  correction  was 
possible  above  that  pressure  ;  and  extrapolation  is  inadmissible, 
inasmuch  as  the  minimum  value  o^pv  for  air  is  atOO.OOO  millim. 

Data  for  obtaining  the  actual  volume  of  carbon  dioxide  used 
are  given  by  Andrews.  The  w^eight  was  calculated  in  the 
following  manner : — Andrews  gives  the  volume  of  carbon  di- 
oxide filling  his  tubes  at  0°and076  millim., and  from  Regnault's 
data  the  weight  was  calculated.  This  refers  to  Andrews's  first 
paper  (Phil.  Trans.  1861),  ii.  p.  575).  In  his  second  paper 
(Phil.  Trans.  1876,  p.  421)  no  direct  data  are  given  from 
which  the  weight  can  be  determined  ;  but  we  succeeded,  by 
combining  the  results  given  in  his  various  tables,  in  arriving 
at  the  weight  without  any  serious  error. 

His  results  are  reproduced  in  an  available  form  in  the 
following  Tables  : — 

Table  IV.   (The  first  quantity  weighed  0-000612  gram.) 


Temp. 

13°-1. 

Temp. 

21° -5. 

Temp.  , 

31°-1. 

P. 

Vol.  of 

P. 

Vol.  of 
1  gram. 

P. 

Vol.  of 

1  gram. 

1  gram. 

millim. 

c.  c. 

millim. 

c.  c. 

millim. 

c.  c. 

68726  * 

1038 

46600 

1-232 

63462 

1-389 

56333 

1-059 

46383 

1-241 

61416 

1-425 

40725 

1104 

45490 

1-484 

59540 

1-470 

37631 

1-124 

45155 

2-270 

57847 

1-495 

37459 

1-145 

44962 

3-124 

56178 

1-812 

37074 

1-377 

44787 

4-760 

55010 

2-234 

36942 

1-547 

34907 

8118 

54588 

2-338 

36816 

1-972 

53089 

3-814 

36719 

2-758 

51709 

4-192 

36668 

3-733 

50390 

4-534 

36610 

5-004 

49118 

4-855 

36528 

6-554 

47910 

5-147 

36433 

6-595 

46725 

5-471 

35497 

6-964 

45622 
44577 
43611 
43182 
41761 
40895 

5-750 
6009 
6-265 
6-515 
6-765 
7-003 

*  The  pressures  to  -svliich  an  asterisk  is  affixed  are  not  corrected. 
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Temp. 

32=-5. 

Temp. 

35°-5. 

Temp.  ' 

18°-1. 

P. 

Vol.  of 

P. 

Vol.  of 

P. 

Vol.  of 

1  gram. 

1  gram. 

1  gram. 

millim. 

c.  c. 

millim. 

c.  c. 

millim. 

c.  c. 

63246 

1-461 

81775* 

1-330 

'       83144* 

1-999 

59425 

1-612 

75673  * 

1-392 

72:U4  * 

2-999 

58501 

1-818 

70406  * 

1-476 

62s.-'.7 

4-061 

56813 

2-954 

68035  * 

1-532 

50311 

5-057 

55151 

3-543 

64516 

1-624 

51012 

5-991 

54839 

3-629 

60552 

2-511 

46675 

6-887 

53292 

4-034 

57057 

2-549 

42808 

6-595 

53977 
51166 

4-233 
4-831 

48625 
4(i340 
44263 

5-396 
5-935 
6-432 

42383 

6-917 

Table  IV.  {continued^. 
(The  weight  of  the  second  quantity  -was  0*0018075  gram.) 


Temp.  0°. 

Temp. 

6°-6°-9. 

Temp.  63°  6-64°. 

Temp.  99 

^-5-100°-7. 

P. 

Vol.  of 

P. 

Vol.  of 

P. 

Vol.  of 

P. 

Vol.  of 

1  gram. 

1  gram. 

1  gram. 

1  gram. 

millim. 

e.  c. 

millim. 

c.  c. 

millim. 

c.  c. 

millim. 

c.  c. 

25865 

10-53 

25870 

11-25 

169420* 

1-401 

169910  * 

1-816 

23325 

12-36 

23291 

13-09 

110610* 

1-907 

110.530* 

3-161 

20800 

14-53 

20822 

15-16 

81229* 

3-363 

80323  * 

5-057 

18674 

16-77 

18681 

17-11 

60422 

5-477 

59985 

7-192 

151.-)5 

21-73 

16777 

19-90 

48425 

7-485 

47910 

9-391 

12277 

27-83 

15161 

22-54 

40554 

9-462 

40169 

11-52 

9081 

39-09 

12907 

27-16 

34806 

11-45 

34382 

13-72 

11093 

32-18 

30351 

13-48 

29910 

15-96 

9994 

36-12 

26212 

1.5-99 

25930 

18-74 

9087 

40-06 

23568 

18-00 

23325 

2103 

21106 

20-41 

20876 

23-70 

18866 

23-08 

18711 

26-65 

17000 

25-86 

16858 

29-74 

15356 

28-88 

1.5214 

33-09 

13288 

33-74 

13153 

38-58 

As  with  ether,  these  numbers  were  plotted  graphically  up 
to  a  pressure  of  75,000  millim.  Above  65,000  millim.  no  true 
correction  for  deviation  of  Andrews's  air-gauge  was  possible ; 

*  The  pressures  to  -which  an  asterisk  is  affixed  are  not  corrected. 
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but  approximate  corrections  were  introduced.  It  was  possible 
to  read  pressures  to  within  oOmillim.on  the  scale  employed,  and 
volume  to  within  0*02  cub.  ceutim.  ])er  gram.  Pressures  corre- 
sponding to  even  volumes  were  read  oft*,  as  with  ether  ;  and  on 
mapping  the  isochors  with  temperatures  as  abscissae  and  pres- 
sures as  ordinatesjthe  resulting  points  lay  in  straight  lines.    The 

(In 
values  of  h,  i.  e.  of   -j—,  were  then  read  off,  and  smoothed, 

by  mapping  them  against  the  reciprocals  of  the  volumes.  After 
smoothing,  the  values  of  a  were  calculated  at  each  volume, 
making  use  of  the  pressures  previously  read  from  the  curve 
representing  isothermals.  The  diagram  (1)  on  Plate  X.  was 
then  constructed  from  these  smoothed  values.  The  crosses 
denote  our  readings  of  pressures  at  the  temperatures  chosen 
by  Andrews  for  his  isothermals.  These  values  of  a  and  b 
were  then  made  use  of  in  recalculating  isothermals  at  the 
above  temperatures,  and  the  diagram  (2)  on  Plate  X.  repre- 
sents the  curves  complete  so  far  as  Andrews's  data  allow.  The 
circles  represent  Andrews's  actual  measurements  ;  and  it  is 
evident  that  no  better  concordance  could  be  expected.  The 
tables  which  follow  give  the  data  afforded  by  Andrews's 
experiments. 

Table  V. 

Pressures  read  from  Curves  originally  drawn  from  Andrews's 
experimental  data,  and  represented  by  circles  in  the 
diagram  (2),  Plate  X. 


Temperature. 

Vol. 

1          , 

0°. 

6°. 

13"1. 

21°-5. 

31°-l.l32°-5. 

35°-5. 1  48°-l.  1  64°. 

100°. 

c.  c. 

mm. 

mm. 

mm. 

mm. 

ram.  ;  mm. 

mm.  1  mm. 

mm. 

mm. 

30 

11430 

11790 

14820 

16710 

25 

13480 

13830 

17500 

19860 

20 

162U0 

l(i570 

21450 

24300 

15 

20300 

20970 

27700 

31.570 

12 

23730 

24800 

33500 

38730 

10 

26715 

28000 

... 

'.'.'.     138970 

45330 

8 

... 

35340 

37560? 37800? 

38400?:  41930 

46200 

54630 

7 

35340  38220? 

40970  41370  142060 

46200 

50850 

61500 

6 

41100? 

44700  4.''>0(>()  4(;i)00 

51000 

56700 

5 

44100?|48()00  149200  ,50370 

56760 

4-5 

505.50  151400 

52830 

60000 

4-0 

52420  153430 

55140 

63500 

3-5 

54250  55260 

57240 

67000 

3-0 

55800  56700 

59130 

72400 
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Table  VI. 
Read  and  Smoothed  Values  of  b,  and  Values  of  a. 
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Vol. 

b,  read. 

b,  smoothed. 

log  6. 

a. 

c.  c. 
30 

52-3 

52-5 

1-72016 

2877 

25 

63-3 

640 

1-80618 

4024 

20 

81-9 

820 

1-91381 

6256 

15 

113-85 

114-5 

2-05881 

10990 

12 

150-0 

149-9 

2-17580 

17103 

188-5 

2-27531 

24718 

8 

2550 

252-1 

2-40175 

39120 

7 

300-0 

3020 

2-48001 

50970 

6 

368-1 

3730 

2-57171 

68877 

5 

472-3 

4755 

2-67715 

96008 

4-5 

653-7 

548-5 

2-73918 

116230 

4-0 

654-0 

638-0 

2-80482 

141525 

3-5 

750-0 

759-5 

2-88053 

176860 

30 

933-6 

936-5 

2-97151 

229420 

Table  VII. 

Calculated  Pressures  on  Isothermal  Curves,  at  definite 
volumes. 


Vol. 

Temperature. 

0°. 

6^ 

13°-1. 

21°-5. 

31°-1. 

32°-5. 

35°-5. 

48°-l. 

64°. 

100°. 

c.  c. 

mm. 

mm. 

mm. 

mm. 

mm. 

mm. 

mm. 

mm. 

mm. 

mm. 

30 

114.56 

11771 

13088 

13981 

14816 

16706 

25 

1.3448  1.3832 

1.5439 

16526 

17544 

19848 

20 

l<;i;;u  •  wwvi'l 

18680 

20074 

21378 

24330 

15 

202(59  20956 

23830 

25776 ! 27597 

31719 

12 

23719 

24719 

25783 

27043 '  28482 

29i'40 

31030 : 33413 

38810 

10 

26742 

27873 

29212 

30796  32605 

33433 

35809 ' 38806 

45592 

8 

29731 

31244 

33036 

35155  37576 

37928 

38684 

41862  45872 

54952 

7 

31476 

33288 

35433 

37971  40870 

41291  '  42197  '  46003  50800 

61680 

6 

32973 

35190 

37843 

4(J973  i  44553 

45073  46193,50893,56820 

70250 

5 

33802 

36652 

40032 

44032  j  48592 

49262 

50682  56672 , 64232 

4-5 

33510 

36800 

40700 

45310  j  50570 

51340 

52980  59890 ,  68620 

4-0 

32645 

36475 

41005 

46365 ' 52495 

53385 

55295 '63335  73485 

3-5 

30480 

35040 

40440 

46820  54110 

55170 

57440  67020 

3-0 

26240 

31860 

38520 

46380  1  55370 

56680 

59620  71290 

It  will  be  seen  that  the  highest  calculated  pressure  is  about 
73,500  millim.  Andrews  gives  measurements  at  much  higher 
pressures  ;  but  these  are  few  in  number  and  uncertain,  aud 
the  correction  for  the  compressibility  of  air  is  moreover 
unknown.  Hence  it  was  impossible  to  make  use  of  them  in 
determining  the  values  of  h. 

On  reference  to  Andrews's  paper  (Phil.  Trans.  1876,  p.  435) 
PJiil.  Mag.  !S.  5.  Vol.  23.  No.  144.  May  1887.  2  H 
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it  will  be  seen  that  he  compared  the  relation  of  increase  of 
pressure  to  temporal ure-difference  at  constant  volumes,  and 
came  to  a  conclusion  opposed  to  ours.  This  is  owing  to  his 
having  made  verv  few  observations,  and  having  accidentally 
chosen  those  which  support  his  statement.  If  the  coefficients  of 
increase  of  pressure  for  unit  rise  of  temperature  be  calculated 
by  means  of  Table  Y.,  it  may  be  noticed  that,  although  irre- 
gular, there  is  no  tendency  towards  a  rise  or  fiill  of  the 
coefficient. 

Regnault  has  measured  the  rise  of  pressure  of  gaseous  car- 
bonic anhydride  at  constant  volume.  He  gives  the  results  of 
four  experiments,  none  of  which  are  available  for  our  purpose, 
inasmuch  as  the  volumes  of  a  gram  are  too  large. 

Reverting  to  the  behaviour  of  ether,  as  shown  on  Flate  VII. , 
it  will  be  seen  that  the  curves  have  been  drawn  in  the  region 
where  measurements  are  impossible.  These  curves  have  all 
the  same  general  form.  After  rise  of  pressure  and  decrease  of 
volume  have  proceeded  for  some  distance,  the  curves  bend 
dowuward,  presenting  the  abnormal  feature  of  decrease  of 
volume  with  fall  of  pressure.  The  pressure  continues  thus  to 
fall,  and  at  1G0°  the  isothermal  touches  zero-pressure.  At 
lower  temperatures,  with  small  volumes,  the  pressure  becomes 
negative,  and  may  even  represent  an  enormous  tension.  At 
0°  the  isothermal  at  vol.  1"85  cub.  centira.  per  gram  reaches 
the  almost  incredibly  great  tension  of  — 271,700  millim.  ; 
and  it  has  at  that  volume  (the  smallest  our  results  allow  us 
to  calculate)  by  no  means  reached  its  limit.  At  still  smaller 
volumes  the  tension  would  doubtless  still  increase,  until  the 
curve  turned,  and  further  decrease  of  volume  would  be  repre- 
sented, as  it  is  at  higher  temperatures,  by  increase  of  pressure. 

The  existence  of  these  unrealizable  portions  of  such  iso- 
thermal curves  was,  we  believe,  first  suggested  by  Prof.  James 
Thomson,  in  a  paper  in  the  '  Proceedings  of  the  Belfast 
Natural  History  and  Philosophical  Society,'  Xov.  2^d,  1871, 
Since  that  time  attempts  have  been  made  to  express  relations 
between  the  pressure,  temperature,  and  volume  of  gases  and 
liquids  by  Van  der  Waals  and  by  Clausins  ;  and  the  formulae 
which  they  propose,  and  which  we  hope  to  consider  in  a  sub- 
sequent paper,  give  isothermals  of  similar  form.  Portions  of 
these  curves  have,  indeed,  been  experimentally  verified.  In 
Professor  Thomson's  paper,  above  referred  to,  he  points  out 
that  Donny,  Dufour,  and  others  have  observed  the  phenomenon 
commonly  alluded  to  as  "  boiling  with  bumping.^'  This  is 
usually  the  effect  of  a  rise  of  temperature  at  constant  pressure. 
But  it  may  equally  Avell  be  produced,  as  we  have  frequently 
had  occasion  to  remark,  at  constant  lemperature  by  lowering 
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pressure.  If  the  diagram  on  plate  iii.  in  oar  memoir  oa 
alcohol  (Phil.  Trans.  1886,  part  i.  p.  156)  be  referred  to,  it 
will  be  seen  that  our  actual  measurement  of  such  reduced 
pressure  was  made  on  the  isothermal  181''4.  Mr.  John  Aitken, 
in  an  extended  series  of  experiments  on  this  subject  (Trans. 
Royal  Scott.  Soc.  of  Arts,  vol.  ix.),  has  shown  that  such 
"  superheating "  can  take  place  only  in  absence  of  a  free 
surface,  t.  e.  the  existence  of  gaseous  nuclei  in  the  liquid,  into 
which  evaporation  may  take  place.  And  Mr.  Aitken  has  also 
shown  that  a  gas  may  be  compressed  to  a  volume  smaller 
than  that  at  which  liquefaction  usually  occurs,  at  any  given 
temperature,  without  formation  of  liquid.  The  space,  again, 
if  no  nuclei  be  present  on  which  condensation  may  take  place, 
remains  "  supersaturated  with  vapour."  It  is  evidently,  there- 
fore, only  the  instability  of  such  conditions  which  prevents 
their  complete  realization"^. 

The  formula;  of  Ciausius  and  Van  der  Waals  are  based  on 
the  assumption  that  two  causes  are  in  operation — those 
referred  to  in  the  beginning  of  this  paper — viz.  the  actual 
size  of  the  molecules,  and  their  mutual  attraction.  It  is 
possible,  by  help  of  these  assumptions,  to  realize  the  nature  of 
the  continuous  change  from  the  gaseous  to  the  liquid  state  of 
matter.  When  a  gas  at  a  given  temperature  is  reduced  in 
volume  its  molecules  necessarily  approach  each  other,  and 
their  attraction  for  one  another  increases.  This  attraction 
aids  the  increase  of  pressure  in  reducing  volume.  When  a 
certain  volume  is  reached,  the  attraction  has  become  so  marked 
that  further  reduction  of  volume  is  accompanied  by  fall  of 
pressure.  If  a  certain  volume  be  chosen  on  the  descending 
portion  of  an  isothermal,  a  state  of  balance  may  be  imagined 
where  pressure  and  cohesion  unite  in  maintaining  the  volume 
constant  ao;ainst  the  kinetic  energv  of  the  molecules,  tendino- 
to  cause  expansion. 

The  conception  of  negative  pressure,  or  tension,  is  that  at 
low  temperatures  and  small  volumes  the  cohesion  is  such  that, 
in  order  to  overcome  |it  and  increase  volume,  it  would  be 
necessary  to  apply  tension  to  each  molecule.  But  after  the 
lowest  pressure  or  greatest  tension  has  been  attained,  the 
actual  size  of  the  molecules  presents  a  bar  to  closer  approach; 
and  to  cause  further  decrease  of  volume  pressure  must  again 

•  The  reasoning  of  a  recent  paper  by  Wroblewski  {Monatsheft  der 
Chemie,  Wien,  July  1886,  p.  383)  rests  on  the  assumption  that  such  con- 
ditions are  inconceivable.  He  supposes  lines  of  equal  density  to  be  curves, 
and  on  their  close  approach  to  the  vapour-pressure  curve  to  run  parallel 
with  it.  His  conclusions  are  therefore  not  borne  out  by  experimental 
facts. 

2  H  2 
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be  applied.  It  is  not  to  be  supposed  that  at  any  given  volume 
only  one  of  these  factors  is  operative  ;  the  actual  size  of  the 
molecules  exerts  its  influence  even  at  large  volumes,  and  the 
cohesion  does  not  disappear,  but  no  doubt  immensely  increases, 
as  the  volume  is  reduced,  even  when  that  reduction  requires 
rise  of  pressure  Still,  a  mental  picture  of  the  process  may, 
we  think,  best  be  attained  by  directing  attention  to  cohesion, 
when  volume  is  being  decreased  with  fall  of  pressure,  and  to 
the  influence  of  the  actual  size  of  the  molecules  when  volume 
is  small. 

When  a  liquid  is  converted  into  gas,  heat  is  absorbed,  or 
work  is  done  on  the  liquid.  We  have  previously  {loc.  cit.) 
given  tables  showing  the  heats  of  vaporization  of  ether  at 
various  temperatures.  Our  experiments  haA^e  confirmed  the 
prediction  that  the  heat  of  vaporization  of  stable  liquids 
decreases  with  rise  of  temperature,  and  in  all  probability 
becomes  zero  at  the  critical  temperature.  Now  the  volume  of 
a  fluid  may  be  changed,  either  keeping  the  pressure  constant 
or  allowing  it  to  vary  during  the  operation  ;  but  if  the  initial 
pressure  and  final  pressure  are  the  same,  the  variation  of 
pressure  during  the  operation  does  not  affect  the  total  work 
done.  A  liquid  may  be  changed  into  saturated  vapour  at  any 
given  temperature  in  the  usual  manner,  when  the  intermediate 
states  are  represented  by  non-homogeneous  mixtures  of  liquid 
and  saturated  vapour.  The  area  enclosed  between  the  vapour- 
pressure  line  and  lines  drawn  vertically  from  its  terminal  points, 
cut  by  the  line  of  zero  pressure  (or  pressure  x  change  of 
volume),  represents  graphically  the  external  work  performed 
in  evaporating  a  liquid.  If,  however,  the  change  of  condition 
be  not  abrupt,  but  continuous,  the  area  enclosed  by  the  iso- 
thermal below  the  vapour-pressure  line  must  be  equal  to  that 
above  the  vapour-pressure  line  (see  Plate  VIL).  If  this  were 
not  the  case,  the  amount  of  work  required  to  effect  the  con- 
tinuous change  would  differ  from  that  required  for  the  abrupt 
change  of  state. 

Now  it  is  evident  that  a  slight  alteration  in  the  position  of 
the  vapour-pressure  line  would  have  great  influence  on  the 
relative  areas  enclosed  by  the  isothermal  above  and  below  the 
vapour-pressure  line  ;  and  it  may  also  be  seen  that,  when  these 
areas  are  rendered  equal  by  a  horizontal  line,  the  position  of 
that  horizontal  line  must  represent  the  true  vapour-pressure. 

We  have  determined  the  position  of  the  horizontal  line  in 
the  following  manner  : — 

Knowing  approximately  the  position  of  the  vapour-pressure 
line  at  a  given  temperature,  three  pressures  were  chosen — the 
highest  above  and  the  lowest  below  the  experimentally  deter- 
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mined  vaponr-pressure  ;  and  by  means  of  a  planimeter  (by 
Stanley  of  Holborn)  the  areas  enclosed  between  each  hori- 
zontal line  and  the  curves  respectively  below  and  above  it, 
formed  by  the  isothermal  lines,  were  measured.  To  ascertain 
what  position  of  the  horizontal  line  would  render  these  areas 
equal,  the  values  of  each  set  of  three  areas  were  mapped  on 
sectional  paper  as  abscissse,  the  pressures  corresponding  to  the 
position  of  the  horizontal  lines  being  ordinates.  The  curves 
passing  through  the  resulting  points  cut  each  other  at  a  point 
vi'hich  represents  the  true  pressure  and  the  true  area.  This 
method  is  rendered  clearer  by  inspection  of  the  following 
figure  : — 
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It  is  evident  that  these  vapour-pressures  depend  entirely  on 
measurements  represented  in  the  diagram  outside  the  area 
bounded  by  the  curve  representing  orthobasic  volumes  of  gas 
and  liquid.  It  will  be  seen,  on  reference  to  the  table  on  p.  444, 
that  the  agreement  between  these  calculated  vapour-pressures 
and  those  experimentally  determined  is  a  very  close  one,  the 
greatest  difference  being  about  1  per  cent.  This  agreement 
between  experimentally  observed  vapour-pressures  and  those 
depending  on  the  formula  p  =  ht—a  is  very  remarkable,  and 
it  is  difficult  to  believe  that,  if  the  isochoric  lines  were  curves, 
such  an  agreement  could  exist. 

What  are  usually  termed  vapour-pressures,  then,  are  those 
pressures  at  which  horizontal  lines  drawn  through  them  render 
the  areas  enclosed  by  the  isothermal  lines  below  the  horizontal 
lines  equal  to  those  above  them.  But  there  are  other  two 
conditions  of  matter,  each  of  which  has  its  characteristic 
pressures.  One  of  these  is  represented  by  the  highest  pressure 
attainable  on  any  isothermal,  or  the  summit  of  the  curve  above 
the  vapour-pressure  line  ;  and  the  other  the  apex  of  the  curve 
below  the  vapour-pressure  line.     Each  temperature  chosen  has 
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its  particular  value  for  each  of  these  conditions ;  and  it  is 
evident  that  the  relations  between  the  temperatures  and 
pressures  corresponding  to  the  inferior  or  reversed  apices,  as 
well  as  those  corresponding  to  the  superior  apices,  would  each 
form  a  special  curve. 

The  following  Table  gives  the  final  results  of  the  calculation 
of  vapour-pressures  by  the  method  of  areas  ;  and,  for  the 
sake  of  comparison,  the  actually  found  vapour-pressures  are 
appended.  The  pressures  at  the  superior  and  inferior  apices 
of  the  isothermal  curves,  and  also  the  enclosed  areas,  are 
given*. 

Table  VIII. 


Tempe- 
rature. 

Vapour- 
pressures, 
deduced 
from  areas. 

Vapour- 
pressures, 
mean  of 
observed. 

Pressure, 

superior 

ajjex. 

Pressure, 

inferior 

ajiex. 

Area 
aboTe  or  below 
vapour-pressure 

line. 

0 

192 
190 

185 

175 

160 
150 

millim. 
2G350 

25554 
23703    1 

20259     1 

15900 
13405 

millim. 
26331 

25513 

Old,   236231 
Kew,  23763  j 

Old,   20189  \ 
New, 20271  J 

15778 

13262 

millim. 
26490 

25870 
24510 

22100 

19090 
17380 

millim. 
26125 

24960 

21660 

14060 

-       20 
-10400 

eq.  in. 
00425 

0-1245 
0-4550 

1-6520 

4-710 

7-551 

The  three  pressure-curves — which  we  shall  name  the  "  ordi- 
nary'■*  vapour-pressure  curve,  the  "  superior"  vapour-pressure 
curve,  formed  by  the  superior  apices  of  the  isothermal  lines, 
and  the  "inferior""  vapour-pressure  curve,  produced  by 
the  lower  apices  of  the  isothermal  lines — must,  it  is  evident, 
meet  at  the  critical  point ;  and  on  mapping  them,  it  was 
found  that  this  was  the  case.  Points  were  chosen  on  these 
curves  at  equal  intervals  of  temperature,  and  the  constants 
for  formulsB  of  the  type  \ogp  =  a-{-ha*  were  calculated  for 
each.  As  the  pressures  on  the  inferior  curve  below  a  certain 
temperature  were  negative,  it  was  found  convenient  to  add 
30,000  millim.  to  each,  which  was  subsequently  subtracted 
from  the  result.     The  constants  for  the  curves  are — 


*  The  areas  are  in  square  inches;  the  scale  was  2000  millim.  and 
2  cub.  centim.  per  gram  to  the  inch.  It  ^^-ould  be  easy,  if  necessary,  to 
coiaert  these  data  into  actual  work. 


Evaporation  and  Dissociation.  455 

Superior  curve  : 

a  =  3-59797;  log  6  =  1-8343195  ;  log  «  =  0-00257762. 

Ordinary  vapour-pressure  : 

a=6-72909;  log  6  =  0-4027232  ;  log «  =1-99876897 

(h  is  here  negative). 
Inferior  curve  : 

a=4-867404;  log  6  =  1-5913793  ;  log  «  =  1-98382413 

(6  is  again  negative). 
In  each  case  t  =  t°  Cent.  — 160°. 

The  results  are  given  in  the  followincr  Table  : — 


Table  IX. 


Ordinary 

Superior 

Infe 

•ior 

Tempe- 

vapour-]3ressure9. 

curve-pressures. 

curve-pressures.        | 

Bead. 

Calculated. 

Eead. 

Calculated. 

Eead. 

Calculated. 

millim. 

millim. 

millim. 

millim. 

millim. 

millim. 

150 

13-KJ5 

13084 

17380 

17437 

-10400 

-10185 

160 

15900 

15900 

19090 

19090 

-       20 

-     100 

175 

20259 

20259 

22100 

22100 

+  14060 

+14060 

185 

23703 

23078 

24510 

24549 

21660 

21704 

190 

25554 

25556 

25870 

25935 

24960 

24900 

192 

26350 

2C.341 

26490 

26523 

26125 

26065 

193 

26739 

26826 

26624 

193-83 

27075 

27077 

27077 

With  exception  of  the  lowest  temperature,  the  agree- 
ment between  the  read  and  the  calculated  pressures  is  close. 
The  extrapolation  amounts  to  only  3^'83.  The  agreement 
is  close  at  192°,  and  above  that  temperature  the  extrapolation 
is  only  1'''83.  It  will  be  seen  that  at  that  temperature 
(193^-83)  the  pressures  coincide.  The  apparent  critical  point 
was  193°-8. 

Isochoric  Lines. 

Plato  IX.  represents  the  whole  of  the  isochors  Avhich  we 
have  calculated  between  the  volumes  of  1*85  and  300  cub. 
centim.  per  gram. 

If  the  gas  followed  Boyle's  and  Gay-Lussac's  laws  abso- 
lutely, under  all  conditions,  the  isochoric  lines  would  all  radiate 
from  zero  pressure,  and  would  become  more  and  more  vertical 
as  the  volumes  decreased  ;  and  the  tangents  of  the  angles 
formed  by  these  lines  with  the  horizontal  line  of  zero  pressure 
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would  be  proportional  to  c  in  the  equation  p—ct,  where  c  varies 
inversely  as  the  volume.  But  our  equation,  ij=-ht  —  a,  intro- 
duces another  term,  a,  which  is  negative.  These  values  of  a 
are  represented  on  the  diagram  by  the  extremities  of  the 
isochoric  lines,  where  they  cut  the  vertical  line  representing 
absolute  zero  of  temperature.  The  tangents  of  the  angles 
made  by  these  lines  with  a  horizontal  line  are  proportional  to 
the  values  of  h  in  our  equation. 

On  referring  to  Plate  IX.  it  will  be  noticed  that,  beginning 
at  the  largest  volume,  two  adjacent  isochors  cut  each  other  at 
a  point,  as  regards  pressure  and  temperature,  not  far  above 
zero.  With  decreasing  volumes  the  points  of  intersection  of 
adjacent  isochors  occur  at  higher  and  rapidly  increasing  tem- 
peratures and  slowly  increasing  pressures  ;  and  this  proceeds 
until  the  critical  volume  is  reached.  With  still  smaller  volumes, 
however,  the  points  of  intersection  of  adjacent  isochors  occur 
at  lower  and  decreasing  temperatures  and  pressures  ;  the 
former  decrease  slowly,  but  the  latter  with  great  rapidity,  and 
soon  extend  into  the  region  of  negative  pressures. 

It  is  evident  from  the  diagram  that  each  isochor  between 
the  largest  and  the  critical  volume  is  the  tangent  of  a  curve, 
representing  the  relations  of  pressure  to  temperature  ;  while 
the  isochors  below  the  critical  volume  are  tangents  to  another 
curve,  also  exhibiting  the  like  relations.  Neither  of  these 
curves  is  identical  with  the  vapour-pressure  curve,  which  falls 
in  the  area  between  them. 

It  will  be  noticed  that,  in  the  area  included  between  the 
line  of  zero  pressure  and  these  two  curves,  each  isochoric  line 
is  cut  by  two  others  at  every  point  along  its  whole  length ; 
but  outside  this  surface,  and  above  the  line  of  zero  pressure, 
no  two  lines  cut  each  other,  and  below  the  line  of  zero  pressure 
each  isochor  is  cut  at  each  point  by  one  other.  The  physical 
meaning  of  the  fact  that  within  the  first-mentioned  region 
tiiree  isochors  intersect  each  other  at  one  point  is,  that  a  gram 
of  the  substance  may  occupy  three  different  volumes  at  the 
same  temperature  and  pressure.  Now,  on  referring  to  the 
diagram  on  Plate  VII.,  representing  the  experimentally  un- 
realizable portions  of  the  isothermal  curves,  it  is  evident  that 
on  each  isothermal  line,  at  pressures  limited  by  the  superior 
or  inferior  apices  of  the  isothermal,  there  are,  corresponding 
to  each  pressure,  three  volumes.  At  any  pressure  above  or 
below  these  pressures  the  isothermal  line  is  cut  only  once,  by  a 
horizontal  line  of  equal  pressure  ;  so  that,  for  each  pressure, 
there  is  only  one  corresponding  volume.  At  each  apex  a 
horizontal    line  of   equal    pressure   cuts   the  isothermal   line 
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at  one  point,  and  is  also  a  tangent  to  the  apex.  There  are, 
therefore,  two  volumes  corresponding  to  each  of  these  pres- 
sures. Since  no  gas  can  be  submitted  to  a  negative  pressure, 
those  portions  of  an  isothermal  line  representing  the  truly 
gaseous  condition  of  matter  never  extend  below  the  horizontal 
line  of  zero  pressure  ;  only  those  portions  of  the  isothermal 
which  proceed  towards  the  inferior  apex  fall  beloAv  this  line. 
An  isothermal  line  below  zero  pressure  is  therefore  cut  only 
twice  by  a  line  of  equal  pressure,  and  there  are  therefore  two 
volumes  corresponding  to  each  pressure.  At  each  inferior 
apex,  however,  the  horizontal  line  is  a  tangent  to  the  curve, 
and  there  is  therefore  only  one  volume  corresponding  to  a 
given  pressure. 

On  referring  back  to  Plate  IX.,  it  will  be  seen  that  the 
pressures  corresponding  to  the  superior  apices  of  each  iso- 
thermal line,  when  mapped,  produce  the  curve  AC  ;  and 
those  corresponding  to  the  inferior  apices,  the  curve  BC. 
The  surface  bounded  by  these  curves  and  the  line  of  zero 
pressure  corresponds  to  portions  of  the  isothermal  lines, 
including  pressures  between  the  two  apices,  and  each  point  in 
the  surface  is  the  locus  of  intersection  of  three  isochoric  lines. 
Below  the  line  of  zero  pressure  the  isochoric  lines  cor- 
responding to  the  gaseous  state  are  absent ;  and  hence  each 
point  is  the  locus  of  intersection  of  only  two  isochors.  The 
isothermal  lines  above  and  below  the  limits  of  pressure  given 
by  the  apices  are  cut  only  once  by  any  line  of  equal  pressure; 
hence  the  isochors  outside  the  area  ACD,  and  above  the  line 
of  zero  pressure,  do  not  intersect.  The  apex  C  of  the  curvi- 
lateral  triangle  ACD  is  the  point  of  highest  temperature  and 
pressure  at  which  intersection  can  take  place,  and  therefore 
represents  the  critical  point  ;  it  is  also  the  common  point  of 
intersection  of  the  three  pressure-temperature  curves. 

Referring  now  to  Plate  VIIL,  in  which  the  isochoric  lines 
in  the  neighbourhood  of  the  critical  point  are  shown  on  a 
larger  scale,  it  will  be  seen  that  the  isochoric  lines  above 
a  volume  not  far  removed  from  4  cub.  centim.  per  gram  cut 
the  ordinary  vapour-pressure  curve  CE  on  one  side,  while 
those  below  the  volume  3*75  evidently  cut  the  vapour-pressure 
line  on  its  other  side.  There  must  therefore  be  an  isochoric 
line  which  does  not  cut  the  curve  at  all,  but  forms  a  tangent 
to  its  end-point.     That  isochor  gives  the  critical  volume.     It 

may  be  determined  by  calculating  the  value  of  ,  at  the 
critical    temperature.      This  value   of     ,'     is    identical    with 
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the  value  of  h  in  our  equation  p=:bt—a  at  the  critical  volume. 
Until  a  mathematical  expression  is  discovered,  representing  b 
as  a  function  of  volume,  the  only  means  at  our  disposal  for 
ascertaining  the  true  volume  corres})onding  to  h  is  by  inter- 
polation of  the  original  curve  by  which  the  values  of  b  were 
smoothed.  The  common  point  of  intersection  of  the  three 
pressure-temperature  curves  has  been  shown  on  p.  455  to  lie 

at  the  temperature  193°'83.  The  value  of  ~  on  the  vapour- 
pressure  curve  at  this  temperature,  calculated  by  the  formula 
of  which  the  constants  have  already  been  given,  is.405  millim., 
which  is  also  the  value  of  b  at  that  temperature.  The  volume 
corresponding  to  this  value  is  4'06  cub.  centim.  per  gram  ; 
and  the  specific  gravity  of  ether  at  its  critical  point  is  there- 
fore 0-2463. 

Unfortunately,  Dr.  Andrews's  measurements  of  the  constants 
of  carbon  dioxide  are  not  sufficiently  numerous  to  warrant  an 
attempt  to  obtain  the  critical  temperature,  pressure,  and  volume 
by  this  method.  The  critical  volume  of  carbon  dioxide  is 
evidently  less  than  3  cub.  centim.  per  gram  ;  but  the  values 
of  b  below  that  quantity  are  unascertainable.  It  may  be 
noticed  that  the  curves  below  volume  3  are  inserted  in  broken 
lines,  showing  a  probable  course ;  but  no  reading  from  them 
would  be  permissible. 

The  two  liquids,  ether  and  carbon  dioxide,  have  no  chemical 
analogy  with  one  another  ;  and  we  therefore  feel  justified  in 
concluding  that  the  law  which  is  the  subject  of  this  paper  is 
generally  applicable  to  all  stable  substances.  We  have,  how- 
ever, other  less  complete  data  for  methyl  and  ethyl  alcohols, 
which,  so  fai-  as  they  go,  are  confirmatory  of  the  results 
described.  We  have  also  data  available  for  the  examination 
of  acetic  acid — a  substance  which  differs  from  those  men- 
tioned, inasmuch  as  it  undergoes  dissociation  when  heated  ; 
and  we  hope  shortly  to  be  able  to  communicate  an  account  of 
its  behaviour. 

Professor  Fitzgerald,  to  whom  we  gave  a  short  account  of 
this  law,  has  recently  communicated  to  the  Royal  Society  a 
paper  in  which  its  thermodynamical  bearings  are  considered. 

Bristol,  12th  February,  1887. 
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LII.    Oil  the  Stahility  of  Steady  and  of  Periodic*  Fluid  Motion. 
By  Sir  William  Thomson  f. 

1.  ri^HE  fluid  will  be  taken  as  incompressible  ;  but  the 
-L  results  will  generally  be  applicable  to  the  motion  of 
natural  liquids  and  of  air  or  other  gases  when  the  Telocity  is 
everywhere  small  in  comparison  with  the  velocity  of  sound  in 
the  particular  fluid  considered.  I  shall  flrst  suppose  the  fluid 
to  be  inviscid.  The  results  obtained  on  this  supposition  will 
help  in  an  investigation  of  effects  of  viscosity  which  will  follow. 
2.  I  shall  suppose  the  fluid  completely  enclosed  in  a  con- 
taining vessel,  which  may  be  either  rigid,  or  plastic  so  that 
we  may  at  pleasure  mould  it  to  any  shape,  or  of  natural  solid 
material  and  therefore  viscously  elastic  (that  is  to  say,  return- 
ing always  to  the  same  shape  and  size  when  time  is  allowed, 
but  resisting  all  deformations  with  a  force  depending  on  the 
speed  of  the  change,  superimposed  upon  a  force  of  quasi- 
perfect  elasticity).     The  whole  mass  of  containing-vessel  and 

*  Bj  steady  motion  of  a  system  (whether  a  set  of  material  points,  or  a 
rigid  body,  or  a  fluid  mass,  or  a  set  of  solids,  or  portions  of  fluid,  or  a 
system  composed  of  a  set  of  solids  or  portions  of  fluid,  or  of  portions  of 
solid  and  fluid),  I  mean  motion  which  at  any  and  eveiy  time  is  precisely 
similar  to  what  it  is  at  one  time.  By  periodic  motion  I  mean  motion 
which  is  perfectly  similar,  at  all  instants  of  time  diflering  by  a  certain 
interval  called  the  period. 

Example  1.  Every  possible  adynamic  motion  of  a  free  rigid  body, 
having  two  of  its  principal  moments  of  inertia  equal,  is  steady.  So  also 
is  that  of  a  soHd  of  revolution  filled  with  irrotational  inviscid  incompres- 
sible fluid. 

Example  2.  The  adynamic  motion  of  a  solid  of  revolution  filled  with 
homogeneously  rotating  inviscid  incompressible  fluid  is  essentially  periodic, 
and  is  steady  only  in  particular  cases. 

Example  3.  The  adynamic  motion  of  a  free  rigid  body  with  three  un- 
equal principal  moments  of  inertia  is  essentially  periodic,  and  is  only 
steady  in  the  particidar  case  of  rotation  round  one  or  other  of  the  three 
principal  axes ;  so  also,  aud  according  to  the  same  law,  is  the  motion  of  a 
rigid  body  having  a  hollow  or  hollows  fllled  with  irrotational  inviscid 
incompressible  fluid,  with  the  three  virtual  moments  of  inertia  unequal. 

Example  4.  The  adynamic  motion  of  a  hollow  rigid  body  fllled  with 
rotationally  moving  fluid  is  essentially  unsteady  and  non-periodic,  except 
in  particular  cases.  Even  in  the  case  of  an  ellipsoidal  hollow  and  homo- 
geneous molecular  rotation  the  motion  is  non-periodic.  The  motion, 
whether  rotational  or  irrotational,  of  fluid  in  an  ellipsoidal  hollow  is  fully 
investigated  in  a  paper  under  this  title  published  in  the  Proceedings  of 
the  Royal  Society  of  Edinburgh  for  December  7,  1885.  Among  other 
results  it  was  proved  that  the  rotation,  if  initially  given  homogeneous, 
remains  homogeneous,  provided  the  figure  of  the  hollow  be  never  at  any 
time  deformed  from  being  exactly  eUipsoidal. 

t  Communicated  by  the  Author,  having  been  read  before  the  Royal 
Society  of  Edinburgh  on  April  18,  1887. 


460  Sir  William  Thomson  on  the  Stability  of 

fluid  will  sometimes  be  considered  as  absolutely  free  in  space 
undisturbed  by  gravity  or  other  force  ;  and  sometimes  we 
shall  suppose  it  to  be  held  absolutely  fixed.  But  more  fre- 
quently we  may  suppose  it  to  be  held  by  solid  supports  of 
real,  and  therefore  viscously  elastic,  material ;  so  that  it  will 
be  fixed  only  in  the  same  sense  as  a  real  three-legged  table 
resting  on  the  ground  is  fixed.  The  fundamental  philoso- 
phic question,  What  is  fixity  ?  is  of  paramount  importance 
in  our  present  subject.  Directional  fixedness  is  explained  in 
Thomson  and  Tait's  '  Natural  Philosophy,'  2nd  edition,  Part  I. 
§  249,  and  more  fully  discussed  by  Prof.  James  Thomson  in 
a  paper  "  On  the  Law  of  Inertia,  the  Principle  of  Chrono- 
nietry,  and  the  Principle  of  Absolute  Clinural  Rest  and  of 
Absolute  Rotation."  For  our  present  purpose  we  shall  cut 
the  matter  short  by  assuming  our  platform,  the  earth  or  the 
floor  of  our  room,  to  be  absolutely  fixed  in  space. 

3.  The  object  of  the  present  communication,  so  far  as  it 
relates  to  inviscid  fluid,  is  to  })rove  and  to  illustrate  the  proof 
of  the  three  following  propositions  regarding  a  muss  of  fluid 
given  with  any  rotation  in  any  part  of  it : — 

(I.)  The  energy  of  the  whole  motion  may  be  infinitely  in- 
creased by  doing  work  in  a  certain  systematic  manner  on  the 
containing- vessel  and  bringing  it  ultimately  to  rest. 

(II.)  If  the  containing-vessel  be  simply  continuous  and  be 
of  natural  viscously  elastic  material,  the  fluid  given  moving 
writhin  it  will  come  of  itself  to  rest. 

(III.)  If  the  containing-vessel  be  complexly  continuous  and 
be  of  natural  viscously  elastic  material,  the  fluid  will  lose 
energy  ;  not  to  zero,  however,  but  to  a  determinate  condition 
of  irrotational  circulation  with  a  determinate  cyclic  constant 
for  each  circuit  through  it. 

4.  To  prove  3  (I.)  remark,  first,  that  mere  distortion  of  the 
fluid,  by  changing  the  shape  of  the  boundary,  can  increase 
the  kinetic  energy  indefinitely.  For  simplicity,  suppose  a 
finite  or  an  infinitely  great  change  of  shape  of  the  containing- 
vessel  to  be  made  in  an  infinitely  short  time ;  this  will  distort 
the  internal  fluid  precisely  as  it  would  have  done  if  the  fluid 
had  been  given  at  rest,  and  thus,  by  Helmholtz's  laws  of  vor- 
tex motion,  we  can  calculate,  from  the  initial  state  of  motion 
supposed  known,  the  molecular  rotation  of  every  part  of  the 
fluid,  after  the  change.  For  example,  let  the  shape  of  the 
containing-vessel  be  altered  by  homogeneous  strain  ;  that  is 
to  say,  dilated  uniformly  in  one,  or  in  each  of  two,  directions, 
and  contracted  uniformly  in  the  other  direction  or  directions, 
of  three  at  right  angles  to  one  another.  The  liquid  will  be 
homogeneously  deformed  throughout  ;  the  axis  of  molecular 
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rotation  in  each  part  Avill  change  in  direction  so  as  to  keep 
along  the  changing  direction  of  the  same  line  of  fluid  par- 
ticles ;  and  its  magnitude  will  change  in  inverse  simple  pro- 
portion to  the  distance  between  two  particles  in  the  line  of  the 
axis. 

5.  But,  now,  to  simplify  subsequent  operations  to  the  utmost, 
suppose  that  anyhow,  by  quick  motion  or  by  slow  motion,  the 
containing-vessel  be  changed  to  a  circular  cylinder  with  per- 
forated diaphragm  and  two  pistons,  as  shown  in  fig.  1.  In 
the  present  circumstances  the  motion  of  the  liquid  may  be 
supposed  to  haye  any  degree  of  complexity  of  molecular  rota- 
tion throughout.  It  might  chance  to  have  no  moment  of 
momentum  round  the  axis  of  the  cyhnder,  but  we  shall  sup- 
pose this  not  to  be  the  case.  If  it  did  chance  to  be  the  case 
(which  could  be  discovered  by  external  tests),  a  motion  of  the 
cylinder,  round  a  diameter,  to  a  fresh  position  of  rest  would 
leave  it  with  moment  of  momentum  of  the  internal  fluid  round 
the  axis  of  the  cylinder.  Without  further  preface,  however, 
we  shall  suppose  the  cylinder  to  be  given,  with  the  pistons  as 
in  fig.  1,  containing  fluid  in  an  exceedingly  irregular  state  of 
motion,  but  with  a  given  moment  of  momentum  M  round  the 
axis  of  the  cylinder.  The  cylinder  itself  is  to  be  held  absolutely 
fixed,  and  therefore  whatever  we  do  to  the  pistons  we  cannot 
alter  the  whole  moment  of  momentum  of  the  fluid  round  the 
axis  of  the  cylinder. 

6.  Suppose,  now,  the  piston  A  to  be  temporarily  fixed  in 
its  middle  position  C  C,  and  the 
whole  containing-vessel  of  cylinder 
and  pistons  to  be  mounted  on  a 
friction  less  pivot,  so  as  to  be  free  to 
turn  round  A  A'  the  axis  of  the 
cylinder.  If  the  vessel  be  of  ideally 
rigid  material,  and  if  its  inner  sur- 
face be  an  exact  figure  of  revolu- 
tion, it  will,  though  left  free  to  turn, 
remain  at  rest,  because  the  pressure 
of  the  fluid  on  it  is  everywhere  in 
plane  with  the  axis.  But  now,  in- 
stead of  being  ideally  rigid,  let  the 
vessel  be  of  natural  viscous-elastic 
solid  material.  The  unsteadiness 
of  the  internal  fluid  motion  will  cause  deformations  of  the 
containing-solid  with  loss  of  energy,  and  the  result  finally 
approximated  to  more  and  more  nearly  as  time  advances  is 
necessarily  the  one  determinate  condition  of  minimum  energy 
with   the  given   moment  of  momentum  ;    which,  as  is  well 
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known  and  easily  proved,  is  tLe  condition  of  solid  and  fluid 
rotating  with  equal  angular  velocity.  If  the  stiffness  of  the 
containing-vessel  be  small  enough  and  its  viscosity  great 
enough,  it  is  easily  seen  that  this  final  condition  will  be 
closely  approximated  to  in  a  very  moderate  number  of  times 
the  period  of  rotation  in  the  final  condition.  Still  we  must 
wait  an  infinite  time  before  we  can  find  a  perfect  approxima- 
tion to  this  condition  reached  from  our  highly  complex  or 
irregular  initial  motion.  We  shall  now,  therefore,  cut  the 
affair  short  by  simply  supposing  the  fluid  to  be  given  rotating 
with  uniform  angular  velocity,  like  a  solid  within  the  con- 
taining-vessel, a  true  figure  of  revolution,  which  we  shall  now 
again  consider  as  absolutely  rigid,  and  consisting  of  cylinder 
with  perforated  diaphragm  and  two  movable  pistons,  as  repre- 
sented in  tig.  1. 

7.  Give  A  a  sudden  pull  or  push  and  leave  it  to  itself; 
it  will  move  a  short  distance  in  the  direction  of  the  im[)ulse 
and  then  spring  back*.     Keep  alternately  pulling  and  push- 

*  The  subject  of  this  statement  receives  an  interesting  experimental 
illustration  in  the  following  passage,  extracted  from  the  Proceedings  of  the 

Fia:.  2. 


Royal  Institution  of  Great  Britain  for  March  4,  1881;  beiu^  an  abstract 
of  a  Friday-evening  discourse  on  '^  Elasticity  viewed  as  possibly  a  Mode  of 
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ino;  it  always  in  the  direction  of  its  motion.  It  will  not 
thus  be  brought  into  a  state  of  increasing  oscillation,  but  the 
work  done  upon  it  will  be  spent  in  augmenting  the  energy  of 
the  fluid  motion  :  so  that  it,  after  a  great  number  of  to-and- 
fro  motions  of  the  piston  with  some  work  done  on  it  during 
each  of  them,  the  piston  is  once  more  brought  to  rest,  the 
energy  of  the  fluid  motion  will  be  greater  than  in  the  begin- 
ning, when  it  was  rotating  homogeneously  like  a  solid.  It 
has  still  exactly  the  same  moment  of  momentum  and  the  same 
vorticity  *  in  every  part ;  and  the  motion  is  symmetrical 
round  the  axis  of  the  cylinder.  Hence  it  is  easily  seen  that 
the  greater  energy  implies  the  axial  region  of  the  fluid  being 
stretched  axially,  and  so  acquiring  angular  velocity  greater 
than  the  original  angular  velocity  of  the  whole  fluid  mass. 

8.  The  accompanying  diagram  (fig.  3)  represents  an  easily 
performed  experimental  illustration,  in  which  rotating  water 
is  churned  by  quick  up-and-down  movement  of  a  disk  carried 
on  a  vertical  rod  guided  to  move  along  the  axis  of  the  con- 
tainincr-vessel  which  is  attached  to  a  rotating  vertical  shaft. 
The  kind  of  churning  motion  thus  produced  is  very  different 
from  that  produced  by  the  perforated  diaphragm  ;  but  the 
ultimate  result  is  so  far  similar,  that  the  statement  of  §  7  is 
equally  applicable  to  the  two  cases.  In  the  experiment,  a 
little  air  is  left  under  the  cork,  in  the  neck  of  the  containing- 
vessel,  to  allow  something  to  be  seen  of  the  motions  of  the 
water.  When  the  vessel  has  been  kept  rotating  steadily  for 
some  time  with  the  churn-disk  resting  on  the  bottom,  the  sur- 
face of  the  water  is  seen  in  the  paraboloidal  form  indicated 
(ideally)  by  the  upper  dotted  curve  (but  of  course  greatly 
distorted  by  the  refraction  of  the  glass).  Now,  by  finger  and 
thumb  applied  to  the  top  of  the  rod,  move  smartly  up  and  down 
several  times  the  churn-disk.     A  hollow  vortex  (or  column  of 


Motion,"  and  now  in  the  press  for  republication  along  with  other  lectures 
ar.d  addresses  in  a  volume  of  the  'Nature  Series.'  "A  little  -wooden 
ball,  which  when  thrust  down  \iuder  still  water  jumped  up  again  in  a 
moment,  remained  down  as  if  imbedded  in  jelly  when  the  water  was  caused 
to  rotate  rapidly,  and  sprang  back  as  if  the  water  had  elasticity  like  that 
of  jelly  when  it  was  struck  by  a  stiff  wire  pushed  down  through  the 
centre  of  the  cork  by  which  the  glass  vessel  containing  the  water  was 
filled." 

•  The  vorticity  of  an  infinitesiinal  volume  dv  of  fluid  is  the  value  of 
di- .  -nrV?,  where  -or  is  its  molecular  rotation,  and  c  the  ratio  of  the  distance 
between  two  of  its  particles  in  the  axis  of  rotation  at  the  time  considered, 
to  the  distance  between  the  same  two  particles  at  a  particular  time  of 
reference.  The  amount  of  the  vorticity  thus  defined  for  any  part  of  a 
moving  fluid  depends  on  the  time  of  reference  chosen.  Ilelmholtz's  fun- 
damental theorem  of  vortex  motion  proves  it  to  be  constant  throughout 
all  time  for  every  .small  portion  of  au  mviscid  fluid. 
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air  bounded  by  water) ,  ending  irregularly  a  little  above  the  disk, 
is  seen  to  dart  down  from  the  neck  of  the  vessel.     If,  now,  the 

Fig.  3. 


churn-disk  is  held  at  rest  in  any  position,  the  ragged  lower 
end  of  the  air-tube  becomes  rounded  and  drawn  up,  the  free 
surface  of  the  water  taking  a  succession  of  shapes,  like  that 
indicated  by  the  lower  dotted  curve,  until  after  a  few  seconds 
(or  about  a  quarter  of  a  minute)  it  becomes  steady  in  the 
paraboloidal  shape  indicated  by  the  upper  dotted  curve. 

9.  We  have  supposed  the  piston  brought  to  rest  after  having 
done  work  upon  the  fluid  during  a  vast  but  finite  number  of 
to-and-fro  motions.  But  if  left  to  itself  it  will  not  remain  at 
rest ;  it  will  get  into  a  state  of  irregular  oscillation,  due  to 
superposition  of  oscillations  of  the  fluid  according  to  an  infi- 
nite number  of  fundamental  modes,  of  the  kind  investigated 
in  my  article  "  Vibrations  of  a  Columnar  Vortex,"  Proc.  Roy. 
Soc.  Edinb.,  March  1,  1880,  but  not,  as  there,  limited  to  being 
infinitesimal  1  If  the  motion  of  the  piston  be  viscously  resisted 
these  vibrations  will  be  gradually  calmed  down  ;  and  if  time 
enough  is  allowed,  the  whole  energy  that  has  been  imparted 
to  the  liquid  by  the  work  done  on  the  pistons  will  be  lost,  and 
it  will  again  be  rotating  uniformly  like  a  solid,  as  it  was  in 
the  beginning. 

[To  be  continued.] 
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LIU.  Notices  respecting  New  Books. 

A  Treatise  on  Algebra.     By  Profs.  Oliver,  Wait,  and  Joxes. 
(Ithaca,  N.  Y. :  Dudley  Finch,  1887  ;  pp.  vm  +  412.) 

''PHIS  is  not  an  Elementary  Textbook,  and  so  is  not  a  work  for 
-"-  ordinary  school-use.  It  is  a  work  very  much  of  the  same 
high  character  as  that  by  Prof.  Chrystal  which  we  had  occasion 
lately  to  notice  in  these  columns,  and,  like  it,  this  also  is  only  a  first 
volume.  With  points  of  similarity  there  are  numerous  poin'^s  of 
dissimilarity.  The  motto  of  both  is  "  Thorough."  Our  present 
Authors — an  unusual  combination,  a  triple  chord — "assume  no 
previous  knowledge  of  Algebra,  but  lay  down  the  primary  definitions 
and  axioms,  and,  building  on  these,  develop  the  elementary  principles 
in  logical  order ;  add  such  simple  illustrations  as  shall  make 
familiar  these  principles  and  their  uses."  Then  as  to  form : 
"  Make  clear  and  precise  definition  of  every  word  and  symbol  used 
in  a  technical  sense  ;  make  formal  statement  of  every  general 
principle,  and,  if  not  an  axiom,  prove  it  rigorously ;  make  formal 
statement  of  every  general  problem,  and  give  a  rule  for  its  solution, 
with  reasons,  examples,  and  checks ;  add  such  notes  as  shall 
indicate  motives,  point  out  best  arrangements,  make  clear  special 
cases,  and  suggest  extensions  and  new  uses.''  It  will  be  gatheretl 
from  this  outline,  and  our  Authors,  we  think,  have  kept  close  to 
this  chart,  that  here  is  about  the  same  departure  from  ordinary 
textbooks  as  in  the  case  we  have  referred  to  above.  Indeed,  to 
our  mind  we  have  almost  too  much  logic  and  careful  detail,  but  for 
college  students  and  mathematical  teachers  this  elaboration  is  of 
great  service.  Indeed  the  book  has  been  written  for  the  classes 
which  have  been  and  are  under  the  authors'  training.  They  them- 
selves admit  that  the  Work  has  so  grown  under  their  hands  as  to 
embrace  many  topics  quite  beyond  the  range  of  ordinary  college 
instruction.  The  book  fulfils  their  desire  that  it  should  be  a 
stepping-stone  to  the  higher  analysis.  Having  indicated  the 
nature  of  the  work  we  give  now  some  of  the  matters  discussed  in 
the  twelve  chapters.  The  first  is  on  primary  definitions  and  signs  ; 
the  second  is  on  primary  operations  (a  valuable  chapter);  the  third 
on  Measures,  Multiples,  and  Factors  ;  the  fourth  on  Permutations 
aiul  Combinations  ;  the  fifth  on  Powers  and  Eoots  of  Polynomials  ; 
the  sixth  on  Continued  Fractions  ;  the  seventh  on  Incom- 
meusurables,  Limits,  Infinitesimals,  and  Derivatives  ;  the  eighth 
on  Powers  and  Roots;  the  ninth  on  Logarithms;  the  tenth  on 
Imaginaries  (with  graphic  representation  and  preparation  for 
Quaternions);  the  eleventh  on  Equations  (Bezout's  method, 
graphic  represent atiou  of  quadratic  equations,  application  of 
continued  fractions  to  the  same  class  of  equations,  maxima  and 
minima) ;  and  the  last  on  Series  (tlie  elementary  ones,  convergence 
and  divergence,  indeterminate  eoeilicients,  finite  differences,  inter- 
polation, Taylor's  theorem,  and  the  computation  of  logarithms). 
We  have  come  across  much  that  is  new  to  us  and  much  of  interest. 
Phil.  Mag.  S.  0.  Vol.  2;i.  No.  144.  J/.///  LS87.         2  I 
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The  work  requires  rather  close  reading  in  parts,  and  the  arrange- 
ment of  the  text,  too  crowded,  militates  in  our  opinion  against  an 
enjoyable  perusal  of  the  text.  But  our  view  on  these  points  must 
go  for  what  it  is  worth.  The  appearance  of  the  work  externally 
and  the  type  and  apparently  great  accuracy  in  printing  are  all  Al. 
In  an  extra  volume  the  Authors  promise  to  treat  of  theory  of 
equations,  integer  analysis,  symbolic  methods,  determinants  and 
groups,  probabilities,  and  insurance,  with  a  full  index.  Examples 
accompany  the  text  and  conclude  each  chapter. 


LIV.  Proceedings  of  Learned  Societies. 

GEOLOGICAL  SOCIETY. 
[Continued  from  p.  222.] 

January  26,  1887.— Prof.  J.  W.  Judd,  F.R.S.,  President, 
in  the  Chair. 

THE  following  communications  were  read  : — 
1.  "  On  the  Correlation  of  the  Upper  Jurassic  Rocks  of  the  Jura 
with  those  of  England."     By  Thomas  Roberts,  Esq.,  M.A.,  F.G.S. 

The  author  described  at  length  his  observations  on  the  rocks  of 
the  Jurassic  system,  from  the  Callovian  to  the  Purbeckian  inclusive, 
first  in  the  Canton  of  Berne  and  then  in  the  more  southerly  Cantons 
of  Neuchatel  and  Vaud.  The  sections  in  the  former  differed  ma- 
terially from  those  in  the  latter,  and  the  following  stages  and  sub- 
stages  were  observed : — 

North  District.  South  District. 

Purbeckian.  Purbeckian. 

Portlandiau.  Porhlandian. 

Virgulian.  ? 

Pteroeeriau.  Pterocerian. 

Astartian.  Astartian. 

iCalcaire  a  Nerin^es.  

Oolithe  Corallienne.  

Terrain  a  chailles  siliceux.  Corallian. 

^  r     1-        r Terrain  a  chailles  marno-calcaire.  Pholadomian.  ]  m  c    a- 

Oxfordian.  |  ^.^j^^.^^  ^  Scyphies  inferieur.  Spongitian.      }  O^fordian. 

Callovian.  I  ^"  ^'^  sous-Oxfordien.  Superieur.        |  Calbvian. 

^^  yZone  oi  Amm.  macrocephalus.  Inierieur.         J 

T,  ,,      .        f  Dalle  nacree,  &c.  Dalle  nacree. 

Bathonian.  < 

Some  of  the  lithological  and  palaeontological  differences  between 
these  rocks  and  the  English  Oolites  were  noticed,  and  the  views  of 
Oppel,  Marcou,  Waagen,  Blake,  and  Renevier,  as  to  the  relations  of 
the  beds  in  the  two  countries,  were  commented  upon.  The  Author 
then  proceeded  to  compare  the  fossils  of  the  Swiss  Jurassic  beds 
with  those  of  their  English  representatives,  stage  by  stage,  and 
finally  suggested  the  following  correlation:  — 


Upper  Jurassic  Rocks  of  the  Jura  aiid  England.        467 


ENGLAND. 

'  Upper. 

1 

1            SWISS  JURA. 
Valangien. 

PURBECK.j  j^ji^^^^ 
Lower. 

Purbejkien. 

Portland  atone. 

„        sand,  &c. 
Upper  Kimeridf^e  Clay, 

Portlandien. 

'Clays  with  Exogyra  virgula. 
n        „      Ammonites  alternans. 

Virgulien. 

Lower 

KlMEBIDGE." 

Pterocerien. 

Clays  with  Astarte  supracorallina. 
-     „         „       Ostrea  deltoidea. 
Kimeridge  Passage-beds. 

-      "'1 

Astartien. 

(  Supracoralline. 

Calcaire  k  Nerin^es. 
Oolithe  Corallienne. 

Coral  Rag. 

S3 

> 

Coralline  Oolite. 
Middle  Calcareous  G-rit. 

CORALLIAX.     - 

Terrain  a  chailles  siliceui. 

Hambleton  Oolite. 

Pholadomien.-j 

^OXFORDIEN 
Spongitien.       J 

^  Lower  Calcareous  Grit. 

■  Clays  with  cordati  Ammonites. 

Le  fer  sous-Orfordien. 

c 

Oxford 
Clay-.         | 

„        „     ornati  Ammonites. 

Zone    of   Amm.     macroce- 
phalus. 

Kelloway  Rock. 

Cornbrash. 

Bathonien. 

2.  "  The  Physical  History  of  the  Bagshot  Beds  of  the  Londoa 
Basin."     By  the  Rev.  A.  Irving,  B.Sc,  B.A.,  F.G.S. 

The  Author,  in  reviewing  the  position  taken  up  by  him,  attempted 
to  estimate  the  value  of  such  palseontological  evidence  as  exists,  and 
insisted  on  the  importance  of  ih.e  pluisical  evidence  in  the  first  place. 
He  gave  reasons  for  considering  the  evidence  of  pebbles,  pipe-clay 
derived  materials,  irony  concretions,  percentages  of  elementary 
carbon  (ranging  in  the  more  carbonaceous  strata  up  to  nearly  2h°/  ) 
taken  together  with  the  evidence  of  carbon  in  combination,  as  ad- 
duced in  former  papers,  freshwater  Diatoms  (now,  perhaps  recorded 
for  the  first  time  in  the  Middle  and  Lower  Bagshot),  and  the  micro- 
scopic structure  of  the  sands  and  days,  as  furnishing  such  a  cumu- 
lative proof  of  the  fluviatile  and  delta  origin  of  the  majority  of  the 
Middle  and  Lower  Bagshot  Beds,  as  can  hardly  be  gainsaid  ;  while 
he  regarded  the  wide  distribution  of  the  Sarsens,  taken  alouo-  with 
the  absence  of  such  evidence  as  is  quoted  above,  as  indicating,  along 
with  the  fauna,  a  much  greater  arcal  range  formerly  of  the  Upper 
Bagshot  than  of  the  strata  below  them. 
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He  referred  to  the  evidence  furnished  by  the  Walton  section  (Q.  J. 
G.  S.  May,  1886),  the  Brookwood  deep  well  (Geol.  Mag.  August, 
188()),  the  contemporaneous  denudation  of  the  London  Clay  (Geol. 
Mag.  September,  1886)  as  afibrding  further  support  to  the  view 
which  he  has  advocated  ;  gave  six  new  sections  on  the  northern 
side  of  the  area,  showing  (1)  the  attenuation  of  the  Lower  Bag- 
shots  beneath  the  Middle  Bagshot  clays,  (2)  the  greater  development 
of  clays  towards  the  margin  at  the  expense  of  the  sands,  (3)  con- 
temporaneous transverse  erosion  of  the  London  Clay,  (4)  cases  of 
overlap,  (5)  the  occurrence  of  massive  pebble-beds  at  nearly  the 
same  altitude  along  the  northern  Hank  underlying  (as  at  East- 
hampstend  and  Bearwood)  Upper  Bagshot  sands,  and  resting  either 
immediately  upon,  or  in  near  proximity  to,  the  London  Clay  ;  and 
added  an  account  of  his  observations  on  the  flank  of  St.  Anne's  Hill, 
Chertsey,  which  he  takes  to  be  nothing  more  than  an  ancient  river- 
valley  escarpment,  subsequently  eroded  by  rain-water,  the  hollows 
thus  formed  having  been  subsequently  filled  up  and  covered  over  by 
pebbles  and  other  debris  of  the  beds  in  the  higher  part  of  the  hill, 
these  assuming  the  character  of  ordinary  talus  material.  The  con- 
sideration of  the  southern  margin  of  the  Bagshot  district  is  reserved 
for  a  future  paper. 

The  Author  considered  that  his  main  position,  resting  as  it  does 
upon  physical  evidence,  remains  untouched  by  the  attempt  of  later 
writers  to  disprove  it ;  while  the  disproof  breaks  down  even  on 
its  own  lines  (the  stratigraphical),  the  paper  in  which  this  dis- 
proof is  insisted  upon  being  characterized  by  (1)  an  incomplete 
grasp  of  the  problem  on  the  part  of  its  authors,  (2)  equivocal  data, 
(3)  omission  of  important  evidence,  (4)  inconsistencies,  (5)  erro- 
neous statements. 

The  Author  (while  correcting  some  errors  of  stratigraphical  detail, 
which  appeared  in  his  former  paper,  from  insufficiency  of  data) 
maintained  that  (though  occasional  intercalated  beds  with  marine 
fossils  may  be  met  with,  as  is  commonly  the  case  in  a  series  of 
delta-  and  lagoon-deposits)  the  view  he  has  put  forward  is,  in  the 
main,  established ;  and  he  proposed  the  following  classification  of 
the  Bagshot  Beds  of  the  London  Basin  :— 

Old  Reading.  New  Reading. 

1.  Upper  Bagshot  Sands     =1.  Marine-estuarine  Series. 

2.  Middle  Bagshot  Sands 

and  Cla5-s  \  =2.  Freshwater  Series. 

3.  Lower  Bagshot  Sands 


LV.  Intelligence  and  Miscellaneous  Articles. 

ON  THE  INERT  SPACE  IN  CHEMICAL  REACTIONS. 
BY  OSCAR  LIEBREICH. 

ACCOEDING-  to  all  previous  observations,  it  has  been  assumed 
that  a  chemical  reaction  in  liquids  which  are  perfectly  mixed 
takes  place  uniformly  and  simultaneously  in  all  parts  unless  cur- 
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rents  are  produced  ia  consequence  of  inequalities  of  temperature. 
In  the  reduction  of  copper  sulphate  by  grape-suoar,  on  heating,  the 
suboxide  is  first  perceived  in  the  upper  part.  We  know  also  that 
in  reducing  liquids  which  contain  certain  metallic  salts,  the  products 
of  reduction  are  deposited  on  the  surfaces  opposed  to  them.  It  has 
never,  hov.'ever,  been  observed  that  in  liquids,  perfect  mixture 
being  presupposed,  certain  parts  are  withdrawn  from  the  reaction, 
or  show  some  retardation  in  the  change. 

I  have  succeeded  in  demonstrating  the  existence  of  a  space  iu 
mixtures  in  which  a  chemical  reaction  is  not  visible.  1  have  called 
it  the  inert  space  {todter  Rauni).  In  introducing  this  idea  as  the 
result  of  my  experiments,  I  would  define  it  as  that  space  in  a 
uniformly  mixed  liquid  in  which  the  reaction  occurs  either  not  at 
all,  or  is  retarded,  or  takes  place  to  a  less  extent  than  in  the 
principal  liquid, 

lieaction-spacG  and  inert  space  can  be  most  sharply  separated 
from  each  other  in  the  experiments  which  I  adduce.  The  occurrence 
of  such  an  inert  space  is  best  detnonstrated  with  hydrate  of  chloral, 
which,  when  treated  with  sodium  carbonate,  decomposes  into 
chloroform,  according  to  the  following  equation  : 

aCl30,H3 + ISXCO3 = CHCI3  +  NallCO, + NaHC03. 

With  a  suitable  concentration,  and  mixture  in  proper  equivalents, 
the  chloroform  separates  not  in  thick  oily  drops,  but  as  a  fine  mist 
which  gradually  collects  in  drops  at  the  bottom.  The  reaction 
does  not  start  at  once,  but  depends  on  concentration  and  tempera- 
ture. The  concentration  proper  for  the  observations  can  be  so 
arranged  that  the  commencement  of  the  reaction  varies  between  1 
and  25  minutes.     This  time  may  even  be  considerably  prolonged  *; 

If  the  reaction  is  made  in  an  ordinary  test-tube,  there  is  a  space 
of  1  to  3  mm.  below  the  meniscus,  which  is  not  affected  by  the 
reaction  ;  that  is,  it  remains  perfectly  clear  :  and  the  reaction-space 
is  bounded  above  with  the  sharpness  of  a  hair,  by  a  surface  curved 
in  the  opposite  direction  to  that  of  the  meniscus. 

The  upper  space  in  the  liquid  which  thus  remains  clear  is  the 
inert  space  in  the  h^ydrate-of-chloral  reaction. 

Even  after  the  tube  has  been  left  still  for  24  hours  this  space  is 
visible  ;  for  the  boundary  of  the  inert  space  can  still  be  distinctly 
recognized  by  minute  spherules  of  chloroform  which  have  not  sunk. 
If  the  test-tube  is  gently  agitated,  so  that  the  chloroform-mist 
passes  into  the  inert  space,  after  a  few  minutes  the  chloroform 
settles  to  its  former  boundary,  and  the  separation  between  the 
inert  space  and  the  reaction-space  is  again  reproduced. 

Careful  observation  showed  that  the  clear  layer  of  liquid  was 
diminished  by  the  ascent  of  the  chloroform-mist,  and  was  not 
increased  by  sinking. 

I  have  observed  the  inert  space  in  this  reaction  in  differently 

*  I  used  equal  volumes  of  aqueous  sohitions  of  .331  gr.  hydrate  of 
cliloral  aud  212  gr.  sodium  carbonate  in  the  litre,  whicli  were  dihited  to 
a  correspouding  extent,  so  as  to  prolong  the  duration  of  the  reaction. 
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shaped  vessels.  If  we  take  a  glass  box  with  parallel  sides  which 
are  at  a  distance  of  a  centimetre  apart,  it  is  seen  that  the  inert 
space  presents  itself  as  a  surface  curved  in  the  opposite  direction  to 
the  meniscus.  It  can  moreover  be  observed  that  at  the  positions  of 
greatest  curvature,  a  gradual  equalization  or  a  fresh  reaction-zone 
is  formed.  If  a  horizontal  glass  cylinder  closed  by  parallel  glass 
plates  is  taken,  the  curvature  of  the  active  space  is  seen  in  great 
sharpness  and  beauty. 

If  the  reaction  takes  place  between  two  glass  plates  which  are 
inclined  to  each  other  at  an  acute  angle  so  that  their  line  of  contact 
is  vertical,  the  height  of  the  meniscus  is  represented  by  a  deeper 
position  of  the  inert  space. 

In  capillary  tubes  which,  after  being  filled,  are  placed  horizontally, 
the  inert  space  is  met  with  on  each  side.  Even  if  the  capillary 
tubes  are  taken  so  fine,  that  the  lumen  must  be  examined  by  a 
magnifying-power  of  300  times,  the  active  and  the  inert  space  can 
be  separately  observed.  The  reaction  occurs  with  separation  of 
small  molecular  drops  of  chloroform  in  the  middle  of  the  liquid 
cylinder,  while  it  remains  clear  at  each  end.  With  very  small 
drops  in  capillary  tubes  there  is  no  reaction  *. 

If  tubes  closed  at  the  top  are  filled  with  the  active  mixture  so 
that  there  is  no  air-bubble,  the  decomposition  is  uniform  througliout 
the  entire  liquid.  If,  however,  tubes  open  at  the  top  are  filled  with 
the  liquid,  and  are  closed  by  a  small  transparent  animal  membrane 
stretched  in  a  lead  frame,  it  is  possible  by  carefully  raising  it  to 
show  here  also  the  inert  space. 

If  a  glass  tube  open  at  both  ends  is  placed  on  a  fine  membrane, 
and  is  closed  at  the  top  also  by  a  membrane,  it  is  seen  that  when 
the  tube  is  held  vertically  an  inactive  space  can  be  observed  below, 
in  which  the  chloroform  gradually  settles  as  a  cloud.  I  have  not 
been  able  to  ascertain  whether  the  reaction  in  this  case  is  also 
limited  at  the  sides  of  the  tube. 

If  a  specimen  of  the  liquid  be  taken  from  the  inert  space  by 
means  of  a  capillary  tube,  and  it  be  warmed,  decomposition  at  once 
sets  in.  This  is  a  proof  that  the  two  substances  contain  unaltered 
hydrate  of  chloral  and  sodium  carbonate.  It  is  of  course  im- 
portant to  observe  the  phenomena  of  the  inert  space  by  other 
reactions  which  take  place  slowly.  The  reaction  which  takes 
place  between  iodic  and  sulphiu'ous  acids  according  to  the  following 
equations : 

3SO,-fHI03  =  3S03  +  IH 

5IH  +HI03=3Hp  +  6I 

was  found  to  be  particularly  suitable,  since  it  has  been  found  by 

Landolt  t  that  by  suitable  dilution,  and  variation  of  the  quantities, 

it  can  be  delayed  at  pleasure  and  in  accordance  with  a  definite  law. 

The  occurrence  of  the  iodine  reaction  is  made  manifest  by  the 

*  For  this  experiment  it  is  necessary  to  free  the  liquid  from  absorbed 
air  by  boiling. 

+  Berliner  Sitzungsberichte,  1885,  xvi.,  and  1886,  x. 
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addition  of  soluble  starch,  which  by  the  sudden  blue  coloration 
indicates  the  liberation  of  iodine. 

{Solutions  were  used  containing  0*25  gr.  of  iodic  acid  in  a  litre 
of  water,  or  the  same  quantity  in  the  litre  of  a  mixture  of  equal 
parts  of  glycerine  and  water. 

The  sulphurous  acid  was  used  of  such  concentration  that  o  cub. 
cent,  of  its  solution  in  water  just  decolorized  2  cub.  cent,  of  a 
one-per-cent.  solution  of  potassium  permanganate. 

On  mixing  10  cub.  cent,  of  solution  of  iodic  acid  with  3  cub. 
cent,  of  sulphurous  acid,  the  reaction  sets  in  in  about  5  minutes,  and 
in  the  various  glass  vessels  shows  an  inert  space  above,  which  lasts 
for  a  time  depending  on  the  temperature. 

The  iodine  reaction  presents  a  phenomenon  to  which  I  shall 
afterwards  r^^cur  ;  that  is,  the  occurrence  of  this  reaction  in  the 
centre  of  the  tube.  If  a  vertical  glass  tube  4  niillim.  in  the  clear 
is  filled  by  aspiration,  and  subsequent  closing  by  an  indiarubber 
tube  and  clamp,  from  the  active  liquid  which  is  contained  in  a  wide 
glass  cylinder,  a  fine  blue  thread  is  seen  to  form  in  the  tube,  while 
the  surrounding  liquid  remains  clear  and  colourless.  The  blue 
coloration  extends  gradually  from  the  thread  throughout  the  entire 
liquid  column. 

It  could  be  observed  in  this  phenomenon  that  the  reaction  in  the 
wider  vessel  set  in  sooner  than  in  the  narrow  tube. 

If  either  the  hydrate-of-chloral  or  the  iodic-acid  mixture  is  placed 
in  a  vessel  in  which  the  liquids  can  be  drawn  through  fine  glass 
beads,  no  chemical  reaction  at  all  is  produced. 

It  follows  thus  from  these  experiments : — 

1.  That  in  liquids  the  space  of  chemical  action  is  bounded  by  an 
inactive  zone  {the  inert  sj^ace),  where  the  liquid  is  in  contact  with 
the  air,  or  is  separated  from  it  by  a  fine  membrane. 

2.  That  the  reactions  take  place  more  slowly  in  narrow  than  in 
wide  tubes. 

3.  That  capillary  spaces  can  entirely  suspend  chemical  reactions. 
As  I  am  engaged  in  continuing  this  investigation,  I  hope  soon, 

after  a  further  extension  of  the  experiments  and  the  use  of  other 
chemical  reactions,  to  be  able  to  report  fresh  results. — Berliner 
Sitziinr/sherichte,  November  4,  1886. 


APPARATUS  FOR  THE  CONDENSATION  OF  SMOKE  BY  STATICAL 
ELECTRICITY.      BY  H.  AMAURY. 

A  glass  cylinder  is  placed  on  a  tripod  perforated  in  the  centre, 
and  below  it  a  tin-plate  box  with  an  opening  in  the  side  and  at 
the  top,  in  which  touch-paper,  tinder,  or  tobacco  can  be  burned,  and 
thus  the  cylinder  be  filled  uith  smoke.  To  the  top  of  the  cylinder 
is  fitted  a  small  lid  in  which  is  a  vertical  tube.  At  half  the  height 
of  the  cylinder  are  two  diametrically  opposite  tubuli,  through  which 
pass  metal  rods;  these  are  connected  with  vertical  rods  parallel  to 
the  sides  and  provided  with  points.     If  these  combs  are  connected 

ith  the  conductors  of  an  electrical  machine,  and  the  latter  is 
worked,  the  smoke  is  condensed. — Beihldtter  der  Plnjsik,  No.  2, 1887. 
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THE  HEATING  OF  THE  GLASS  OF  CONDENSERS  BY   INTERMITTENT 
ELECTRIFICATION.      BY  J.  BOKGMANN. 

The  author  takes  two  bundles  of  30  cylindrical  condensers,  each 
consisting  of  a  glass  tube  46  cm.  in  length  and  5  mm.  in  diameter; 
each  tube  was  coated  externally  with  tinfoil,  and  tilled  with  copper 
filings,  and  a  copper  wire  inserted,  the  ends  being  closed  with 
])aratfin  or  shellac.  Each  thirty  tubes  are  formed  into  bundles,  all 
the  outsides  and  insides  being  severally  connected.  One  bundle  was 
also  coated  on  the  outside  with  tinfoil  to  improve  the  conductivity. 
These  two  bundles  of  condensers  were  placed  respectively  in  two 
large  air-thermometers.  Each  reservoir  consisted  of  a  glass  tube 
of  about  50  cm.  length  and  4-5  cm.  iuternal  diameter,  which  was 
surrounded  by  another  tube  of  the  same  length  and  7  cm.  diameter. 
Through  the  brass  euds  of  the  reservoirs  passed  on  the  one  hand 
the  electrodes,  and  on  the  other  the  limb  of  the  manometer.  The 
manometer  filled  with  naphtha  consisted  of  three  limbs,  of  which 
two  were  connected  with  the  two  reservoirs  of  the  air-thermometer. 

The  charging  was  effected  by  means  of  a  Euhmkorff,  and  was 
measured  by  a  Siemens  electrodynamometer.  Notwithstanding  its 
better  external  conductivity,  the  bundle  C  was  more  heated  than 
the  other,  A. 

If  e  is  the  deflection  of  the  electrodynamometer  in  divisions  of 
the  scale,  Aa  and  Ac  the  displacement  of  the  naphtha  in  the  mano- 
meter in  millimetres,  which  measure  the  quantities  of  heat,  it  was 
found  that 

6  345  280  147  101  \  e  343  159 
Ac  11-3  9-84  4-84  2-9  |'  Aa  10-8  o-2 
e/A     30-5     28-4       32-4       34-8      e  A     317     30-6 

It  follows  from  this  that  the  heatings  of  the  condensers  are 
approximately  proportional  to  the  square  of  the  difference  of 
potential  of  the  coatings. — BeihVdtter  der  FJiysik,  1887,  p.  55. 


ON  THE  CHEMICAL  COMBINATION  OF  GASES. 

!Z'o  the  Editors  of  the  Philosophical  Magazine  and  Journal. 
Ge>'TLEMEN,  Riga,  April  8,  1887. 

In  the  April  Xumber  of  the  Philosophical  Magazine  for  this 
year  Prof.  J.  J.  Thomson  complains  that  1  have  misuudex'stood  his 
theory  of  the  Chemical  Combination  of  Gases.  After  a  repeated 
study  of  the  paper,  I  must  confess  that  Prof.  Thomson  is  in  the 
main  right.  As  in  my  criticism  I  have  done  Prof.  Thomson  an 
injustice  which  I  am  not  able  entirely  to  repair,  I  will  not  dwell 
upon  the  injustice  which  he  in  the  heat  of  his  defence  has  done  me 
in  his  answer,  the  more  so  as  it  has  no  scientific,  but  a  mere  per- 
sonal interest. 

Have  the  kindness  to  insert  the  above  explanation  in  the  next 
Number  of  your  ^lagazine.  Yours  truly, 

W.   OSTWA-LD. 
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LVI.  The  Laws  of  Motion.    By  Robekt  Feanklin  Muirhead, 
B.A.J  of  St.  Catharine's  College,  Cambridge*. 

Preface. 

THE  aim  of  this  Essay  is  to  state  in  the  clearest  manner 
possible  the  best  existing  conception  of  dynamical 
science.  The  writer  believes  that  the  statement  of  dyna- 
mical principles  here  given  is  to  be  found  implicitly  in 
the  reasonings  of  the  best  modern  masters  of  the  science,  but 
that  it  has  never  hitherto  been  stated  explicitly.  The  general 
statement  indeed  has  sometimes  been  made  that  the  proof  of 
a  hypothesis  or  theory  is  its  agreement  with  the  facts,  or  that 
the  whole  Principia  is  the  proof  of  the  Laws  of  Motion. 
But  I  have  pointed  out  in  detail  that  the  very  conceptions 
and  definitions  of  Djaiamics  are  unintelligible  when  taken 
singly.  I  have  endeavoured  to  free  the  science  of  Dynamics 
from  survivals  from  its  childhood,  in  the  shape  of  extra- 
kinetic  definitions  of  dynamical  concepts,  and  a  priori 
assumptions. 

The  Laws  of  Motion, 

In  view  of  the  enormous  development  to  which  the  science 
of  Dynamics  has  attained  in  modern  times,  of  the  simplicity 
of   its    fundamental    conceptions,   and    of  the    unquestioned 

*  Communicated  by  Professor  James  Thomson ;  ha'nvr  the  Essay  to 
which  the  second  Smith's  Prize  was  awarded  iu  IttdO. 
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validity  ot  its  processes  and  results,  it  may  appear  somewhat 
strange  that  much  difficulty  has  been  found  in  stating  its 
principles  in  a  satisfactory  form. 

In  the  preface  to  the  second  edition  of  Tait  and  Steele's 
'  Dynamics  of  a  Particle  '  we  read  (referring  to  the  chapter 
on  the  Laws  of  Motion)  :— "  These  five  pages,  faulty  and  even 
erroneous  as  I  have  since  seen  them  to  be,  cost  me  almost  as 
much  labour  and  thought  as  the  utterly  disproportionate 
remainder  of  my  contributions  to  the  volume ;  and  I  cannot 
but  ascribe  this  result  in  part,  at  least,  to  the  vicious  system 
of  the  present  day,  which  ignores  Newton's  Third  Law,  &c.^' 

And  when  we  read  Clerk  MaxvrelFs  notice  of  the  2nd 
edition  of  Thomson  and  Tait's  treatise  in  '  Nature,'  *  we  feel 
that  the  reform  introduced  by  Thomson  and  Tait,  in  "  return- 
ing to  Newton,"  still  leaves  something  to  be  desired.  This 
feeling  is  strengthened  when  we  learn  from  the  late  Prof. 
Cliffi)rd  t,  that  "  no  mathematician  can  attach  any  meaning 
to  the  language  about  force,  mass,  inertia,  &c.  used  in  current 
text-books  of  Mechanics,'" 

It  will  then  be  worth  while  to  clear  up  the  logic  of  the 
science,  and,  if  possible,  to  state  the  laws  of  motion  in  a  form 
that  shall  be  free  from  all  ambiguity  and  confusion. 

Let  us  cast  a  brief  and  partial  glance  over  the  history  of 
the  development  of  dynamical  first  principles. 

Though  one  region  of  the  science  of  Dynamics,  namely 
Statics,  was  cultivated  by  the  ancients,  it  was  left  for  Galileo 
Galilei  to  become  the  pioneer  of  dynamical  science  in  its  full 
extent. 

Before  Galileo,  the  idea  of  force  as  something  measurable 
was  attained  to.  The  causes  tending  to  disturb  rest  were 
perceived  to  have  a  common  kind  of  effect,  so  that  for  the 
purposes  of  Statics  they  could  be  represented  by  the  tension 
of  cords  produced  by  suspending  from  them  weights  of 
determinate  magnitude.  Galileo  paved  the  way  for  the  intro- 
duction of  the  kinetic  idea  of  force,  i.  e.  that  of  the  cause  of 
the  acceleration  of  the  motion  of  bodies.  It  is  noteworthy, 
however,  that  he  approached  the  subject  from  a  kinematical 
standpoint.  In  his  '  Dialogues,''  he  treats  of  the  science  of 
''  Local  Motion,"  not  of  the  science  of  Force  ;  and  in  his 
investigations  on  the  motion  of  Projectiles  in  that  work,  his 
aim  is  to  describe  the  properties  of  their  motion,  not  to 
speculate  on  causes. 

Another  stage  was  reached  when  Newton  published  the 

•  <  Nature,'  vol.  xx.  p,  213,// 
t  Ibid.  vol.  xxii.  June  10th.  * 
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Principia.  The  Definitions  and  Axioms  therein  propounded 
include  all  the  principles  underlying  the  modern  science  of 
Dynamics.  Subsequent  progress  has  been  either  in  the 
direction  of  mathematical  development  or  application  to  special 
problems,  or  in  attempts  to  improve  the  form  of  statement. 

Let  us  now  inquire  whether  Newton^s  scheme  of  Definitions 
and  Axioms  is  satisfactory. 

We  are  struck  at  once  by  the  fact  (noticed  by  many 
writers)  that  the  First  Law  of  Motion  is  previously  stated  or 
implied  in  the  Definition  of  Inertia.  This,  however,  may  be 
passed  over  as  a  mere  awkwardness  of  arrangement. 

Another  defect  which  has  been  pointed  out  by  several 
writers,  is  the  absence  of  any  definition  of  equal  times,  which 
renders  the  expression  "  uniformiter "  in  Law  I.  perfectly 
indefinite. 

Of  course  the  law  implies  that  all  bodies  unacted  on  by 
force  pass  through  spaces  in  any  interval  of  time  whatever, 
.which  are  in  the  same  proportion,  so  that  taking  any  one  such 
body  as  chronometer,  the  First  Law  of  Newton  may  be 
affirmed  of  all  the  rest.  We  may,  however,  object  to  a  form 
of  statement  which  does  not  directly  state,  but  implies  the 
physical  fact. 

Again,  "  uniform  rectilinear  motion "  has  no  meaning 
unless  with  reference  to  some  base  of  measurement.  And 
the  Lav\^  is  not  true  except  with  reference  to  bases  of  a  certain 
type.  For  instance,  the  "  fixed  stars  describe  not  straight 
lines,  but  circles,  taking  the  Earth  as  base  of  measurement.''^ 

Newton's  own  statement  is  that  the  Laws  of  Motion  are  to 
be  understood  with  reference  to  absolute  position  and  absolute 
time. 

The  only  explanation  given  of  absolute  time,  is  that  in 
itself  and  of  its  own  nature,  without  reference  to  anything 
else,  it  flows  uniformly. 

In  explanation  of  the  expressions  "absolute  motion"  and 
"  absolute  position,'''  we  have  the  statement  that  "  Absolute 
and  relative  motion  and  rest  are  distinguished  from  one 
another  by  their  properties,  causes,  and  effects.  It  is  a  property 
of  rest  that  bodies  truly  at  rest  are  at  rest  among  themselves, 
but  true  rest  cannot  be  defined  by  the  relative  positions  of 

bodies   we  observe The   causes   by  which  true 

and  relative  motion  are  distinguished  from  one  another  are 
the  forces  impressed  on  the  bodies  to  produce  motion.  True 
motion  cannot  change  except  by  forces  impressed. 

"  The  effects  by  which  absolute  motion  is  distinguished 
from    relative   are    the   centrifugal  forces  of  rotation.     For 

2K2 


476  Mr.  R.  F.  Muirhead  on  the  Laics  of  Motion. 

merely  relative  rotation  these  forces  are  zero  ;  in  true  rotation 
they  exist  in  greater  or  less  degree."  * 

Thereafter  comes  the  well-known  experiment  of  the  rotating 
vessel  of  water. 

Now  the  first  criterion  helps  us  only  in  a  negative  way,  by 
enabling  us  to  deny  the  attribution  of  true  rest  to  both  of 
two  systems  when  they  are  moving  relatively  to  each  other. 

The  second  criterion  involves  reasoning  in  a  circle.  Force  is 
defined  as  that  which  produces  change  of  motion  ;  hence  to 
define  unchanged  or  uniform  motion  as  that  which  takes  place 
when  no  force  acts  does  not  carry  us  beyond  the  previous 
definition,  and  is  nugatory. 

The  third  criterion,  taken  along  with  the  first,  implies  a 
physical  fact,  viz.  that  when  two  bodies  severally  show  no 
centrifugal  force,  they  have  no  rotation  relative  to  one 
another. 

Consider  now  Law  II.  It  amounts  merely  to  a  definition 
of  force,  specifying  how  it  is  to  be  measured. 

This  has  been  recognized  by  several  writers.  Some,  how- 
ever, have  expanded  it  into  the  further  assertion  that  when 
two  forces  act  simultaneously  on  a  body,  each  produces  its 
own  eflPect  independently  of  the  other,  in  accelerating  the  body's 
motion.  But  such  a  statement  is  entirely  nugatory  if  we 
keep  by  the  kinetic  definition  of  force.  It  is  then  simply  an 
identical  proposition  like  "  A  is  A/'  as  will  be  seen  by  sub- 
stituting in  the  statement  "  acceleration  of  mass  "  for  "  force.'"' 

We  now  perceive  that  even  the  residuum  of  meaning  which 
remained  after  our  criticism  of  Law  I.  anH  the  statements 
regarding  Absolute  Motion  seems  to  disappear.  For  we 
were  supposed  to  recognize  a  body  absolutely  at  rest  by  the 
absence  of  centrifugal  force.  But  force  is  recognizable  only 
by  its  accelerative  effect,  while  the  acceleration  must  be 
reckoned  relative  to  a  body  absolutely  at  rest,  which  rest, 
again,  we  cannot  recognize  until  we  know  absolute  motions. 
We  are  thus  reasoning  in  a  circle. 

Law  III.  This  law  at  first  sight  undoubtedly  seems  to 
express  an  experimental  fact.  We  may  therefore  be  sur- 
prised to  find  that  Newton  deduces  one  case  of  it  (viz.  that  of 
two  mutually  attracting  bodies)  from  Law  I.  (see  Scholium 
to  the  A.viomata) . 

This  seeming  paradox  arises  from  the  fact  that  in  this 
Scholium  Newton  makes  Law  I,  apply  to  a  body  or  system 
of  finite  size,  and  not  necessarily  without  rotation.  This 
assumes  that  there  is  some    one  point  (centre  of   Inertia) 

*  Newton's  Ptincipia,  Scholium  to  the  Defimtionea. 
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whose  motion  may  be  taken  to  represent  that  of  the  system, 
which  implies  that  the  3rd  Law  is  true  so  far  as  the  parts  of 
such  a  system  are  concerned.  Now  it  seems  difficult  to  draw 
a  valid  distinction  between  such  a  system  and  any  mass- 
system  whatever  ;  in  fact  it  seems  quite  as  legitimate  to 
assume  that  every  mass-system  has  a  centre  of  Inertia. 

But  if  this  assumption  were  made,  then  clearly  the  first 
Law  could  be  deduced  from  the  third  in  all  its  generality, 
and  vice  versa. 

We  see  that  in  this  respect  again  Newton^s  arrangement 
is  defective.  We  find  that  the  experimental  fact  is  not 
stated  directly,  but  hnplied  in  the  assumjjtion  of  the  existence 
of  a  mass-centre.  In  fact,  strictly  read,  Newton's  Definitions 
and  Axioms  abound  in  logical  circles,  nugatory  statements, 
and  illusory  definitions  ;  and  what  real  meaning  they  imply 
is  not  at  all  explicit. 

The  need  for  the  removal  of  many  obscurities  which  pertain 
to  the  science  of  Dynamics  as  set  forth  in  the  Principia  of 
Newton,  and  in  the  writings  of  his  successors,  has  been  clearly 
perceived  by  Professor  James  Thomson.  In  his  paper  on  the 
"  Law  of  Inertia,  &c.,"  *  he  propounds  the  following  Law  of 
Inertia  : — 

"  For  any  set  of  bodies  acted  on  each  by  any  force,  a 
Reference-Frame  and  a  Reference  Dial-traveller  are  kine- 
matically  possible,  such  that  relatively  to  them  conjointly  the 
motion  of  the  mass-centre  of  each  body  undergoes  change 
simultaneously  with  any  infinitely  short  element  of  the  dial- 
traveller  progress,  or  with  any  element  during  which  the 
force  on  the  body  does  not  alter  in  direction  nor  in  magnitude, 
which  chano-e  is  proportional  to  the  intensity  of  the  force  act- 
ing on  that  body,  and  to  the  simultaneous  progress  of  the 
dial-traveller,  and  is  made  in  the  direction  of  the  force." 

For  explanations  of  the  terms  used  I  refer  to  the  paper 
itself.  At  the  end  of  this  paper  we  have  the  assertion  :  "  The 
Law  of  Inertia  here  enunciated  sets  forth  all  the  truth  which 
is  either  explicitly  stated,  or  is  suggested  by  the  First  and 
Second  Laws  in  Sir  Isaac  Newton's  arrangement.-'^ 

Professor  Thomson^s  Law  is  doubtless,  so  far  as  order  and 
loo-ic  are  concerned,  an  immense  advance  on  the  Newtonian 
arrangement.  Let  us  inquire  whether  it  can  be  accepted  as 
absolutely  satisfactory. 

How  are  we  to  measure  the  "  forces "  referred  to  ?  If 
kinematically,  then  we  are  again  involved  in  a  logical  circle, 
as  may  be  seen  by  substituting  in  the  Law,  for  the  words 

•  Proc.  11.  S.  E.  1B83-4,  p.  668. 
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"  force  acting  on  that  body ''  the  words  "  rate  of  change  of 
motion  of  that  body,"  and  for  the  words  "  direction  of  force  " 
'the  words  "  direction  of  change  of  motion/'  And  we  cannot 
entertain  any  other  measure  of  force,  for  reasons  which  will 
be  adduced  later  on. 

Again,  Prof.  Thomson,  by  not  restricting  his  statement 
to  infinitesimal  particles,  has  to  assume  the  existence  of 
mass-centres.  How  is  a  mass-centre  to  be  defined  ?  We 
shall  give  reasons  later  for  rejecting  any  but  a  kinetic  defini- 
tion of  mass  and  mass-centre.  But  it  is  impossible  to  arrive 
at  a  kinetic  definition  when  we  start  by  assuming  a  know- 
ledge of  the  measurement  of  mass  in  the  Fundamental  Law 
of  Motion,  as  is  done  by  Professor  Thomson. 

While  noting  therefore  that  Professor  Thomson  has  adopted 
the  right  method  of  defining  chronometry  and  "  true  rest,'^ 
we  cannot  accept  his  Law  as  a  satisfactory  statement  of  the 
fundamental  principle  of  Dynamical  science. 

Let  us  endeavour  to  frame,  after  the  manner  of  Professor 
Thomson,  a  statement  which  shall  be  satisfactory.  Taking 
the  definitions  of  dial-traveller  and  reference-frame,  as  given 
in  the  paper  referred  to,  let  us  proceed  thus  : — 

Let  a  material  system  be  conceived  divided  into  an  infinite 
number  of  particles  whose  greatest  linear  dimensions  are  all 
infinitesimal.  To  each  particle  let  us  attribute  a  certain  value 
called  its  prormoKaZ-7was.s.  Let  us  adopt  a  reference-frame 
and  dial-traveller.  Let  the  acceleration  of  any  particle  multi- 
plied into  its  provisional- mass  be  called  the  apjxirent-force  on 
the  particle.  Then  it  is  possible  so  to  choose  the  provisional- 
masses,  the  dial-traveller,  and  the  reference-frame,  so  that  the 
■provisional-masses  and  the  apparent-forces  shall,  within  the 
limits  of  error  of  observation,  have  relations  expressible  by 
the  laws  of  physical  science,  i.  e.  the  law  of  the  Indestructi- 
bility of  Matter,  the  law  of  Equality  of  Action  and  Reac- 
tion the  law  of  Universal  Gravitation,  the  laws  of  electric, 
magnetic,  elastic,  and  capillary  action,  &c.,  &c.  Such  a 
system  being  chosen,  the  provisional-masses  in  it  are  masses 
and  the  apparent-forces,  forces.  The  dial-traveller  indicates 
"  absolute  time,"  and  the  reference-frame  is  absolutely  without 
rotation  or  acceleration. 

We  have  thus  kinetic  definitions  of  force,  mass,  absolute 
time-measurelnent,  and  of  absolute  rest  so  far  as  that  is  possible. 

It  is  evident  kinematically  that  any  other  reference-frame 
which  has  no  rotation  or  acceleration  relatively  to  one  chosen 
as  above  would  lead  to  exactly  the  same  results ;  and  that 
this  would  not  be  the  case  if  any  reference-frame  not  fulfilling 
this  condition  were  chosen. 
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The  above  statement  includes  all  in  the  First  and  Second 
Laios  of  Newton  that  can  conceivably  be  tested  by  experiment  or 
observation. 

We  observe  that  Newton's  Third  Law  appears  classed 
along  with  other  laws  of  physics,  and  along  with  that  of  the 
Indestructibility  of  Matter,  which  must  be  assumed  as  a 
preliminary  to  the  ordinary  statement  of  Dynamical  Laws 
before  the  measurement  of  matter  has  received  its  definition. 

In  our  statement  of  the  fundamental  principle  of  Dynamics, 
neither  of  these  Laws  is  assumed,  and  it  could  be  modified  so 
as  to  be  equally  definite  and  intelligible  were  they  untrue. 

By  dealing  with  infinitesimal  particles,  we  have  avoided 
the  necessity  of  assuming  a  j)nori  the  existence  of  mass- 
centres  ;  for  on  the  supposition  that  the  angular  motion  of  no 
element  is  infinite,  (or,  more  generally,  that  there  is  no  finite 
relative  acceleration  or  velocity  between  the  parts  of  any 
particle),  the  motion  of  any  point  of  a  particle  might  be  taken 
to  represent  the  motion  of  that  particle. 

To  define  the  expression  force  acting  on  a  body,  used  in 
Dynamics,  we  would  require  simply  to  define  the  centre  of 

mass  by  the  usual  analytical  equations  of  the  type  ^=  -;^i — 

zm 

where  the  summation  extends  over  all  the  particles  of  the  body, 
and  then  to  define  the  mass  of  the  body  by  X?w,  and  the  force 
on  the  body  as  that  acting  on  its  whole  mass  supposed  con- 
centrated at  its  centre  of  mass. 

What  would  be  the  meaning  of  *'  a  force  acting  on  a  body 
at  a  certain  point ""  ?  This  expression  is  appropriate  only  to 
rigid  bodies,  or  at  least  to  such  as  retain  their  shape  unaltered 
while  under  consideration.  The  naeaning  would  be  that  this 
force,  acting  on  the  particle  at  the  point  referred  to,  together 
with  the  forces  between  particles  determined  by  the  kinema- 
tical  conditions  of  rigidity,  are  the  actual  forces  on  the  body. 

One  objection  might  be  raised  to  the  fundamental  Law  of 
Dynamics,  as  above  stated  by  us  ;  it  seems  awkward  to  imply 
a  knowledge  of  the  Avhole  of  physical  science  in  stating  that 
fundamental  principle. 

This  objection  leads  us  to  cast  aside  Prof.  James  Thomson's 
type  of  statement,  and  to  adopt  another,  which  states  exactly 
the  same  thought  in  a  difierent  form.  We  shall  propound  as 
preliminary  a  science  of  Abstract  Dynamics,  which  shall  be  a 
pure  science  to  the  same  extent  as  Kinematics  is  a  pure  science. 

It  is  as  follows  : — 

In  a  dynamical  system,  each  particle  is  credited  with  a  certain 
mass,  and  by  coordinates  with  reference  to  a  system  of  coordinate 
axes  its  position  and  motion  are  determined.      When  a  particle 
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is  accelerated,  it  is  said  to  have  a  force  acting  upon  it  in  the 
direction  of  the  acceleration  and  of  magnitude  proportional  to 
the  acceleration  and  mass  conjointly. 

The  system  of  chronometry  is  arbitrary,  as  well  as  the 
system  of  coordinate  axes. 

The  expressions,  mass  of  a  hody,  centre  of  mass  of  a  body, 
force  on  a  body,  and  force  acting  on  a  body  at  a  point,  are 
defined  in  the  same  way  as  before. 

This  forms  the  subject  of"  Abstract  Dynamics,^'  which  deals 
only  with  mental  conceptions,  and  which  is  a  sort  of  Kine- 
matics, but  Kinematics  enriched  by  the  conceptions  of  force 
and  mass. 

This  being  premised,  then,  in  place  of  Newton^s  Definitions 
and  his  First  and  Second  Laws  of  Motion,  we  have  the 
Physical  Law  or  Theory  that  ive  can  so  choose  the  masses  to  be 
assigned  to  our  material  particles,  our  coordinate  axes,  and  our 
system  of  cht'onometry,  that  the  forces  may  be  resolved  by  the 
parallelogram  of  forces  into  such  as  are  expressed  by  our 
Physical  Laws. 

Perhaps  we  should  keep  more  faithfully  to  the  historical 
conception  of  Dynamics  were  we  to  state  our  Law  of  Experi- 
inental  Dynamics  as  follows  : — 

It  is  possible  to  choose  the  masses  of  the  solar  system,  the 
axis,  and  the  chronometry,  so  that  the  masses  shall  correspond 
ivith  those  of  Astronomy,  and  the  forces  shall  be  resolvable  into 
such  as  will  be  expressed  by  the  Law  of  Universal  Gravitation, 
and  conformable  to  Newton  s  3rd  Law  of  Motion  and  to  the 
Law  of  the  Indestructibility  of  Matter  (^Conservation  of  Mass). 

Then  true  time,  absolute  velocity,  and  mass-measurement 
being  defined  from  this  system,  there  would  be  the  further  Law 
of  Physics,  that  the  forces  on  the  various  particles  composing 
the  different  members  of  the  solar  system  and  others  are  expres- 
sible by  our  various  Physical  Laws  or  Theories. 

We  have  now  arrived  at  the  conclusion  that  the  attempt  to 
state  the  Laws  of  Motion  by  means  of  a  set  of  detached  defini- 
tions and  axioms  is  futile.  We  have  found  that  Newton's 
First  Law  of  Motion  cannot  be  stated  until  we  have  the  con- 
ception of  a  certain  system  of  reference,  whose  definition 
involves  the  knowledge  of  the  First  Law,  as  well  as  the  defini- 
tion of  force,  &c.  We  have  therefore  seen  that  the  Experi- 
mental Principle  of  Dynamics  should  be  stated  as  an  organic 
theory  or  hypothesis.  We  have  found  it  convenient  to 
formulate  a  science  of  Abstract  Dynamics,  which  is  an  ex- 
tended Kinematics,  depending  only  on  space  and  time-measure- 
ments, but  including  the  ideas  of  force  and  mass  (abstract). 

By  means  of  this  we  can  state  in  a  succinct   form  the 
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experimental  Law  or  Hypothesis  of  Dynamics  (applied), 
which  enables  us  to  give  to  time-measurement  such  a  specifi- 
cation that  durations  of  time,  as  well  as  other  dynamical 
magnitudes,  are  made  to  depend  ultimately  for  their  measure- 
ment solely  on  space-measurement  and  observations  of  coinci- 
dences in  time. 

These  conclusions  we  have  arrived  at  by  assuming  that  only 
Mnetic  sjjecif  cations  for  the  measurement  of  force,  mass,  and 
time,  and  only  a  kinetic  definition  of  ^^  true  rest  "  are  admissible. 

Before  attempting  to  justify  these  assumptions,  it  may  be 
expedient  to  devote  a  few  paragraphs  to  a  general  considera- 
tion of  the  idea  of  our  method.  A  theory  is  an  attempt  to 
dominate  our  experience  ;  it  is  a  conception  which  may  enable 
us,  with  as  little  expenditure  of  thought  as  possible,  to 
remember  the  past  and  forecast  the  future. 

The  theory  of  Universal  Gravitation  is  an  example  of  a 
very  successful  attempt,  perfectly  successful  so  far  as  it  has 
been  tested.     So  with  the  Euclidean  Geometry. 

On  the  other  hand,  we  have  theories  which  have  been  found 
useful  to  enable  us  to  dominate  one  region  of  experience, 
while  they  break  down  in  certain  directions.  The  Newtonian 
Emission  Theory  of  Light  is  an  example.  There  are  others 
which,  if  they  do  not  break  down  absolutely,  involve  the  mind 
in  difficulties  hitherto  unsolved;  e.  g.  the  "elastic-solid^' 
Wave  Theory  of  Light. 

Theories  which  are  found  to  break  down  when  applied  to 
their  full  extent,  as  well  as  theories  which  have  not  been 
sufficiently  tested,  are  often  called  "  working  hypotheses.''^ 

The  only  merits  or  demerits  a  theory  can  have  arise  from 
these  two  desiderata  :  (1)  it  must  not  be  contradicted  by  any 
part  of  our  experience  ;   (2)  it  must  be  as  simple  as  possible  *. 

Thus,  for  example,  consider  the  two  rival  theories  :  (1) 
that  the  earth  has  a  certain  amount  of  rotation  about  its 
axis  ;  (2)  that  it  has  no  rotation.  The  latter  will  be  found  to 
agree  perfectly  with  our  experience,  provided  we  assume  as  a 
new  physical  law  that  there  is  a  repulsive  force  of  magnitude 
o)V  away  from  the  Earth's  axis  at  every  point  of  space,  and 

also  at  every  point  a  force  2a)  -r.  at  right  angles  to  the  axis 

of  the  Earth,  and  to  the  shortest  distance  of  the  point  from 

*  Since  physical  theories  form  an  organic  whole,  of  course  these  quali- 
ties must  be  considered  with  rt-ference  to  the  body  of  physical  theoiy  as 
a  whole.  Thus,  of  two  theories,  one  may,  taken  by  itself,  be  less  simple 
than  another,  and  yet  bo  preferred  to_  it,  because  the  whole  body  of 
physical  theory  becumes  simpler  when  it  is  adopted.  Sometimes,  too,  a 
theory  may  be  preferred  because  it  seems  to  promise  better  for  the  future. 
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the  axis,  where  co  is  the  angular  velocity  in  the  first  theory, 
and  r  is  the  distance  of  any  point  from  the  axis  *.  But  we 
reject  the  latter  theory  on  account  of  its  greater  complexity. 
It  is  incorrect  to  say  that  the  one  is  true  and  the  other  false. 

It  follows  that  there  is  no  essential  difierence  between  a 
hypothesis  and  a  theory,  or  what  is  called  a  law  of  nature. 
One  may  be  less  exact  than  another,  or  less  simple,  or  less 
sufficiently  tested,  but  the  difference  is  one  of  degree. 

Now  there  are  two  opposite  methods  of  stating  dynamical 
principles  ;  the  one  employing  independent  definitions  of  the 
various  conceptions,  the  other  that  adopted  in  this  Essay. 
Both,  so  far  as  observation  has  tested  them,  correspond  equally 
to  the  facts.  The  question  is,  then,  Which  is  the  simpler  ? 
Which  comprehends  the  various  relations  with  the  least 
expenditure  of  mental  energy  ? 

According  to  the  former  method,  force,  mass,  time  measure- 
ment, and  "  true  rest "  would  be  defined  as  preliminaries  to 
the  science  of  Dynamics,  and  independently  of  that  science. 
According  to  the  latter,  these  conceptions  are  defined  by 
means  of  one  Law  or  Hypothesis. 

Probably  to  learners  unaccustomed  to  abstract  reasoning, 
who  do  not  probe  the  processes  of  proof  employed  to  the 
bottom,  the  former  method  may  be  preferable  because  its 
conceptions  are  more  concrete  ;  but  to  one  who  has  mastered 
the  essential  relations  of  the  subject,  the  latter  will  be  found 
superior. 

Let  us  discuss  the  idea  of /orce.  What  are  the  alternatives 
to  the  kinetic  definition  of  force  and  force-measurement  ? 
We  might  take  some  arbitrary  standard,  such  as  a  spring- 
balance  having  a  graduated  scale.  This  would  obviously  have 
the  disadvantage  of  want  of  permanence,  or,  to  speak  more 
accurately,  that  of  liability  to  invalidate  all  our  other  methods 
of  reckoning  force,  by  reason  of  some  physical  change  occur- 
rino-  in  the  standard  balance.  Further,  such  a  method  would 
be  incapable  of  accuracy  sufficient  for  many  of  our  physical 
problems,  where  we  deal  with  forces  so  small  as  to  be  insen- 
sible to  our  present  observing  powers  on  such  a  standard; 
forces  whose  magnitude,  therefore,  we  could  not  define,  even 
theoretically.  And,  besides,  any  such  arbitrary  definition  of 
force  Avould  be  contrary  to  our  whole  tendency  in  modern 
science.  Suppose,  for  instance,  experiment  were  to  disclose 
that  Newton's  Second  Law  was  untrue,  the  forces  being  thus 

*  We  might  either  suppose  these  new  forces  not  conformable  to  the 
law  of  the  equality  of  Action  and  Reaction,  which  would  then  have  to  be 
modified  ;  or  we  might  suppose  the  reactions  to  observed  actions  to  exist 
in  the  fixed  stars,  and  to  be  beyond  our  present  means  of  observation. 
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measured,  should  we  hesitate  between  rejecting  the  law  or 
rejecting  the  method  of  force-measurement  ?  And  it  is  certain 
that  we  cannot  find  a  spring-balance  which  would  render  this 
event  unlikely  to  happen. 

A  more  promising  method  would  be  the  definition  of  unit 
of  force  as  the  weight  of  a  certain  piece  of  matter  at  a  certain 
place  on  the  Earth^s  surface.  The  force  F  would  then  be  de- 
fined as  being  equal  to  the  weight  of  a  body  whose  mass  was 
F  times  the  standard  mass.  This  would  involve  an  inde- 
pendent method  of  mass-measurement,  which  we  shall  con- 
sider later.  In  treating  questions  of  the  secular  changes  of 
the  Earth  such  a  definition  would  be  useless,  unless  we  were 
also  to  specify  the  date  as  well  as  the  place  of  the  weighing 
supposed  to  be  at  the  base  of  force-measurement ;  and  this 
could  not  be  brought  into  connexion  with  measurements  at 
any  other  date  without  employing  the  whole  science  of  Dyna- 
mics, which  would  thus  involve  reasoning  in  a  circle. 

A  modification  of  this  method  would  be  one  in  which  force- 
measurement  would  be  made  to  depend  on  the  gravitational 
or  astronomical  unit  of  mass,  as  well  as  the  theory  of  the 
force  of  gravitation.  But  this  also  would  be  a  system  of 
force-measurement,  involving  for  its  conception  the  whole 
science  of  Dynamics,  of  which  it  would  not  be  independent. 

When  Statics  is  treated  as  a  science,  independent  of  Kine- 
tics, force  is  sometimes  left  undefined  at  first,  while  the  mode 
of  procedure  is  as  follows  : — We  are  supposed  to  have  a 
certain  idea  of  the  nature  of  force,  partly  based  on  the  sensa- 
tions we  experience  when  our  body  forms  one  of  the  two 
bodies  which  exert  force  on  one  another*,  and  starting  from 
this,  by  the  aid  of  a  priori  reasoning  the  idea  of  the  measure- 
ment of  force  is  evolved.  Then,  with  the  help  of  certain 
ph3'sical  axioms  and  constructions  ("  transmissibility  of  force,^' 
"  superposition  offerees  in  equilibrium,"  &c.),  the  parallelo- 
gram of  forces  is  proved. 

All  this  has  a  very  artificial  character,  and  would  lead  us 
to  prefer  the  simpler  kinetic  conception  of  force ;  but  still 
further  argument  is  required  before  we  get  to  Kinetics.  The 
"  Second  Law  of  Motion  "  is  proved  by  means  of  experiments 
which  could  not  be  accurately  performed,  and  whose  inter- 
pretation generally  involves  a  knowledge  of  the  science  whose 
foundations  we  are' laying.  Then  the  proportionality  of  force 
to  mass  is  thus  proved: — 

Suppose  two  equal  masses  acted  on  by  equal  and  parallel 

*  The  so-culled  "sense  of  force  "  should  be  called  "sense  of  stres.s." 
Oui"  bodies  subjected  to  forces,  however  great,  if  the  force  on  each  part  is 
proportional  to  its  mass  and  in  a  conunou  direction,  feel  nothing. 
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forces;  they  have  the  same  acceleration.  Next,  suppose  they 
form  parts  of  a  single  body;  the  acceleration  will  "  evidently  " 
be  the  same  as  before,  &c.  (Third  Law  of  Motion  assumed.) 
Hence  accelerations  being  equal,  force  varies  as  mass. 

This  method  has  been  discredited  of  late,  chiefly  through 
the  influence  of  Thomson  and  Tait^s  '  Natural  Philosophy,'  so 
that  we  may  omit  further  discussion  upon  it. 

It  may  be  remarked,  however,  that  those  who  have  most 
emphatically  declared  against  the  statical  measure  of  force  do 
not  seem  to  perceive  what  is  logically  implied  in  that  course. 
{Cf.  Professor  Tait's  Lecture  on  Force.) 

Consider  next  the  idea  of  mass. 

The  definition  based  on  the  weight  of  bodies  is  open  to  the 
same  objections  as  the  corresponding  method  in  the  case  of 
force. 

If  we  define  mass  by  reference  to  chemical  affinity*,  or  to 
volumetric  observations,  we  in  the  first  place  lose  the  sim- 
plicity of  the  kinetic  method,  and  secondly  we  adopt  a  con- 
ception of  mass  which  is  difterent  from  the  actual  conception 
of  modern  science.  This  is  demonstrated  if  we  ask  ourselves: 
Supposing  experiment  to  show  a  discrepancy  between  the 
mass  as  measured  kinetically  and  as  measured  otherwise, 
which  method  should  we  call  inexact  ?  If  the  former.  Kine- 
tics could  no  longer  be  considered  an  exact  science. 

Consider  next  the  reference  system,  and  the  idea  of  t^nie  rest. 
The  most  obvious  arbitrary  definition  of  the  system  to  which 
the  motions  of  bodies  in  Dynamics  are  to  be  referred  is  to  look 
on  the  centre  of  gravity  of  the  Solar  system  as  the  fixed 
point,  and  the  directions  of  certain  fixed  stars  as  fixed  direc- 
tions. The  objections  are,  first,  this  would  be  a  very  incon- 
venient system  in  discussing  the  cosmical  Dynamics  ;  second, 
it  is  not  the  actual  conception  of  the  science  of  the  present  day. 
If  one  of  the  stars  chosen  were  found  to  have  a  motion  com- 
pared with  the  average  position  of  neighbouring  stars,  we 
should  certainly  conclude  that  its  direction  was  not  "  fixed  " 
in  the  dj'namical  sense. 

It  has  been  suggested  to  take  as  a  fixed  direction  that  of 
the  perpendicular  to  the  ■'  invariable  plane  of  the  Solar  system." 
This  really  is  not  an  independent  definition,  and  is  open  to 
the  objections  we  previously  urged  against  such,  when  isolated 
from  the  fundamental  law  of  Experimental  Dynamics. 

The  foregoing  methods  have  been  well  criticised  by 
Streintz  f,  who  propounds  in  their  stead  a  method  of  re- 

*  See  Maxwell's  '  Matter  and  Motion,'  art.  xlvi. 

"t  Die  physikalischen  Grundlagen  der  Mechanik.    Leipzig,  1883. 
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ference  to  a  ''  Fundamental  Korper,"  which  is  any  body  not 
acted  on  by  external  forces  and  having  no  rotation.  The 
absence  of  rotation  is  to  be  determined  by  observations  of 
centrifugal  force  (as  in  Newton^'s  experiment  of  the  rotating 
bucket  of  water) .  Now  as  Streintz  takes  the  kinetic  definition 
of  force,  it  involves  reasoning  in  a  circle  to  speak  at  this  stage 
of  a  body  "  not  acted  on  by  forces."  Further,  if  the  observa- 
tions of  centrifugal  force  are  to  be  made  with  the  whole  re- 
sources of  Dynamics,  and  our  knowledge  of  the  laws  of  nature, 
this  is  virtually  the  kinetic  definition  of  force,  but  stated 
in  a  form  which  involves  reasoning  in  a  circle.  If,  on  the 
other  hand,  want  of  rotation  is  to  be  defined  as  existing  when 
the  surface  of  a  bucket  of  water  does  not  appear  to  deviate 
from  planeness,  then  our  stock  objections  to  such  definitions 
of  dynamical  ideas  reappear. 

A  most  instructive  discussion  relating  to  this  subject  is 
given  by  Professor  Mach  in  his  book  Die  Mechanik  in  Hirer 
Entivichelung ,  historisch-kritisch  dargestellt,  pp.  214-222.  Let 
us  quote  a  sentence  on  p.  218: — 

"  Instead  of  saying  '  the  direction  and  velocity  of  a  mass 
/i  in  space  remain  constant,'  we  can  say  '  the  mean  accelera- 
tion of  the  mass  ft  with  reference  to  the  masses  m,  m' ,  m"  .  . . 

at  the  distances  r,  r',  /' .  .  .   is  =  0,   or  ^-^^  ^^^ —  =  0.'      The 
'      '  '        dt^    Xm 

latter    expression  is  equivalent    to    the  former,  so  soon  as 

we  take  into  consideration  masses  which  are  great  enough, 

numerous  enough,  and  distant  enough/' 

On  the  previous  page,  referring  to  Newton's  bucket  ex- 
periment, he  remarks  that  no  one  can  say  how  the  experiment 
would  come  out  were  we  to  increase  the  mass  •f  the  bucket 
continually ;  and,  further,  that  we  should  be  guilty  of  dis- 
honesty were  we  to  maintain  that  we  know  more  of  the  motion 
of  bodies  than  that  their  motion  relative  to  the  very  distant 
stars  appears  to  follow  the  same  laws  as  Galileo  formulated  for 
terrestrial  bodies  relative  to  the  Earth. 

Of  course  this  charge  of  dishonesty  cannot  be  urged  against 
the  method  of  this  Essay,  as  explained  in  our  paragraphs  on 
the  nature  of  theories.  And  our  definition  of  "true  rest" 
being  based  entirely  on  experiment  and  observation,  is  not 
afi^'ected  by  Prof.  Mach's  strictures  on  the  use  of  the  terms 
absolute  rest,  absolute  space,  &c. 

Though  on  the  principles  of  this  Essay  no  exception  in 
principle  can  be  taken  to  Prof.  Mach's  substitute  for  the 
"  First  Law  of  Motion  above  quoted,"  we  reject  it  because  it 
is  not  the  actual  conception  which  has  been  historically  evolved 
in  Dynamics. 
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Lastly,  let  us  consider  the  conception  of  time-meaimrement . 

The  only  rival  definition  of  equal  times  that  need  be  con- 
sidered is  that  adopted  by  Streintz,  and  ascribed  by  him  to 
D'Alembert  and  Poisson,  viz.  "  Times  are  equal  in  which 
identical  processes  take  place."  The  difficulty  here  would  be 
to  distinguish  when  we  have  identical  processes  going  on. 
We  find  that  practically  this  will  reduce  to  assuming  each 
rotation  of  the  Earth  with  reference  to  the  fixed  stars  a  pro- 
cess identical  with  all  the  others.  For  the  "  processes  "  must 
consist  in  movements  of  matter,  of  which  the  Earth's  rotations 
are  the  most  "  identical  "  we  have  experience  of. 

But  even  these  we  know  are  not  absolutely  identical,  so 
that  our  definition  is  not  2^'>'^Gticahle.  With  this  definition, 
what  should  we  mean  by  saying  that  the  rotation  period  of 
the  Earth  is  altering  ?  We  should  mean  that  if  identical  pro- 
cesses happened  at  different  dates,  their  durations  measured  by 
sidereal  time  would  differ.  But  the  only  identical  processes 
actually  available  are  wrapped  up  in  the  general  dynamical 
theory  of  the  Solar  system ;  so  that  this  theoretically  inde- 
pendent definition  of  time  turns  out  to  involve  all  our  Dynamics 
implicitly  when  we  try  to  give  it  physical  meaning. 

In  seeking  to  justify  our  preference  of  kinetic  definitions 
over  non-kinetic  definitions  of  our  fundamental  dynamical 
conceptions,  we  have  found  that  the  latter,  besides  being 
theoretically  inconvenient,  very  olten  have  only  an  illusory 
independence  of  Dynamics. 

In  fact  no  one  has  ever  built  up  a  science  of  Dynamics 
from  independently  formed  conceptions ;  and  to  do  so  in  a 
strictly  logical  manner  would  require  expositions  whose  length 
would  render  them  tedious  in  the  extreme. 

We  have  hitherto  made  no  reference  to  any  scheme  of 
dynamical  principles  apart  from  that  of  Newton,  and  those 
various  modifications  of  it  proposed  by  later  writers.  This 
course  has  been  adopted  in  order  to  concentrate  attention  upon 
the  principle  at  issue. 

Systems  of  Dynamics  founded  on  such  principles  as  Mau- 
pertius's  "  Principle  of  Least  Action,"  or  Gauss's  "  Principle 
of  Least  Coercion  "  (Kleitisten  Zicanges),  may  be  treated  from 
exactly  the  same  point  of  view,  and  will  not  be  further  re- 
ferred to. 

Note  A. — On  Theories  and  Hypotheses. 

In  the  preceding  Essay  we  have  assumed  as  kuown  the  science  of 
Geometry  ;  but  of  course  the  views  put  forward  in  this  Essay  con- 
cerning tbe  nature  of  physical  theories  apply  equally  to  geometri- 
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cal  theories.  This  is  the  standpoint  adopted  by  Eiemann  in  his 
epoch-making  paper,  "  Ueber  die  Hypothesen  welche  der  Geometrie 
zu  Grunde  liegen."  That  space  is  infinite  and  that  one  and  only 
one  parallel  to  a  straight  line  can  be  drawn  through  any  point,  are, 
it  is  true,  the  simplest  hypotheses  which  serve  to  express  our  ex- 
perience ;  but,  as  Helmholtz  points  out  in  his  tract  Ueber  die 
Erhaltung  der  Kraft,  at  page  7,  the  task  of  theoretical  science  is 
only  completed  when  we  have  proved  that  our  theories  are  the 
only  ones  by  which  the  phenomena  can  be  explained.  "  Dann 
ware  dieselbe  als  die  nothwendige  Begi*ilfsform  der  Naturauffas- 
sung  erwiesen;  es  wiirde  derselben  alsdann  also  auch  objective 
Wahrheit  zuzuschreiben  sein." 

In  his  critique  of  the  second  edition  of  Thomson  and  Tait's 
treatise  on  Natural  Philosophy  ('  Nature,'  vol.  xx.  p.  213),  Clerk 
Maxwell  clearly  indicates  the  hypothetical  nature  of  abstract  Dy- 
namics. On  p.  214  we  read  : — "  Why,  then,  should  we  have  any 
change  of  method  when  we  pass  on  from  Kinematics  to  abstract 
'Dynamics  ?  Why  should  we  find  it  more  difficult  to  endow  moviug 
figures  with  mass  than  to  endow  stationary  figures  with  motion  ? 
The  bodies  we  deal  with  in  abstract  Dynamics  are  just  as  completely 
known  to  us  as  the  figures  in  Euclid.     They  have  no  properties 

whatever,  except  those  which  we  explicitly  assign  to  them 

We  have  thus  vindicated  for  figures  with  mass,  and,  therefore,  for 
force  and  stress,  impulse  and  momentum,  work  and  energy,  their 
place  in  abstract  science  beside  form  and  motion." 

"  The  phenomena  of  real  bodies  are  found  to  correspond  so 
exactly  with  the  necessary  laws  of  dynamical  systems  that  we  can- 
not help  applying  the  language  of  Dynamics  to  real  bodies,"  &c. 

It  will  be  seen  that,  so  far  as  they  go,  the  above  extracts  are  in 
complete  harmony  with  the  views  in  this  Essay.  It  is  to  be  re- 
gretted that  these  views  are  not  consistently  followed  out  in  Clerk 
Maxwell's  book  '  Matter  and  Motion.'  In  that  book,  while  there  are 
very  many  clear  expositions  of  particular  points,  the  ai'rangemeut  is 
in  many  parts  highly  illogical.  This  has  been  pointed  out  to  a 
certain  extent  by  Streintz  in  his  aforementioned  book,  and  the 
reader  of  the  foregoing  Essay  will  have  little  difficulty  in  making 
further  criticisms. 

One  point  in  Maxwell's  book  ('  Matter  and  Motion ')  calls  for 
special  notice,  viz.,  his  a  priori  proof  of  the  first  law  of  Motion. 
This  proof  rests  on  the  assumption  of  the  impossibility  of  definnig 
absolute  rest.  "  Hence,"  he  says,  "  the  hypothetical  law  is  with- 
out meaning  unless  we  admit  the  possibility  of  defining  absolute 
rest  and  absolute  velocity."  But  it  is  obvious  that  if  the  "  hypo- 
thetical law "  spoken  of  (velocity  diminishing  at  a  certain  rate) 
corresponded  with  experience,  we  should  then  have,  by  that  very 
fact,  a  conception  of  absolute  rest  and  absolute  velocity  which 
would  be  perfectly  intelligible,  so  that  the  assumption  "  absolute 
rest  unintelligible  "  would  not  be  justified.  Thus,  Maxwell's  con- 
clusion, "  It  may  thus  be  shown  that  the  denial  of  Newton's  law  is 
in  contradiction  to  the  only  system  of  consistent  doctrine  about 
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space  and  time  which  the  mind  has  been  able  to  form  "  is  unwar- 
ranted. 

Kirchhoff  in  his  Mechanik  appears  to  adopt  a  view  somewhat 
similar  to  that  set  forth  in  this  Essay.  In  his  preface  we  find  him 
stating  as  the  problem  of  Mechanil;  "  die  in  der  Xatur  vor  sich 
gehenden  Bewegungen  vollstaudig  and  zwar  auf  die  eiufachste 
Weise  ^u  beschreiben." 

This  author  uses  the  term  force  only  as  a  convenient  means  of 
expressing  equations  shortly  in  words.  3Iass  appears  as  a  coeffi- 
cient in  the  equations  of  motion,  and  thus  receives  a  kinetic  defi- 
nition. But  no  explanations  are  given  as  to  time-measurement,  or 
as  to  the  axes  of  reference. 

Note  B. — Newton's  Absolute  Space  and  Time. 

My  criticisms  of  the  Newtonian  scheme  of  Definitions  and  Axioms 
have  been  directed  not  so  much  against  what  I  suppose  to  be 
Newton's  meaning,  as  against  the  form  in  which  it  is  put,  especially 
as  against  that  form  on  the  supposition  that  force  is  to  be  measured 
kinetically. 

Thus,  instead  of  looking  on  the  Second  Law  as  a  mere  definition 
of  force-measurement,  we  might  suppose  that  Newton  had  in  his 
mind  some  non-kinetic  conception  of  force-measurement ;  in  which 
case  the  Second  Law  would  be  a  real  and  not  an  illusory  statement 
of  physical  fact,  though  imperfect  through  the  want  of  any  speci- 
fication of  how  force  was  to  be  measured. 

Again,  take  the  question  of  absolute  space  and  time,  with  respect 
to  which  Newton's  laws  are  stated. 

There  are  three  ways  of  looking  at  it.  Some  characterize  these 
terms  as  mere  metaphysical  nonsense  (Mach,  p.  209).  Streintz* 
quotes  the  Hypothesis  I.  from  the  third  Book  of  Newton's  Pnn- 
cipia  to  show  that  by  absolute  rest  Newton  means  rest  relative  to 
the  centre  of  gravity  of  the  universe.  But  Newton  evidently  places 
this  Hypothesis  in  a  different  category  from  his  laws  of  motion. 

I  think  the  meaning  of  the  terms  amounts  simply  to  this,  that 
Newton  looked  on  Dynamics  as  an  abstract  science.  "  In  rebus 
philosophicis  abstrahendum  est  a  sensibus"  t,  "loca  primaria  moveri 
absiu'dum  est  "  f-  And  an  abstract  science  is  one  which  deals 
with  a  certain  body  of  conceptions,  every  relation  in  which  holds 
with  absolute  exactness.  The  point  at  which  considerations  as  to 
degree  of  exactitude  may  arise,  is  its  application  to  experience. 

If  this  be  the  correct  view  of  Newton's  meaning,  then  the  fore- 
going Essay  has  been  simply  the  explicit  and  developed  statement  of 
that  meaning. 

Thomson  and  Tait,  while  in  various  ways  improving  the  form  in 
which  they  state  the  Newtonian  theory,  entirely  ignore  his  idea  of 
"  absolute  space  and  time,"  which,  as  I  have  tried  to  show,  is  the 
germ  of  the  true  theory. 

*  Physikalische  Grundlagen,  p.  10. 
t  Scholium  to  Definitiones. 
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The  late  C.  Neumann,  in  his  pamphlet  Veber  die  Principien  der 
Galilei-Neivtonschen  Theorie  (Leipzig,  1870),  like  Xewton,  postu- 
lates an  "  absolute  rest."  He  does  so  by  assuming  that  there  is  a 
"  Korper  Alpha,*'  an  ideally  existing  body  which  is  absolutely  at 
rest  and  absolutely  rigid,  with  respect  to  which  the  first  Law  of 
Newton  holds  good. 

Streintz  criticises  this  rather  unintelligently,  I  think,  for  it  is 
evident  in  reading  Neumann's  essay  that  this  is  merely  an  awk- 
ward and  metaphorical  way  of  stating  the  theory  of  an  "  Abstract 
Dynamics." 

Note  C. — The  Parallelogram  of  Force. 

Force  being  defined  kinetically,  it  is  hardly  necessary  to  demon- 
strate this  proposition.  It  follows  as  easily  from  the  parallelogram 
of  accelerations  as  that  does  from  the  parallelogram  of  velocities,  or 
the  parallelogram  of  velocities  from  the  parallelogram  of  steps. 

This  applies  primarily  to  forces  acting  on  a  particle,  but  it  is  easy 
to  extend  the  theorem  to  "  forces  acting  on  a  body,"  as  defined  in 
the  Essay. 


LVII.  On  the  Production,  Properties,  and  some  suggested  Uses 
of  the  Finest  Threads.  By  C.  V.  Boys,  Demonstrator  of 
Physics  at  the  Science  Schools,  South  Kensington  *. 

I  HAVE  lately  required  for  a  variety  of  reasons  to  have 
fibres  of  glass  or  other  material  far  finer  than  ordinary 
spun  glass  ;  I  have  therefore  been  compelled  to  devise  means 
for  producing  with  certainty  the  finest  possible  threads.  As 
these  methods  may  have  some  interest,  and  as  some  results 
already  obtained  are  certainly  of  great  importance,  I  have 
thought  it  desirable  to  bring  this  subject  under  the  notice  of 
the  Physical  Society,  even  though  at  the  present  time  any 
account  must  of  necessity  be  very  incomplete. 

The  subject  may  be  naturally  divided,  as  in  the  title,  into 
three  parts. 

1.  Production. 

The  results  of  the  natural  methods  of  producing  fibres  by 
living  tilings,  as  spiders,  caterpillars,  and  some  other  creatures, 
are  well  known  ;  but  it  is  useless  to  attempt  to  improve  on 
Nature  in  this  direction  by  our  own  methods. 

Fibres  are  also  produced  naturally  in  volcanoes  by  the 
rushing  of  stoani  or  com})ressed  gases  past  melted  lava,  which 
is  carried  ofi"  and  drawn  out  into  the  well-known  Poles  hair. 
The  same  process  is  employed  in  making  wool  from  slag,  for 

*  Communicated  by  the  Physical  Society  :  read  March  26,  1887. 
Phil.  Mag.  S.  5.  Vol.  23.  No.  145.  June  1887.  2  L 
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clothing  boilers,  &c.  ;  but  in  each  of  these  cases  the  fibres  are 
matted  together,  they  are  not  adapted  to  the  requirements  of  a 
Physical  Laboratory.  By  drawing  out  glass  softened  by  heat 
by  a  wheel  we  obtain  the  well-known  spun  glass. 

There  is  a  process  by  which  threads  may  be  made  which  is 
natural  in  that  natural  forces  only  are  employed,  and  the  thread 
is  not  in  any  way  touched  during  its  production.  This  is  the 
old,  but  now  apparently  little-known  experiment  of  electrical 
spinning.  If  a  small  dish  be  insulated  and  connected  with  an 
electrical  machine  and  filled  with  melted  rosin,  beeswax,  pitch, 
shellac,  sealing-wax,  Canada  balsam,  guttapercha,  burnt  india- 
rubber,  collodion,  or  any  other  viscous  material,  the  contents 
will,  if  they  reach  one  edge  of  the  dish,  at  once  be  shot  out  in 
the  most  extraordinary  way  in  one,  two,  or  it  may  be  a  dozen 
threads  of  extreme  tenuity,  travelling  at  a  high  speed  along 
"  lines  of  force."  If  the  material  is  very  hot,  the  liquid 
cylinders  shot  out  are  unstable  and  break  into  beads,  which 
rattle  like  hail  on  a  sheet  of  paper  a  few  feet  off.  As  the 
material  cools,  the  beads  each  begin  to  carry  long  slender 
tails,  and  at  last  these  tails  unite  the  beads  in  twos  and  threes  ; 
but  the  distance  between  the  beads  is  far  greater  than  that 
due  to  the  natural  breaking  of  a  cylinder  into  spheres,  as 
after  the  first  deformation  of  the  surface  occurs  which  deter- 
mines the  ultimate  spheres  the  repulsive  force  along  the  thread 
continues,  and  drags  them  apart  many  times  their  natural 
distance.  As  the  temperature  continues  to  fall  and  the 
material  to  become  more  viscid,  the  beads  become  less 
spherical,  and  the  tails  less  slender,  and  at  last  a  perfectly 
uniform  cylindrical  thread  is  formed.  If  sealing-wax  is 
employed,  and  a  sheet  of  paper  laid  for  it  to  fall  on,  the  paper 
becomes  suffused  in  time  with  a  delicate  rosy  shade  produced 
by  innumerable  fibres  separately  almost  invisible.  On  placing 
the  fingers  on  the  paper,  the  web  adheres  and  can  be  raised 
in  a  sheet  as  delicate  and  intricate  as  any  spider's-web. 

It  is  interesting  to  see  how  these  fibres  fly  to  any  conduct- 
ing body  placed  in  their  path.  If  the  hand  is  held  there  it  is 
quickly  surrounded  by  a  halo  of  the  finest  threads.  If  a 
lighted  candle  is  placed  in  the  way,  the  fibres  are  seen  by  the 
light  of  the  candle  to  be  rushing  with  the  greatest  velocity 
towards  it,  but  when  a  few  inches  off"  they  are  discharged  by 
the  flame,  they  stop,  turn  round,  and  rush  back  as  fast  into 
the  saucer  whence  they  came.  The  conditions  for  the  success 
of  this  beautiful  experiment  are  not  very  easily  obtained*. 

Fibes  spun  by  the  electrical  method  are  so  brittle  that  they 

*  If  the  wick  of  the  caudle  is  connected  with  the  opposite  pole  of  the 
machine,  the  threads  at  one  stage  are  sure  to  return  to  the  saucer. 
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do  not  seem  to  be  of  any  practical  use.  It  is  possible,  how- 
ever, that  this  method  might  be  avaihible  for  reducing  to  a 
fine  state  of  division  such  of  the  rosins  or  other  easily  fusible 
bodies  as  cannot  readily  be  powdered  mechanically. 

On  returning  to  bodies  which,  like  glass,  require  a  high 
temperature  for  thair  fusion,  to  which  the  electrical  method  is 
inapplicable,  we  find  that  the  only  method  practically  available 
is  that  of  drawing  mechanically.  It  would  seem  that  if  finer 
threads  than  can  be  formed  by  the  ordinary  process  of  glass- 
spinning  were  required,  it  would  be  necessary  to  obtain  a 
higher  speed,  to  have  the  glass  hotter,  and  to  have  as  small  a 
quantity  as  possible  hot.  I  put  this  idea  to  a  test  by  mounting 
at  the  back  of  a  blowpipe-table  a  pair  of  sticks  which  could  be 
suddenly  moved  apart  by  a  violent  pull  applied  to  each  near 
their  axes.  By. these  means  the  upper  ends  were  separated 
about  6  feet,  and  the  motion  was  so  rapid  that  it  was  impos- 
sible to  follow  it.  A  piece  of  glass  drawn  out  fine  was 
fastened  to  the  end  of  each  stick,  and  the  ends  of  these  heated 
by  a  minute  blowpipe-flame.  They  were  immediately  made  to 
touch  and  allowed  to  fly  apart.  In  this  way  I  obtained  threads 
of  glass  about  6  feet  long,  finer  than  any  spun  glass  I  have 
examined.  By  using  the  oxy hydrogen  jet  with  the  same 
apparatus,  still  finer  threads  were  produced.  It  was  evident 
then  that  the  method  was  right ;  but  some  more  convenient 
device  which  also  would  make  long  threads  would  be  prefer- 
able. 

There  are  several  ways  of  obtaining  a  high  speed,  the  most 
usual  depending  on  an  explosive  ;  but  it  would  be  difiicult  to 
arrange  in  a  short  time  a  gun  which  could  be  used  to  shoot 
a  projectile  carrying  the  thread  which  would  not  also  destroy 
the  thread  by  the  flash.  It  is  possible  that  an  air-gun  could  be 
so  arranged.  Rockets  when  at  the  period  of  most  rapid  com- 
bustion have  an  acceleration  which  is  enormous.  Thus  a  well- 
made  2-oz.  rocket  is  at  one  part  of  its  flight  subject  to  a 
force  of  over  3  lb.  in  gravitative  measure.  This  force,  acting 
on  such  a  body  for  10  seconds  only,  would,  neglecting  atmo- 
spheric resistance,  starting  from  rest,  carry  it  more  than  6  miles. 
The  acceleration  is  about  28  times  that  due  to  gravity  on  th^^ 
earth,  or  about  the  same  as  that  on  the  sun.  Anyone  wh^^ 
will  stay  in  a  room  with  a  lighted  two-ounce  rocket,  having 
no  stick  or  head,  will  obtain  a  more  vivid  notion  of  the  value 
of  gravity  on  the  sun  than  in  any  other  way  I  know. 

A  rocket  is  perhaps  moi'e  available  for  thread-drawing  than 
a  gun,  but  it  does  not  seem  altogether  convenient.  One 
other  method,  however,  is  so  good  in  every  respect,  that  there 
seems  no  occasion  to  try  a  better.     The  bow  and  arrow  at 
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once  supply  a  ready  means  of  instantly  producing  a  very  high 
velocity,  which  the  arrow  maintains  over  a  considerable  dis- 
tance. For  the  special  purpose  under  consideration,  the 
liohtest  possible  arrow  is  heavy  enough.  I  have  made  arrows 
of  pieces  of  straw,  which  may  be  obtained  from  wool-shops, 
a  few  inches  long,  having  a  needle  fastened  to  one  end  for 
a  point.  Arrows  made  in  this  way  travelled  the  length  of 
the  two  rooms  in  which  I  made  these  experiments — about 
90  feet — in  what  seemed  to  be  under  half  a  second.  They 
completely  pierced  a  sheet  of  card  at  that  distance,  which  I 
put  up  thinldng  that  a  jdelding  target  might  damage  them 
less  than  the  wall,  and  were  then  firmly  stuck  unharmed  in  the 
wall  behind ;  in  every  way  they  behaved  so  well  that  I  do 
not  think  a  better  make  of  arrow  possible. 

The  bow  I  used  was  a  small  cross-bow  held  in  a  %dce 
with  a  trigger  that  could  be  pulled  with  the  foot.  The  first 
bow  was  made  of  oak,  the  first  wood  that  came  to  hand.  I 
then  made  some  bows  of  what  was  called  lance-wood  (it  was 
unlike  any  lance-wood  I  have  seen)  ;  but  the  trajectory  was 
at  once  more  curved,  the  arrow  took  perceptibly  longer  to 
travel,  and  the  threads  produced  were  thicker.  As  the  arrow 
is  so  light,  the  only  work  practically  that  the  bow  has  to  do 
is  to  move  itself;  that  wood  then  which  has  the  highest 
elasticity  along  the  fibres  for  its  mass  is  most  suitable  ;  in 
other  words,  that  wood  which  has  the  greatest  velocity  of 
sound  is  best.  I  therefore  made  bows  of  pine,  and  obtained 
still  higher  velocities  and  finer  threads  than  I  could  obtain 
with  oak  bows. 

With  a  pine  bow  and  an  arrow  of  straw  I  have  obtained  a 
glass  thread  90  feet  long  and  joooo  i"*^^  ^^  diameter,  so 
uniform  that  the  diameter  at  one  end  was  only  one  sixth  more 
than  that  at  the  other.  Pieces  yards  long  seemed  perfectly 
uniform. 

A  fragment  of  drawn-out  glass  was  attached  to  the  tail  of 
the  arrow  by  sealing-wax,  and  heated  to  the  highest  possible 
temperature  in  the  middle,  the  end  being  held  in  the  fingers. 
With  every  successful  shot  the  thread  was  continuous  from 
-jthe  piece  held  in  the  hand  to  the  arrow  90  feet  off.  The 
jRuanipulation  is,  however,  difficult,  but  another  plan  equally 
successful  has  the  advantage  of  being  quite  easy.  It  is  not 
necessary  to  hold  the  tail  of  glass  at  all  ;  if  the  end  of  the 
tail  only  be  heated  with  the  oxy hydrogen  jet  until  a  bead 
about  the  size  of  a  pin's  head  is  formed^  and  the  arrow  shot, 
this  bead  wall  remain  behind  on  account  of  its  inertia,  and 
the  arrow  go  on,  and  between  them  will  be  pulled  out  the 
thread  of  glass. 
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Prof.  Judd  has  kindly  given  me  a  variety  of  minerals 
which  I  have  treated  in  this  manner.  Some  behave  like  glass 
and  draw  readily  into  threads,  some  will  not  draw  until  below 
a  certain  temperature,  and  others  will  not  draw  at  all,  being 
either  perfectly  fluid  like  water,  or  when  a  little  cooler  perfectly 
hard. 

Among  those  that  will  not  draw  at  all  may  be  mentioned 
Sapphire,  Ruby,  Hornblende,  Zircon,  Rutile,  Kyanite,  and 
Fluorspar. 

Emerald  and  Almandine  will  draw,  but  care  is  required  to 
obtain  the  proper  temperature.  In  the  case  of  the  Garnet 
Almandine,  if  the  temperature  is  too  high,  the  liquid  cylinder, 
if  formed,  breaks  up,  and  a  series  of  spheres  fall  on  the  table 
in  front  of  the  bow.  At  a  slightly  lower  temperature  the 
thread  is  formed,  but  it  is  beaded  at  nearly  regular  intervals 
for  part  of  its  le'ngth. 

Several  minerals,  especially  complex  silicates  as  Orthoclase, 
draw  very  readily,  but  that  which  surpasses  all  that  I  have 
tried  at  pi-esent  is  Quartz,  which,  though  troublesome  in  many 
ways  at  first,  produces  threads  with  certainty.  It  requii'ed 
far  more  force  to  draw  quartz  threads  than  had  been  previously 
experienced.  The  arrow,  instead  of  continuing  its  flight, 
hardly  disturbed  by  the  drag  of  the  thread,  invariably  fell  very 
low,  and  was  not  in  general  able  to  travel  the  whole  distance. 
So  great  is  the  force  required  that  I  split  many  arrows  before 
I  succeeded  at  all.  I  have  obtained  threads  of  quartz  which 
are  so  fine  that  I  believe  them  to  be  beyond  the  ])Ower  of  any 
possible  microscope.  Mr.  Howes  has  lent  me  a  -^-in.  Zeiss  of 
excellent  definition,  and  though,  on  looking  at  suitable  objects, 
definite  images  appear  to  be  formed  on  which  are  marks 
corresponding  according  to  the  eyepiece-micrometer  to  io(hio^ 
inch,  yet  these  threads  are  hopelessly  beyond  the  power  of  the 
instrument  to  define  at  all.  On  taking  one  that  tapers  rapidly 
from  a  size  which  is  easily  visible,  the  image  may  be  traced 
until  it  occupies  a  small  fraction  of  one  division,  of  which  13'4 
corres})ond  to  j,)\)()  inch  on  the  stage  ;  then  the  diffraction 
bands  begin  to  overlap  the  image  until  it  is  impossible  to  say 
what  is  the  edge  of  the  image.  Having  reached  this  stage, 
the  thread  may  be  traced  on  and  on  round  the  most  marvellous 
convolutions,  the  diffraction-fringe  now  alone  appearing  at  all, 
but  getting  fainter  and  apparently  narrower  until  the  end  is 
reached.  That  a  real  thing  is  being  looked  at  is  evident,  for 
if  the  visible  end  is  drawn  away  the  convolutions  of  fringes 
travel  away  in  the  same  direction.  It  is  impossible  to  say 
what  is  the  diameter  of  these  threads  ;  they  seem  to  be  certainly 
lao'ooo  "^^^  ^^^'  some  distance  from  the  end. 
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It  might  be  possible  to  calculate  what  would  be  the  appear- 
ance presented  by  a  cylinder  of  given  refractive  power,  and 
1,  2,  3,  &c.  tenths  of  a  wave-length  of  any  kind  of  light 
in  diameter,  when  seen  with  a  particular  microscope.  By  no 
other  means  does  it  seem  possible  to  find  out  what  the  true 
size  of  the  ends  of  these  threads  really  is. 

2.  Properties. 

I  can  at  present  say  very  little  of  the  properties  of  these 
very  fine  fibres  ;  I  am  now  engaged  with  Mr.  Gregory  and 
Mr.  Grilbert  in  investigating  their  elasticity.  The  strength 
goes  on  increasing  as  they  become  finer,  that  is,  when  due 
allowance  is  made  for  their  reduced  sectional  area,  and  it 
seems  to  reach  that  of  steel,  about  50  tons  to  the  inch  in 
ordinary  language  ;  but  on  this  point  I  have  not  yet  made 
any  careful  expenments. 

The  most  obvious  property  of  these  fibres  is  the  production 
of  all  the  colours  of  the  spider-line  when  seen  in  a  brilliant 
light.  Tbe  most  magnificent  efi^ect  of  this  sort  I  have  seen, 
was  produced  by  a  thread  of  almandine.  One  of  these  the 
length  of  the  room,  even  though  illuminated  with  gas-light 
only,  was  glistening  with  every  colour  of  the  rainbow.  In 
attempting,  however,  to  wind  it  up,  it  vanished  before  me. 
It  is  of  course  only  visible  in  certain  directions. 

The  chief  value  of  threads  to  the  physicist  lies  in  their 
torsion.  Spun  glass,  as  is  now  well  known,  cannot  be  used 
for  instruments  of  precision,  because  its  elastic  fatigue  is  so 
great  that,  after  deflection,  it  does  not  come  back  to  the  original 
position  of  rest,  but  acquires  a  new  position  which  perpetually 
changes  with  every  deflection.  If  left  alone,  this  position 
slowly  works  back  towards  a  definite  place  more  rapidly  as  it 
is  further  from  it. 

To  compare  threads  made  of  different  materials,  I  made  a 
flat  cell  in  which  a  galvanometer-mirror,  made  by  Elliot  Bros., 
might  hang,  being  attached  to  the  lower  end  of  the  thread. 
The  upper  end  was  secured  to  a  fixed  support,  and  a  fixed  tube 
protected  the  length  of  the  fibre  from  draught.  The  cell, 
which  could  be  moved  independently  of  the  rest,  was  protected 
by  a  cover.  By  means  of  a  lamp  and  scale,  the  exact  position 
of  rest  of  the  mirror  could  be  determined  with  great  accuracy. 
On  turning  the  cell  round  as  many  times  as  might  be  desired, 
the  mirror  was  turned  with  it,  and  could  be  left  any  time  in  any 
position.  On  turning  the  cell  back  again,  the  mirror  was 
allowed  to  come  to  its  new  position  of  rest,  air-resistance  of 
the  cell  bringing  about  this  result  in  a  few  swings.  By  this 
means  I  hoped  quickly  and  accurately  to  determine  the  fatigue 
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in  a  variety  of  threads,  but  an  unforeseen  difficulty  arose  which 
I  cannot  yet  explain.  When  the  cell  was  moved  round  slightly 
so  as  not  to  touch  the  mirror,  the  mirror  moved  at  first  in  the 
same  direction  as  was  to  be  expected,  but  it  came  to  rest  in  a 
new  position,  to  reach  which  it  had  to  move  in  the  opposite 
direction  to  the  movement  of  the  cell.  Whichever  way  the 
cell  was  shifted,  the  mirror  always  went  the  other  to  find  its 
position  of  rest.  Thinking  that  it  or  the  cell  were  electrified, 
I  damped  both  by  breathing  on  them,  but  with  no  result,  and 
the  next  day  the  same  effect  was  observable.  So  great  was  this 
effect  that  I  could  set  the  cell  with  greater  accuracy  by 
watching  the  spot  of  light  than  by  the  pointer  carried  by  the 
cell  working  over  a  4-inch  circle. 

Thinking  that  magnetism  might  have  something  to  do  with 
this  effect,  I  brought  a  horseshoe-magnet  near  the  mirror, 
when  it  was  instantly  deflected  through  a  large  angle.  An 
examination  of  the  cement  used  (Loudon^s  bicycle  cement) 
showed  that  it  was  magnetic.  Of  many  cements  examined, 
sealing-wax  was  more  nearly  neutral  than  any  other.  Bicycle 
cement  and  electrical  cement  were  strongly  magnetic  ;  all 
others  except  sealing-wax  strongly  diamagnetic.  The  appa- 
ratus was  therefore  taken  to  pieces  and  carefully  cleaned.  It 
was  put  together  with  as  small  a  quantity  of  sealing-wax  as 
possible,  and  the  mirror  was  attached  to  a  fragment  of  thin 
pure  copper  wire,  which  again  was  fastened  by  a  speck  of 
sealing-wax  to  the  thread.  Even  then  the  same  kind  of 
effect  as  that  already  described  occurred.  Still  a  magnet 
deflected  fhe  mirror,  but  not  so  much,  and  the  cell  was 
practically  neutral ;  yet,  when  the  cell  was  turned  a  little, 
the  mirror  changed  its  position  of  rest. 

Without  pursuing  this  question  further,  I  put  a  window  in 
the  protecting  tube  and  turned  the  mirror  by  means  of  a 
small  instrument  passed  up  from  below.  Thus  neither  window 
nor  support  were  moved.  A  piece  of  spun  glass  nearly  9 
inches  long  gave  a  period  of  oscillation  to  the  mirror  of  2'3 
seconds  about.  A  lamp  and  millimetre-scale  were  placed  50 
inches  from  the  mirror.  As  all  the  observations  were 
expressed  in  tenths  of  a  millim.,  to  about  which  extent  they 
can  be  trusted,  it  is  convenient  to  employ  one  scale  of  numbers 
of  which  one  tenth  millim.  is  the  unit.  One  complete  turn  of 
the  mirror  is  very  nearly  160,000  on  this  scale.  If  the  mirror 
is  moved  through  160,000  in  either  direction  and  held  for  one 
minute,  and  then  allowed  to  take  its  new  position,  the  chano-e 
in  the  position  of  rest  is  as  soon  as  it  can  bo  read  about  370. 
This  is  reduced  in  about  three  minutes  to  110.  If  the  mirror  is 
moved  through  three  turns,  480,000  of  the  scale,  and  held  one 
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minute,  the  position  of  rest  is  at  first  moved  about  1100,  which 
falls  in  three  minutes  to  about  400.  I  have  given  these  figures, 
not  because  the  effect  is  not  perfectly  well  known,  but  to  serve 
as  comparison  figures  to  those  that  are  to  follow.  They  can 
only  be  properly  represented  on  a  time-diagram. 

A  piece  of  the  same  fibre  that  was  used  in  the  last  experi- 
ment was  laid  in  a  box  of  charcoal  and  heated  in  a  furnace 
to  a  dull  red  heat  and  allowed  to  cool  slowly.  This  was 
examined  in  the  same  way  as  the  last.  The  effect  of  a 
movement  of  160,000  for  one  minute  was  now  only  about  60, 
which  was  reduced  to  about  45  in  three  minutes.  The  change 
for  480,000  lasting  one  minute  was  at  first  about  250,  which 
fell  to  about  180  in  three  minutes. 

Annealed  spun  glass  then  shows  far  less  of  this  effect  than 
spun  glass  not  annealed,  but  it  is  slower  in  recovering.  It  is 
possible  that  if  time  were  given,  it  would  show  as  great  an 
effect  as  plain  glass.  The  only  mineral  from  which  at  the 
present  time  I  have  obtained  any  valuable  results  in  this 
direction,  is  quartz.  Here  the  effect  of  the  usual  minute  at 
160,000  was  only  7,  in  the  place  of  370  for  glass,  at  320,000 
only  17,  and  640,000  only  32,  which  in  four  minutes  fell  to 
22.  This  fibre  was  as  usual  fastened  at  each  end  by  sealing- 
wax.  When  this  experiment  was  made,  the  thread  had  only 
just  been  fastened.  The  same  fibre  treated  previously  in  the 
same  way,  but  some  days  after  fastening,  did  not  even  show 
this  efi'ect ;  but  as  this  was  before  I  had  completed  the 
proper  cell,  the  observations  cannot  so  well  be  trusted.  After 
a  complete  turn,  there  was  not  a  movement  of  one  tenth  of  a 
millim.,  nor  had  the  position  changed  this  much  in  16  hours. 
It  is  as  yet  too  soon  to  be  sure,  but  this  seems  to  point  to  the 
possibility  of  the  very  slight  effect  observed  being  largely  due 
to  the  sealing-wax.  Whether  this  is  so  or  not  does  not  much 
matter,  the  behaviour  of  the  quartz  thread  approaches  suffi- 
ciently near  to  that  of  an  ideal  thread,  to  make  it  of  the 
utmost  value  as  a  torsion-thread.  I  hope  shortly  to  be  able  to 
bring  results  of  carefully  conducted  experiments  on  the 
elastic  fatigue  of  quartz  and  other  fibres  before  the  notice  of 
this  Society. 

A  thread  of  annealed  quartz  behaves  like  a  thread  of  quartz 
not  annealed.  That  it  was  affected  by  the  process  of  annealing 
is  evident,  because  in  the  first  place  it  was  very  rotten  and 
difficult  to  handle,  and  in  the  second  a  piece  of  quartz  fibre, 
which  was  wound  up,  retained  its  form.  By  this  test,  quartz 
can  only  be  partly  annealed  in  a  copper  box,  as  any  form  is  not 
retained  perfectly  ;  at  a  temperature  above  that  of  melting 
copper,  quartz  seems  to  perfectly  retain  any  form  given  to  it. 
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It  is  probable  that  a  body  hung  by  a  fibre  of  quartz  and 
vibrating  in  a  perfect  vacuum  would  remain  twisting  back- 
wards and  forwards  for  a  far  longer  time  than  a  similar  body 
hung  by  a  glass  thread,  also  that  the  most  perfect  balance- 
spring  for  a  watch  would  be  one  of  quartz.  I  have  a  piece  of 
quartz  drawn  out  to  a  narrow  neck  which  just  cannot  hold  up 
its  head  ;  this  keeps  on  nodding  in  all  directions  for  so  long  a 
time,  even  in  the  air,  as  to  make  it  evident  that  the  material 
has  very  unusual  properties. 

3.  Uses. 
As  torsion-threads  these  fibres  of  quartz  would  seem  to  be 
more  perfect  in  their  elasticity  than  any  known  ;  they  are  as 
strong  as  steel,  and  can  be  made  of  any  reasonable  length 
perfectly  uniform  in  diameter,  and,  as  already  explained, 
exceedingly  finei  The  tail  ends  of  those  that  become  invisible  ^ 
must  have  a  moment  of  torsion  100  milhon  times  less  than 
ordinarv  spun  glass  ;  and  though  it  is  impossible  to  manipulate 
with  those,  there  is  no  difficulty  with  threads  less  than  yoJo"o 
inch  in  diameter. 

I  have  made  a  spiral  spring  of  glass  of  about  30  turns 
which  weighs  about  one  milligram  ;  this,  examined  by  a 
microscope,  would  show  a  change  in  weight  of  a  thing  hung 
by  it  of  one  10  millionth  of  a  gram.  Since  this  has  been 
annealed  its  elastic  fatigue  is  that  of  annealed  glass,  and 
therefore  very  small.  1  have  succeeded  in  doing  the  same 
thing  with  a  quartz  fibre,  but  the  difficulties  of  manipulation 
are  very  great  in  consequence  of  the  rottenness  of  annealed 
quartz.  The  glass  spring  can  be  pulled  out  straight,  and 
returns  perfectly  to  its  proper  form. 

Since  these  fibres  can  be  made  finer  than  any  cobweb,  it  is 
possible  that  they  may  be  preferable  to  spider-lines  in  eye- 
pieces of  instruments  ;  they  would  in  any  case  be  permanent, 
and  not  droop  in  certain  kinds  of  weather. 

Those  who  have  experienced  the  trouble  which  the  shifting 
zero  of  a  thermometer  gives,  might  hope  for  a  thermometer 
made  of  quartz.  When  made,  it  would  probably  be  more 
perfect  in  this  respect  than  a  glass  thermometer,  but  the 
operation  of  making  would  be  difficult. 

These  very  fine  fibres  are  convenient  for  supporting  small 
things  of  which  the  specific  gravity  is  required,  for  they  weigh 
nothing,  and  the  line  of  contact  with  the  surface  of  the  water 
is  so  small,  that  they  interfere  but  little  with  the  proper  swing 
of  the  balance. 

It  seemed  possible  that  a  diff"raction-grating  made  of  fibres 
side    by   side  in  contact   with  one  another  would   produce 
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spectra  which  would  be  bi'ighter  than  those  given  by  a 
corresponding  grating  of  ordinary  construction,  because  not 
only  is  all  the  light  which  falls  on  the  surface  brought  to  a 
series  of  linear  foci  forming  the  bright  lines  instead  of  being 
half  removed,  as  is  usually  the  case,  but  the  direction  of  the  light 
on  reaching  these  lines  is  not  normal  to  the  grating  as  usual, 
and  therefore  in  the  direction  of  the  central  image,  but 
spreading,  and  thus  in  the  direction  of  all  the  spectra.  I 
picked  out  a  quantity  of  glass  fibre  not  varying  in  diameter 
more  than  one  per  cent.,  and  made  a  grating  in  this  way 
covering  about  one  eighth  of  an  inch  in  breadth.  This  not 
only  showed  three  spectra  on  each  side,  and  a  quantity  of 
scattered  light,  but  all  the  spectra  were  closely  intersected  by 
interference-bands,  such  as  are  seen  when  a  Newton's  ring  of 
a  high  order  is  seen  in  a  spectroscope.  This  is  probably  due  to 
a  cumulative  error  in  the  position  of  the  fibres,  for  they 
were  spaced  by  being  pushed  up  to  one  another  with  a 
needle-point,  or  to  light  passing  between  the  fibres  in  a  few 
places  where  dust  particles  keep  them  apart. 

A  diffraction-grating  made  of  these  fibres,  spaced  with  a 
screw  to  secure  uniformity,  and  of  a  thickness  equal  to  the 
spaces  between  them  (and  one  of  1000  lines  to  the  inch  could 
be  easily  made)  would  be  far  more  perfect  for  the  number  of 
lines  than  any  scratched  on  a  surface  ;  that  is,  for  investigation 
on  the  heat  of  a  spectrum,  such  a  grating  would  be  preferable 
to  a  scratched  one,  as  there  is  no  uncertainty  as  to  the  grating 
or  to  the  substance  of  which  it  is  made  *.  If  the  transparency 
of  the  fibres  interfered  they  could  be  rendered  opaque  by 
metallic  deposit  without  visibly  increasing  their  diameter. 

There  is  one  use  to  which  the  fibres  of  quartz  tailing-off  to 
a  mere  nothing  might  be  applied,  namely  as  a  test-object  for 
a  microscope.  Theory  shows  that  no  microscope  can  truly 
show  any  structure  much  less  than  jooVo o  i'^ch,  or  divide  two 
lines  much  less  than  this  distance  apart.  Natural  bodies  such 
as  Diatoms  &c.  have  this  advantage,  that  they  can  be  ob- 
tained in  any  quantity  alike,  but  no  one  knows  what  the  real 
structure  of  these  may  be.  Nobert's  bands  are  good  in  that 
we  know  the  number  of  lines  in  any  band,  but  as  to  the  indi- 
vidual appearance  of  the  lines  and  spaces  it  is  impossible  to 
say  anything.  These  fibres  have  the  advantage  that  we  have 
a  single  thing  of  known  form,  which  tapers  down  from  a 
definite  size  to  something  too  small  even  to  be  seen.  Though 
it  ma}^  be  possible  to  calculate  the  size  from  the  appearance 
of  the  fringes,  yet  whether  the  size  is  known  or  not,  at  each 

*  See  '  Heat,'  by  Prof.  Tait,  p.  268. 
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point  we  have  a  definite  thing  of  known  form  v/hich  can  be 
examined  by  a  series  of  microscopes,  and  the  point  up  to 
which  it  can  be  clearly  seen  observed  for  each. 

I  have  thought  it  worth  while  to  bring  this  subject  forward 
in  this  very  incomplete  form,  because  there  are  already 
results  of  interest  and  there  is  so  much  prospect  of  more,  that 
it  is  likely  that  Members  may  be  glad  to  investigate  some  of 
the  questions  raised. 

LYIII.   On  the  Electrical  Resistance  of  Vertically-suspended 
Wires.     By  Shelford  Bidwell,  M.A.,  F.R.S.* 

EROM  the  experiments  to  be  described  in  this  paper,  it 
appears  probable  that  the  electrical  resistance  of  verti- 
cally-suspended copper  and  iron  wires  alters  to  a  small  extent 
with  the  direction  of  the  current  traversing  them.  If  the  wire 
is  of  copper,  the  resistance  is  slightly  greater  when  the  cur- 
rent goes  upwards  than  when  it  goes  downwards  ;  while,  on 
the  other  hand,  the  resistance  of  an  iron  wire  is  apparently 
greater  for  downward  than  for  upward  currents  f. 


The  arrangement  employed  for  exhibiting  this  effect  is 
shown  in  the  annexed  diagram.     A  wire,  A  B,  of  the  material 

*  Communicated  by  the  Physical  Society :  read  March  12,  1887. 

t  Venturing  to  imitate  the  fanciful  analogy  used  by  Sir  William 
Thomson,  who,  in  discussing  the  thermoelectric  eftect  now  universally 
associated  with  his  name,  spealvs  of  tlie  "specific  heat''  of  electricity,  we 
may  perhaps  also  speak  of  the  "  specific  gravity  "  of  electricity,  and  say 
that  (like  its  specific  heat)  it  is  positive  in  copper  and  negative  iu  iron. 
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to  be  tested  is  suspended  at  its  middle  point,  P,  from  a  support 
10"5  metres  above  a  metre-bridge,  to  the  terminals,  TT',  of 
which  the  ends  of  the  wire  are  connected.  Another  wire,  C, 
is  soldered  at  one  end  to  P,  and  connected  through  the  gal- 
vanometer, G,  with  the  slider,  S.  A  resistance  of  100  ohms 
is  inserted  in  each  of  the  gaps,  R  R'',  and  a  commutator,  K,  is 
interposed  between  the  two-cell  battery,  D,  and  the  bridge. 

With  this  arrangement,  supposing  that  the  two  halves  of 
the  wire  A  B  are  of  uniform  sectional  area  and  in  the  same 
physical  condition,  and  that  the  various  parts  of  the  apparatus 
are  in  fair  order  and  adjustment,  there  will  be  a  balance  when 
the  slider  is  near  the  middle  division  of  the  scale.  And  if 
the  resistances  in  the  circuit  are  independent  of  the  direction 
of  the  current,  it  is  clear  that  the  balance  will  be  maintained 
notwithstanding  that  the  commutator  K  be  reversed.  But 
this  is  found  not  to  be  the  case, 

A  series  of  experiments  was  made  with  a  copper  wire 
•4  millim.  in  diameter  (No.  28  B.W.G.),  and  having  a  total 
resistance  of  2"  11  ohms.  The  commutator  was  first  set  so 
that  the  current  through  the  wire  passed  up  the  portion  B 
and  down  the  portion  A  (i.  e.  in  the  direction  B  PA),  and  a 
balance  was  obtained  by  adjusting  the  slider.  The  commu- 
tator was  then  reversed  and  the  current  made  to  pass  up  A 
and  down  B.  This  at  once  destroyed  the  balance,  and  in 
order  to  restore  it,  it  was  necessary  to  move  the  slider  several 
divisions  towards  the  right.  Assuming  that  the  total  resist- 
ance of  the  wire  remains  constant,  this  result  may  be  explained 
by  supposing  that  the  reversal  of  the  current  is  accompanied 
by  increased  resistance  in  the  portion  A,  and  diminished  re- 
sistance in  the  portion  B.  Owing  to  its  vertical  suspension, 
the  resistance  of  that  portion  of  the  wire  in  which  the  current 
travels  upwards  is  greater  than  it  would  be  if  the  wire  were 
placed  in  a  horizontal  position,  while  the  resistance  of  the 
portion  in  which  the  current  travels  downwards  is  less. 

The  experiment  was  repeated  with  an  iron  wire  of  larger 
size,  its  diameter  being  '8  millim.  (No.  22  B.W.G.).  With 
this  the  effect  of  reversal  was  smaller  ;  but  it  was  well  marked, 
and  of  the  opposite  nature  to  that  observed  in  the  former  case. 
The  readings  obtained  in  the  two  series  of  experiments  are 
given  in  the  following  Table  : — 
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Copper  Wire. 

Number  of 
experiment. 

Scale-readings. 

Difference. 

Current  direct. 

Current  reversed. 

1. 

569 

633 

-64 

2. 

567                         637 

-70 

3. 

695                         651 

-56 

Mean  difference  . 

....   -63-3 

Iron  Wire. 

1. 

780 

770 

+  10 

2. 

760 

748 

+  12 

3. 

759 

748 

+  11 

Mean  difference  . 

+11 

I  believe  these  effects  are  associated  with  certain  thermo- 
electric phenomena  discovered  by  Sir  William  Thomson.  In 
his  famous  Bakerian  lecture,  published  in  the  Philosophical 
Transactions  for  1856,  he  showed  that  if  a  stretched  copper 
wire  is  connected  with  an  unstretched  wire  of  the  same  metal 
and  the  junction  heated,  a  thermoelectric  current  will  flow 
from  the  stretched  to  the  unstretched  wire  through  the  hot 
junction  ;  while,  if  the  wires  are  of  iron,  the  direction  of  the 
current  will  be  from  unstretched  to  stretched.  It  follows, 
therefore,  from  the  laws  of  the  Peltier  effect,  that  if  a  battery- 
current  is  caused  to  flow  from  a  stretched  to  an  unstretched 
wire,  heat  will  be  absorbed  at  the  junction  when  the  metal  is 
copper,  and  will  be  developed  at  the  junction  when  the  metal 
is  iron  :  and  if  the  direction  of  the  current  is  reversed  the 
thermal  effects  will  also  be  reversed. 

Now  a  vertically  suspended  wire  is  unequally  stretched  by 
its  own  weight,  the  stress  gradually  increasing  from  zei"o  at 
the  lowest  point  to  a  maxinmm  at  the  highest.  Any  small 
element  of  the  wire  is  more  stretched  than  a  similar  element 
immediately  below  it,  and  less  stretched  than  a  neighbouring 
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element  just  above  it.  Thus  a  current  of  electricity,  in  pass- 
ing from  the  lowest  to  the  highest  point  of  such  a  wire, 
is  always  flowing  from  relatively  unstretched  to  relatively 
stretched  portions.  If,  then,  the  wire  were  of  copper,  heat 
would  be  evolved  throughout  its  whole  length  ;  the  tempera- 
ture of  the  wire  would  rise,  and  its  resistance  would  conse- 
quently be  increased.  With  a  current  flowing  from  top  to 
bottom,  the  temperature  of  the  wire  would  fall  and  its  resist- 
ance diminish.  So  also  an  iron  wire  would  be  cooled  and 
and  have  its  resistance  lowered  by  an  upward  current,  while 
a  downward  current  would  heat  it  and  increase  its  resistance. 
The  changes  of  resistance  are  thus,  as  I  believe,  proximately 
due  to  changes  of  temperature. 

The  resistance  of  the  bridge-wire  used  in  my  experiments 
was  "244  ohm,  and,  as  alread}^  mentioned,  an  additional  resist- 
ance of  100  ohms  was  placed  in  each  of  the  gaps  adjoining 
the  bridge-wire.  Denoting  the  resistance  of  the  half  A  of 
the  suspended  wire  by  a,  and  that  of  B  by  h,  we  have,  from 
the  first  experiment  with  the  copper  wire  (the  result  of  which 
agrees  closely  with  the  mean): — 

For  direct  current, 

a^l00"  +  -569x-244" 

6  ~  100"  + -431  X -244" 

100139 


Also 
Hence 


100105 
a  +  6  =  2-ir 


a  =  l-0551792"*, 
6  =  1-0548208". 
For  reversed  current, 

a      100"  + -633  X -244" 


h      100"  +  -367x-244'' 
100154 


100090 


*  Of  course  the  resistances  are  not  really  measured  to  the  high  decree 
of  accuracy  suggested  by  these  figures ;  but  any  small  error  of  excess  or 
defect  would  be  approximately  the  same  for  the  two  values  of  a  (with 
direct  and  reversed  currents)  and  would  not  materially  affect  their  differ- 
ence, to  which  alone  importance  is  attached. 


Hen 


ce 
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And,  as  before, 

a  +  b  =  2'ir. 

a=  1-0553372"*, 

6=1-0546628'*'. 

When  therefore  the  current  was  reversed,  the  value  of  a 
was  increased  by 

1-0553372 -1-0551792  ohm 

=  -000158  ohm. 

This  is  equivalent  to  about  16  thousandths  per  cent. 

Assuming  that  a  change  of  temperature  of  1°  C.  produces 
an  alteration  of  -4  per  cent,  in  the  resistance,  it  follows  that 
the  temperature  of  the  copper  wire  was  -^^  degree  C.  higher 
with  an  upward  than  with  a  downward  current. 

The  current  traversing  the  wire  was  not  measured,  but  it 
was  probably  about  1  ampere. 

It  will  be  seen  from  the  figures  in  the  Table  that  the 
changes  which  occurred  in  the  resistance  of  the  iron  wire 
were  considerably  smaller  than  those  observed  in  the  case  of 
copper.  This  was  unexpected,  since  the  thermoelectric  effects 
are,  I  believe,  somewhat  greater  with  iron.  But  the  apparent 
anomaly  is  obviously  to  be  accounted  for,  at  least  in  part,  by 
the  higher  specific  resistance  of  iron.  With  the  same  electro- 
motive force  the  current  per  unit  of  sectional  area  would  be 
six  or  seven  times  greater  in  copper  than  in  iron,  and  the 
Peltier  effect  is  proportional  to  the  current.  To  render  the 
results  in  the  two  cases  strictly  comparable,  other  less  impor- 
tant differences,  such  as  those  of  specific  heat  and  radiating- 
power,  would  have  to  be  taken  into  account. 

If  a  convenient  opportunity  offered  it  would  be  satisfactory 
to  repeat  the  experiments  with  much  longer  wires,  such  as 
might  be  suspended  in  the  shaft  of  a  coal-pit  or  in  a  shot- 
tower.  The  effects  hitherto  observed  are  so  small  that  they 
might  possibly  be  due  to  accidental  causes,  and  I  publish  this 
account  of  them  with  some  diffidence. 

•  See  note  in  preceding  page. 
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LIX.   The  Evolution  of  the  Doctrine  of  Affinity. 
By  Professor  LoTHAR  Meyer,  of  Tubingen* . 

IT  may  not  be  amiss,  on  the  issue  of  a  Journal  t  specially- 
devoted  to  the  theoretical  and  physical  aspects  of 
Chemistry,  to  take  a  rapid  survey  of  the  development  of  the 
doctrine  of  chemical  affinity,  a  correct  knowledge  of  which  is, 
and  must  ever  remain,  the  most  important  object  of  the  theory 
of  our  science. 

The  former  doctrines  of  affinity,  conceived  without  know- 
ledge of  the  laws  of  chemical  combination,  reached  their  acme 
in  Berthollet's  teaching,  which  united  all  previous  investiga- 
tions and  speculations  into  a  compact  theory. 

The  basis  of  Berthollet's  conception  was  his  statement  that 
the  chemical  action  of  every  substance  must  be  proportional 
to  its  active  mass  and  to  a  constant  depending  on  its  nature, 
and  named  by  him  Affinity,  except  in  so  far  as  external  con- 
ditions {e.  g.  temperature,  state  of  aggregation,  solubility, 
volatility,  and  so  on)  acted  as  retarding  or  accelerating  causes. 
The  doctrine  of  Berthollet  is  now  fully  recognized,  although 
it  was  for  long  ignored  or  forgotten.  This  unfortunate 
neglect  is  explicable  when  it  is  remembered  that,  along  with 
the  most  illustrious  of  his  contemporaries,  he  committed  the 
error  of  supposing  that  the  capacity  for  saturation  was  a  mea- 
sure of  affinity.  Sir  Humphrey  Davy  had,  indeed,  shown  that 
this  assumption  led  to  not  a  few  difficulties  ;  but  it  was  first  dis- 
proved by  the  brilliant  experimental  development  by  Berzelius 
of  Richter's  "  Stoichiometry  ■"  and  Dalton^'s  Atomic  Theory. 

That,  in  consequence  of  this  disproof  of  an  unimportant  and 
incidental  addition  to  the  experimentally  correct  doctrine  of 
Berthollet,  his  doctrine  should  have  almost  been  forgotten,  and 
have  been  completely  neglected,  would  appear  inconceivable, 
if  we  did  not  consider  the  enormous  influence  exercised  by 
Berzelius  on  the  growth  of  Chemistry.  He  united  to  an  acute 
perception  of  the  most  minute  peculiarities  in  the  behaviour  of 
chemical  substances,  and  the  most  refined  choice  of  analytical 
and  synthetical  methods,  a  special  talent  for  systematic 
arrangement  of  facts  discovered  from  day  to  day  by  himself 
and  by  his  students.  All  theoretical  views  were  employed  by 
him  in  support  of  his  system  ;  indeed,  he  accepted  none  unless 
it  proved  of  assistance  in  his  endeavour  to  perfect  his  mar- 
vellous arrangement  of  the  chemical  elements  and  their  com- 
pounds.    He  was  indiff'erent  to  theoretical  speculations  which 

*  Translated  and  communicated  by  Professor  William  Ramsay, 
t  Zeitschrift  fur  physikalisclie   Chemie,  edited  by  W.  Ostwald  and 
J.  van't  Ho£f  (Riga  and  Leipsig). 
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did  not  seem  to  further  his  great  work  ;  while  he  offered  a 
most  strenuous  opposition  to  all  those  which  he  conceived 
would  bring  disorder  into  his  classification.  He  even  disputed 
for  half  a  generation  Davy's  discovery  of  the  elementary  cha- 
racter of  chlorine,  simply  because  he  could  not  reconcile  it 
with  his  views. 

But  the  discovery  in  the  earlier  part  of  this  century  of  the 
relations  between  the  electrical  and  the  chemical  behaviour  of 
elements  and  compounds  appeared  to  him  to  afford  great 
assistance  in  the  development  of  his  system  ;  and  hence  he 
based  his  whole  classification  on  positive  and  negative  cha- 
racters of  substances,  manifested  electrically  ;  and  for  a  time, 
at  least,  he  identified  affinity  with  electrical  attraction. 

Alongside  of  this  electrochemical  hypothesis,  every  other 
doctrine  of  affinity  appeared  superfluous  ;  and,  as  a  con- 
sequence, Berthollet's  teachings  were  forgotten^  although  they 
were  by  no  means  contrary  to  the  newer  views.  The  electro- 
chemical theory  of  Berzelius,  however,  was  never  fully  deve- 
loped in  detail.  Even  though  he  laid  great  stress  on  it,  though 
he  often  referred  to  it,  and  insisted  on  its  fundamental  nature, 
yet  there  is  not  to  be  found  in  any  of  his  numerous  memoirs 
in  which  it  is  mentioned,  nor  in  his  Jahresbericht,  in  which 
he  criticised  the  electrochemical  theories  of  other  investi- 
gators, nor  even  in  any  one  of  the  numerous  editions  of  his 
Textbook,  an  attempt  at  a  complete  exposition  of  his  theory. 
In  actual  fact,  the  electrochemical  theory  never  rose  above 
the  general  conception  that  the  chemical  and  electrical 
behaviour  of  bodies  are  closely  connected.  The  explanation 
was  only  an  apparent  one  :  it  consisted  only  in  ascribing  to 
electrical  causes  observed  chemical  facts.  An  attempt  to 
measure  affinities  on  such  a  basis  failed,  owing  either  to  the 
lack  of  experimental  data  or  to  its  being  contradicted  by 
them. 

Erroneous  deductions  from  his  theory  misled  Berzelius, 
not  only  in  causing  him  to  disbelieve  Davy^s  proof  of 
the  elementary  nature  of  chlorine,  but  also  in  leading  him 
vigorously  and  persistently  to  dispute  Faraday's  electrolytic 
law.  While  he  withdrew  from  his  opposition  to  Davy  after 
a  sixteen  years'  struggle  (1826),  when  the  analogy  between 
hydrogen  chloride  and  hydrogen  sulphide  had  been  fully 
recognized,  he  continued  to  reject  until  his  death  that  most 
important  of  all  electrochemical  discoveries,  Faraday's  law. 
These  two  facts  serve  sufficiently  to  show  that  Berzelius's 
theory  was  unable  to  yield  a  thorough  explanation  of  affinity. 
That  in  spite  of  such  weak  points,  sufficiently  evident  today, 
a  man  of  Berzelius's  great   jjower  could  hold  fast  to  them 
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throughout  his  whole  hfe,  and,  moreover,  impress  others  with 
their  truth  for  many  years,  was  a  consequence  of  the  enormous 
benefit  which  his  systematic  arrangement  conferred  on  che- 
mical science.  Even  his  system  died,  as  soon  as  its  incom- 
petence to  classify  organic  compounds  became  manifest ;  and 
the  chemical  world  looked  on  its  departure  with  indifference. 

From  this  period,  however,  the  speculations  of  chemists 
ran  in  quite  a  new  channel.  It  was  not  so  necessary  to 
investigate  the  mode  of  action  of  the  forces  of  affinity,  as  to 
prepare  and  examine  the  wonderful  forms  of  combination 
which  by  its  influence  the  atoms  could  be  induced  to  assume 
in  organic  compounds.  This  work  for  long  absorbed  the 
attention  of  chemists.  The  obstinate  battles  fought  over  the 
laws  governing  the  linkage  of  atoms  are  still  so  fresh  in  the 
minds  of  at  least  the  older  of  the  present  generation  of 
chemists,  that  they  need  not  here  be  more  than  mentioned. 

During  this  contest  regarding  the  constitutional  formulse 
of  organic  compounds,  a  complete  revolution  of  the  doctrines 
of  affinity  was  in  progress,  which  was  prompted  chiefly  by 
facts  in  inorganic  Chemistry.  Chemists  had  persistently  clung 
to  the  assumption,  long  before  proved  untenable,  that  heat 
was  a  form  of  matter  capable  of  entering  into  combination  with 
other  forms  of  matter  to  produce  chemical  compounds.  Al- 
though Rumford,  at  the  end  of  last  century,  had  proved  that 
heat  is  a  mode  of  motion  (a  view  held  even  in  the  IGtli  and 
17th  centuries*),  and  Davy  had  furnished  a  brilliant  con- 
firmation of  his  proof,  yet  even  up  to  the  middle  of  this  century 
it  was  stated  in  the  most  widely-read  textbooks  of  Chemistry, 
that  heat,  light,  and  electricity  are  to  be  regarded  as  impon- 
derable forms  of  matter.  It  must  be  noted  that,  though 
rejected  by  all  journals  of  Physics,  Julius  Robert  Mayer's 
treatise  received  compensation,  oddly  enough,  by  finding 
a  resting-place  in  Liebig's  '  Annals  of  Chemistry'!.  With 
the  recognition  of  the  importance  of  the  mechanical  theory 
of  heat  arose  the  hope  that,  by  its  help,  our  knowledge  of  the 
doctrine  of  affinity  might  be  materially  advanced. 

The  view  was  at  once  suggested  that,  just  as  a  heavy  body, 
in  consequence  of  the  mutual  attraction  between  it  and  the 
earth,  moves  towards  the  earth  with  accelerated  velocity, 
thereby  converting  potential  energy,  due  to  its  elevated 
position,  into  kinetic  energy,  so  the  atoms,  as  a  consequence 
of  their  affinity,  move  towards  each  other,  converting  their 
affinity  into  energy  of  motion,  which,  as  a  rule,  is  manifested 
in  the  form  of  heat.     According  to  this  doctrine,  the  heat 

*  Bacon,  Novum  Organton,  Lib.  ii.  Aph.  xx. 
t  Ann.  C'hem.  Pharm.  1842,  vol.  xlii.  p.  233. 
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evoh^ed  by  the  sum  of  the  impacts  should  be  a  measure  of  the 
affinity.  But,  from  the  first,  difficulties  have  to  be  surmounted 
in  accepting  this  view.  One  of  the  greatest  is  that  it  seldom 
occurs  that  a  compound  is  foimed  through  the  union  of  isolated 
atoms  ;  in  almost  all  cases  the  atoms  themselves  have  to  be 
liberated  from  compounds  in  which  they  have  existed  in  a 
state  of  combination.  As  this  liberation  must  be  accompanied 
by  gain  of  energy  {i.  e.  by  absorption  of  heat),  while  the 
formation  of  the  new  compound  gives  rise  to  loss  of  energy 
{i.  e.  a  heat-evolution),  it  happens  that,  as  a  rule,  only  the 
difference  between  the  absorption  and  emission  is  manifested 
externally.  Hence  this  doctrine  of  affinity  can  deduce  from 
observations,  not  the  absolute  value  of  either  affinity,  but  only 
the  amount  by  which  the  one  is  greater  than  the  other. 
Many  other  difficulties  present  themselves  ;  especially  the 
fact  that,  along  with  chemical  changes,  physical  changes 
(alteration  of  the  state  of  aggregation,  of  the  volume,  and  so 
on)  occur  simultaneously,  and  are  themselves  accompanied  by 
an  emission  or  by  an  absorption  of  heat.  Moreover,  thermo- 
chemical  experiments  are  by  no  means  easy  of  execution,  and 
are  subject  to  many  sources  of  error ;  hence  it  is  not  to  be 
wondered  that  slow  progress  was  made  in  developing  the 
thermochemical  doctrine  of  affinity.  The  more  numerous 
the  observations,  and  the  greater  their  accuracy,  the  greater 
the  number  of  instances  in  which  theory  and  experiment 
failed  to  display  coincidence.  It  has  been  frequently  observed 
that  a  much  larger  evolution  of  heat  occurs  on  neutralizing  an 
evidently  weak  acid  than  a  strong  one  capable  of  expelling 
the  weak  one  more  or  less  completely  from  its  compounds 
with  bases.  The  expulsion,  in  such  cases,  is  attended  by  an 
absorption,  not  an  evolution,  of  heat.  Similar  facts  have  also 
been  noticed  in  not  a  few  other  chemical  reactions,  which  must 
be,  and  have  been,  regarded  as  produced  by  the  action  of 
affinity;  e.g.,  the  formation  of  the  ethereal  salts  of  organic 
acids  by  their  action  on  the  alcohols*.  Many  attempts  have 
been  made  to  explain  reactions  which  are  accompanied  by 
negative  heat-changes,  and  to  bring  them  into  unison  with 
the  thermal  doctrine  of  affinity.  But  as  all  such  attempts 
have  been  unsuccessful,  the  fundamental  hypothesis  of  the 
doctrine  loses  much  of  its  probability.  And  consequently  its 
most  ardent  su[q)orter,  M.  Berthelot,  has  relinquished  his 
assertion  that,  by  the  action  of  the  affinities  of  all  the  substances 
partaking  in  a  reaction,  those  coiupounds  are  always  formed 
which  are  accojupanied  by  the  greatest  evolution  of  heat.  He 
has  modified  his  statement  to  this  :  that  there  is  present  "  a 
*  J.  Thomsen,  Thermoch.  Utitersuch,  iv.  p.  383. 
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tendency  towards  {tends  vers  Id)  the  production  of  such  states 
of  combination.'"*  But  even  in  order  to  I'econcile  this  state- 
ment with  reactions  distinctly  accompanied  by  a  negative 
heat-change,  far-fetched  and  artificial  explanations  of  an 
unsatisfactory  nature  are  necessary.  Nevertheless,  the  funda- 
mental h}'pothesis — that  the  heat  of  combination  is,  in  reality, 
affinity  transformed  into  kinetic  energy — might  have  passed 
as  true  for  a  much  longer  time,  had  not  the  progress  of 
thermo-chemical  research  shown  it  to  be  thoroughly  un- 
tenable. 

It  will  be  remembered  that  Julius  Thomsenf  made  use  of 
the  positive  or  negative  heat-change  accompanying  a  chemical 
reaction  to  determine  the  extent  to  which  the  reaction  had 
proceeded  ;  and  this  was  legitimate,  owing  to  the  fact  that  the 
heat-change  is  proportional  to  the  quantity  of  matter  which 
has  altered  its  form  of  combination.  While  investigating 
the  expulsion  of  acids  from  their  salts  in  dilute  aqueous  solution 
by  other  acids,  the  very  remarkable  observation  was  made  that 
that  acid  is  by  no  means  always  the  stronger  which  evolves 
the  greatest  heat  on  neutralization.  For  example,  although 
sulphuric  acid  when  neutralized  in  dilute  aqueous  solution 
gives  rise  to  an  evolution  of  heat  surpassing  by  three  thousand 
units  that  furnished  by  an  equivalent  amount  of  nitric  or 
hydrochloric  acid,  yet  it  is  only  half  as  strong  an  acid  as  the 
latter  ;  that  is,  if  equivalent  amounts  of  nitric  and  sulphuric 
acids  be  mixed  with  an  amount  of  caustic  soda  equivalent  to 
one  of  them,  the  sulphuric  acid  enters  into  combination  with 
only  half  as  much  soda  as  the  nitric  acid  ;  so  that  one  third  of- 
the  nitric  acid  remains  in  the  free  state,  while  two  thirds  of 
the  sulphuric  acid  is  free.  There  can  be  absolutely  no  doubt 
that  nitric  acid  is  by  far  the  stronger  acid,  although,  judging 
from  the  thermal  theory  of  affinity,  sulphuric  acid  should  be 
the  stronger. 

While  Thomsen  was  prosecuting  his  researches,  it  was 
generally  held  that  the  evolution  of  heat  was  an  absolute  mea- 
sure of  affinity  ;  hence  Thomsen  devised  the  term  "  avidity  " 
to  express  the  "  tendency  of  an  acid  towards  neutralization." 
But  this  is  nothing  else  than  the  real  affinity  of  the  acid 
towards  the  base,  labelled  with  a  special  name  to  avoid  con- 
fusion. Ostwald  X,  who  confirmed  and  extended  Thomsen^s 
researches  by  wholly  different  methods,  named  this  quantity 
"  relative  affinity.^' 

It  appeared,  from  the  investigation  of  a  great  number  of 

*  M.  Berthelot,  Essai  de  mScanique  chimique,  i.  p.  421. 

t  Thermoch.  Unters,  i.  p.  97  et  seq. 

X  T.  pr.  Chem.  1877,  xvi.  p.  385  ;  xviii.  p.  328. 
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acidsj  that  there  was  absolutely  no  connexion  between  avidity 
or  relative  affinity  and  heat  of  neutralization.  Even  the  order 
of  magnitude  of  the  two,  when  a  number  of  instances  is  com- 
pared, is  entirely  different.  The  strongest  of  all  acids — nitric 
acid — occupies  only  the  nineteenth  place  among  forty  acids, 
when  they  are  arranged  in  the  order  of  their  heats  of  neu- 
tralization ;  while  hydrofluoric  acid  evolves  most  heat  on 
neutralization,  although  its  avidity  is  only  one  twentieth  of 
that  of  nitric  acid  ;  and  so  with  other  instances.  As  it  would 
be  absurd  to  ascribe  the  greatest  affinity  to  a  base  to  an  acid 
which  is  in  great  part  expelled  by  another,  it  must  be  acknow- 
ledged that  the  fundamental  hypothesis  of  the  thermal  doctrine 
of  affinity  is  not  justified  by  fact. 

But  a  further  conclusion  follows  from  Thomsen's  investi- 
gations, namely^  that,  while  the  heat  of  formation  of  compounds 
depends  on  the  nature  of  their  constituents,  it  does  not,  at 
least  in  many  cases,  depend  on  any  special  change,  attraction, 
or  affinity  in  which  both  constituents  are  concerned.  This  is 
most  easily  seen  when  the  heat  of  formation  of  salts  from  strong 
bases  and  acids  is  considered.  If,  as  Thomsen  has  experimen- 
tally shown,  the  total  amount  of  heat  evolved  during  the  process 
of  formation  of  a  salt  from  the  elements  which  it  contains,  and 
its  solution  in  a  large  quantity  of  water  be  measured,  the 
extremely  remarkable  fact  is  to  be  noticed  that  a  definite  dif- 
ference in  composition  involves  a  similarly  definite  difference 
in  heat  of  formation,  varying  only  within  very  narrow  limits*. 

The  heat  of  formation  of  a  salt  of  lithium  is,  for  example,  in 
round  numbers,  always  11,400  calories  greater  than  that  of  a 
salt  of  sodium  with  the  same  acid,  and  about  2000  calories 
greater  than  that  of  a  salt  of  potassium  ;  and  so  for  other 
metals.  This  has  been  proved  for  the  chlorides,  bromides, 
iodides,  hydrates,  hydrosulphides,  sulphates,  dithionates,  and 
nitrates  of  nineteen  metals.  If,  on  the  other  hand,  the  metal 
remain  the  same,  but  the  acid  radical  be  varied,  a  definite 
difference  in  the  heat  of  formation  is  again  to  be  observed  for 
each  acid  radical.  That  of  the  bromides  is  always  about 
21,800  calories  less  than  that  of  the  chlorides,  and  that  of  the 
iodides  52,300  less ;  while  the  chlorides  invariably  evolve 
during  their  formation  about  200,000  calories  less  than  the 
corresponding  sulphates.  The  heat  of  formation  of  every  salt 
may  therefore  bo  represented  as  the  sum  of  certain  numbers, 
each  of  which  numbers  is  peculiar  to  one  constituent  group  or 
element,  and  remains  constant  into  whatever  form  of  combi- 
nation that  element  or  group  enters.     It  is  therefore  possible, 

*  Thomsen,  Thcn-mocli.  UntersMch.  iii.  pp.  290,  456,  645;  see  also 
Lothar  Meyer's  Moderne  Theorien  der  Chemie,  5th  edition,  p.  448. 
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so  soon  as  these  constants  have  been  definitely  determined  for 
each  constituent  group  or  element,  to  calculate  the  heat  of 
formation  of  the  salt  in  a  manner  similar  to  that  by  which  the 
molecular  weight  of  a  compound  may  be  deduced  from  the 
atomic  weights  of  its  constituents. 

This  simple  relation  could  not  hold  were  the  heats  of  for- 
mation of  salts  affected  by  the  affinity  of  the  constituents  for 
each  other  ;  for  in  such  a  case  each  constituent  would  contri- 
bute so  much  the  more  to  the  heat  of  formation  the  greater 
the  affinity  between  it  and  the  other  constituent  with  which 
it  combined.  We  must  therefore  believe  that  the  evolution  of 
heat,  developed  hy  the  formation  of  a  compound,  residts  solely 
from  the  change  of  condition  of  the  constituent  elements.  Similar 
laws,  as  Ostwald  has  shown,  apply  also  to  other  changes  of 
condition,  e.  g.  to  expansion  or  contraction,  or  to  change  of 
optical  properties  which  accompany  the  formation  of  salts. 
These  also  can  be  calculated  by  simple  addition ;  for  their 
constituent  numbers  are  constants  belonging  to  each  one  of  the 
reacting  substances,  and  are  independent  of  the  nature  of  the 
other. 

The  thermal  theory  of  affinity  has  a  changed  complexion 
owing  to  this  discovery.  What  was  formerly  attributed  to 
the  mrUiial  action  of  several  substances  must  now  be  regarded 
as  cJiange  of  condition  of  each  individual  substance,  each  being 
wholly  independent  of  all  others  with  which  it  may  combine. 
The  heat- change  accompanying  a  chemical  change  must  no 
longer  be  regarded  as  the  conversion  of  potential  energy  into 
kinetic  energy,  owing  to  the  mutual  attraction  of  the  atoms  ;. 
but  it  must  be  concluded  that  each  substance,  each  atom,  each 
compound,  possesses  its  own  peculiar  store  of  available  energy, 
capable  of  being  increased  or  diminished  by  its  entering  into 
reaction,  or  by  any  change  of  condition.  But  this  store  of 
energy  and  its  changes  must  in  nowise  be  confounded  with 
affinity — that  is,  Avith  the  reason  of  chemical  change.  For 
the  amount  of  energy  lost  by  a  substance  during  reaction 
depends  solely  on  its  own  nature,  and  on  the  kind  of  change 
which  it  undergoes;  not  on  the  nature  of  the  substance 
through  whose  influence  this  change  is  produced.  To  employ 
an  old  simile,  affinity  acts  like  the  spark  to  the  powder  ;  like 
the  trigger  which  releases  the  weight  by  which,  under  the 
action  of  gravity,  the  pile  is  driven  in.  Just  as  in  these  and 
similar  cases  there  is  no  proportionality  between  the  effective 
cause  and  the  final  result,  so  also  with  chemical  changes. 

Such  considerations  lead  naturally  to  the  old  question  re- 
garding the  necessity  of  imagining  any  special  affinity  or 
attracting-power  between  atoms.     And  the  more  proofs  are 
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furnished  that  not  only  the  supposed  affinity,  but  eA-^en  the 
actually  measured  avidity,  is  an  inherent  property  of  each 
separate  kind  of  matter,  independent  of  any  reaction  with  any 
other  kind  of  matter,  the  more  doubtful  is  the  necessity.  The 
more  recent  investigations  of  Ostwald*  have  shown  that  the 
most  heterogeneous  actions  of  acids,  in  influencing  the  chemical 
changes  of  various  substances, — as,  for  example,  in  decompo- 
sing the  amides,  in  forming  the  ethereal  salts,  in  inverting  the 
sugars,  and  moreover  in  influencing  the  electrical  conduc- 
tivity,— are  all  dependent  on  the  same  constant,  the  affinity  or 
avidity.  If  the  ability  of  acids  to  act  remain  the  same  in  rela- 
tion to  so  many  different  phenomena,  the  assumption  appears 
justified  that  it  is  caused,  not  by  mutual  action,  by  attraction 
of  one  kind  or  another,  but  is  in  reality  something  peculiar  to 
the  nature  of  the  acids  themselves. 

There  might  be  a  temptation  to  believe  that,  in  relinquish- 
ing the  hypothesis  of  an  attractive  force  between  the  atoms, 
we  must  also  relinquish  the  possibility  of  any  definite  con- 
ception of  the  influences  of  the  nature  of  reacting  bodies  in 
determining  chemical  changes.  But  this  is  by  no  means 
the  case.  For  just  as  it  was  formerly  supposed  that  the  heat 
liberated  during  an  act  of  combination  was  the  equivalent  in 
kinetic  energy  of  so  much  potential  energy  due  to  the  attrac- 
tion of  the  atoms,  it  is  open  to  regard  the  atoms  as  particles 
in  rapid  motion,  but  devoid  of  attracting-power,  the  whole  of 
whose  store  of  energy  consists  in  this  motion,  and  is  therefore 
kinetic;  and  it  may  therefore  be  assumed  that  such  atoms 
may  unite  to  form  molecules,  or  that  such  molecules  may 
otherwise  react,  owing  to  some  as  yet  undiscovered  relation 
between  their  modes  of  motion  and  velocities.  It  is  of  course 
unnecessary  to  picture  to  ourselves  attractive  forces.  They 
may  or  may  not  be  conceived,  but  they  are  of  no  great  im- 
portance to  science.  For  my  part  I  believe  that  a  less 
restricted  and  prejudiced  view  of  the  facts  is  to  be  attained 
by  abandoning  the  hypothesis  of  mutual  attraction  between 
atoms,  and  avoiding  all  reference  to  the  unnecessary  distinc- 
tion between  the  potential  and  the  kinetic  energy  of  the  atoms. 

It  may  fall  hard  on  many  Avho  have  devoutly  believed  in 
the  thermal  theory  of  affinity,  exalting  it  high  above  all  facts, 
to  see  it  dethroned  ;  peihaps  here  and  there  some  will  refuse 
to  abandon  it,  like  Berzelius  with  his  electrochemical  theory, 
chiefly  prompted  by  the  fear  that  when  it  is  gone  the  kingdom 
of  chaos,  so  painfully  conquered,  may  again  arise.     Yet  things 

*  "  Studien  zur  chemischen  Djnamik,"  Journ.praht.  Chem.  xxvii.  p.  1 ; 
xxviii.  p.  449 ;  xxix.  p.  38o :  xxxi.  p.  807.  '•  Elcctvocliomisplu^  Studioii," 
Ibid.  XXX.  p.  22o;  xxxi.  p.  i^to;  x.\xii.  p.  .300 j  xxxiii,  p.  352. 
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are  not  in  so  dangerous  a  plight  as  might  at  first  appear. 
The  thermal  doctrine  of  affinity  has  had  no  more  real  influence 
on  the  steady  experimental  evolution  of  Chemistry  than  had 
the  electrochemical  theory  of  Berzelius.  Both  long  held 
honourable  places  as  great  general  truths  ;  attempts  have  been 
made  with  both  to  apply  them  to  experimental  details  ;  but, 
as  frequently  happens,  theory  and  experiment  did  not  agree, 
the  theory  has  been  calmly  ignored,  and  we  must  trust  to  the 
future  to  make  things  plain.  If,  once  again,  a  theory  has 
unexpectedly  proved  untenable,  once  again  the  old  course  of 
events  will  be  repeated  ;  attempts  at  generalization  have  been 
too  soon  made  :  "gestit  enim  mens  exsilire  ad  magis  gene- 
ralia  ut  acquiescat  ^'  (Bacon).  Theory  has  attempted  to 
precede  fact;  it  has  pursued  a  false  path,  and  must  wait 
until  fact  with  quiet  progress  shows  the  way. 

Such  is  our  present  state  of  knowledge.  But  long  before 
the  thermochemical  doctrine  of  affinity  became  untenable,  the 
efforts  of  investigators  had  been  directed  to  ascertaining  the 
conditions  on  which  chemical  reactions  depend,  such  as  the 
influence  of  time,  of  temperature,  of  mass,  and  of  solvents  ; 
and  to  the  measurement  of  the  resulting  changes  in  volume, 
in  evolution  of  heat,  and  similar  phenomena.  Now  that  ex- 
periment has  shown  the  fallacy  of  an  attempt  to  deduce 
chemical  change  from  the  fundamental  principles  of  thermo- 
chemistry, we  hail  with  joy  the  appearance  of  a  new,  really 
kinetic,  doctrine  of  affinity,  which,  quietly  and  unostenta- 
tiously making  its  way  along  the  road  of  induction,  holds  out 
to  us  the  prospect  of  a  real  knowledge  of  the  essential  nature 
of  chemical  change.  By  its  help  also  those  numerous  thermo- 
chemical observations,  which  were  unable  to  lend  support  to  a 
onesided  theory,  for  which  they  furnished  the  sole  basis, 
acquire  for  the  first  time  their  true  meaning  when  viewed  in 
connexion  with  all  other  phenomena  accompanying  chemical 
change.  Thus,  although  one  illusion  more  has  been  dissi- 
pated by  this  new  evolution  of  the  doctrine  of  affinity,  yet 
science  is  enriched  by  the  acquisition  of  a  less  hypothetical 
and  more  far-reaching  and  inclusive  conception  of  the  nature 
of  chemical  combination.* 

*  A  short  paper  by  Mr.  Clarence  A.  Seyler,  "  On  the  Thennal  Equi- 
valents "  of  some  elements  and  groups,  has  been  published  in  the  '  Chemical 
News '  of  April  1,  vol.  Iv.  p.  147. 
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LX.  Contributions  to  the  Tlieory  of  the  Constitution  of  the 
Diazoamido- Compounds.  By  Raphael  Meldola,  F.R.S., 
F.I.  C,  F.  C.S.,  Professor  of  Chemistry  in  the  City  and  Guilds 
of  London  Institute,  Finsbury  Technical  College*. 

IN  a  series  of  investigations  upon  the  diazoamido-compounds 
which  have  been  carried  out  by  me  in  conjunction  with 
Mr.  F.  W.  Streatfeildt,  certain  facts  have  been  brought  to 
light  which  are  quite  inexplicable  by  any  of  the  formulge  at 
present  in  use  ;  and  it  has  therefore  become  necessary  to 
reconsider  the  whole  question  of  the  chemical  constitution  of 
these  interesting  derivatives,  which  have  taxed  to  the  utmost 
the  ingenuity  of  all  those  chemists  who  have  concerned  them- 
selves with  their  investigation. 

The  formula  which  up  to  the  present  time  has  been  generally 
adopted  is  due  to  KekuleJ,  and  is  thus  expressed  in  general 
terms  : — 

X .  Ns .  NH  .  Y, 

X  and  Y  being  similar  or  dissimilar  radicals.  The  chief 
objection  to  this  formula  has  hitherto  been  its  asymmetrical 
character,  which  renders  it  incapable  of  explaining  the  remark- 
able observation  of  Griess§,  which  is  now  confirmed  from 
many  sides,  viz.  that  the  mixed  diazoamido-compounds,  in 
which  X  and  Y  are  dissimilar,  are  always  identical  whichever 
radical  is  first  diazotized.  This  difficulty  has  been  to  some 
extent  met  by  the  suggestion  of  Victor  Meyer  ||  ;  and  in  a 
former  paper  by  Mr.  Streatfeild  and  myself  4  it  was  shown 
that  the  results  of  our  investigations,  as  "far  as  these  had  been 
carried,  could  be  explained  by  means  of  this  hypothesis  of  the 
formation  of  intermediate  additive  compounds  with  a  consi- 
derable show  of  reason. 

The  extension  of  our  work  has,  however,  forced  me  to  the 
conclusion  that  Kekule's  formula  does  not  adequately  express 
all  the  known  iacts  concerning  the  diazoamido-compounds  ; 
and  if  this  formula  is,  as  I  believe  it  must  be,  abandoned,  the 
supplementary  hypothesis  is  also  rendered  unnecessary. 

The  evidence    which   has    led    to   the    present  theoretical 

*  Commuriicated  by  the  Author. 

t  Journ.  Chem.  Soc,  Trans.  188G,  p.  G24 ;  and  1887,  p.  102. 
X  Lehrhuch  d.  or;/.  Chem.  vol.  ii.  pp.  689, 716,  and  741 :  Zei't  f  Chem 
1806,  pp.  308,  689,  and  700.  rr         ,        ,  ,  y 

§  Ber.  dent.  chem.  Gesell.  vii.  (1874),  p.  1619 
II  Ibid.  xiv.  (1881),  p.  2447,  note. 
f  Journ.  Chem.  Soc,  Trans.  1887,  p.  116. 
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discussion  is  briefly  as  follows  : — By  the  action  of  diazotized 
metanitraniline  upon  paranitraniline  an  unsymmetrical  diazo- 
amido-compound  is  obtained,  vvbicli  has  a  melting-point  of 
211°.  The  same  compound  is  obtained  by  reversing  the  order 
of  combination,  i.  e.  by  acting  upon  metanitraniline  with 
diazotized  paranitraniline.  According  to  Kekule's  view,  this 
substance  could  have  only  one  of  the  two  formulae  : — 

I. 

(p)  NO2 .  CfiH^ .  N2 .  NH  .  CeH,  .  NO2  (m), 

11. 
(m)  NO2 .  CfiH^  .  N2 .  NH .  CeH^ .  NO,  (p) . 

By  replacing  the  H-atom  of  the  NH-group  by  ethyl  an 
ethyl-derivative  (of  m.p.  148°)  is  formed;  and  this,  on  the 
same  theory,  could  have  only  one  of  the  two  corresponding 
formulae  : — 

m. 

(p)  NO2  .  CeH^  .  N2  .  N(C2H5)  .  CeH4 .  NO2  (m), 

TV. 

(m)  NO2 .  CeH^ .  N2 .  NCCsHs)  .  CeH^ .  NO^  (p). 

If  the  unsymmetrical  compound  had  the  formula  I.,  its 
ethyl-derivative  (III.)  might  have  been  expected  to  be  iden- 
tical with  the  compound  produced  by  the  action  of  diazotized 
paranitraniline  upon  ethylmetanitraniline ;  if  it  had  the  for-" 
mula  II.,  its  ethyl-derivative  (IV.)  might  have  been  expected 
to  be  identical  with  the  compound  produced  by  the  action  of 
diazotized  metanitraniline  upon  ethyl-paranitraniline.  As 
a  matter  of  fact,  it  has  been  found  that  the  ethyl-derivative  of 
the  unsymmetrical  compound  is  identical  icith  neither  of  the 
compoxinds  prepared  hy  the  action  of  the  diazotized  nitraiiilines 
upon  the  ethyl-nitranilines.  We  have  therefore  to  allow  the 
existence  of  three  isomeric  ethyl-derivatives  containing  para- 
and  metanitraniline  residues,  a  fact  which  cannot  be  repre- 
sented by  Kekule's  formula.  The  properties  of  these  and  all 
the  allied  compounds  prepared  by  us  in  the  course  of  the 
inquiry  are  summarized  in  the  following  Table  : — 
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If  the  ethyl-derivatives  Nos.  7  and  8  are  formulated  on 
Kekule's  type  they  would  have  the  formulae  IV.  and  III. 
respectively,  and  thus  no  other  expression  is  left  for  the  ethyl- 
derivative  No.  4. 

The  conditions  to  be  fulfilled  by  any  formula  proposed  for 
the  diazoamido-compounds  are,  therefore,  (1)  that  it  should 
be  symmetrical  so  as  to  represent  the  identity  of  mixed  diazo- 
amido-compounds, and  (2)  that  it  should  be  capable  of  repre- 
senting more  than  two  isomeric  alkyl-derivatives  of  mixed 
compounds.  These  conditions  are  certainly  not  met  by  the 
formula  now  in  use  ;  and  the  objections  which  apply  to  this 
apply  also  to  the  alternative  formula  proposed  by  Strecker* : — 

X.N.NH.Y 

N 

This  formula  fails  to  explain  the  existence  of  more  than  two 
isomeric  alkyl-derivatives  of  the  unsymmetrical  (mixed)  com- 
pounds ;  and  is  even  less  able  than  Kekule^'s  of  representing 
the  identity  of  mixed  compounds,  since  it  is  incapable  of  the 
rearrangement  suggested  by  Victor  Meyer. 

The  first  symmetrical  formula  proposed  to  explain  the  iden- 
tity of  mixed  diazoamido-compounds  is  due  to  Griessf,  the 
discoverer  of  these  compounds,  who  suggested  that  diazoamido- 
benzene  and  its  analogues  should  be  written  according  to  the 
type  : — 

C6H4=N=N=N=C6H, 

H    H    H 

This  formula  certainly  explains  the  identity  of  mixed  com- 
pounds, but  is  otherwise  open  to  certain  objections ;  since  in 
the  first  place  it  represents  diazoamidobenzene  as  a  phenylene 
derivative,  and  in  the  next  place  it  shows  the  presence  of 
three NH-groups  containing  three  replaceable  hydrogen  atoms. 
All  our  experiments  upon  the  salts  and  alkyl-derivatives  of 
the  dinitrodiazoamido-compounds  have  shown,  however,  that 
only  one  replaceable  H-atom  is  present|.  This  formula, 
moreover,  is  not  capable  of  explaining  the  easy  resolution  of 

*  Ber.  deut.  chem.Qesell.  iv,  (1871),  p.  786 ;  Erlenmeyer,  ihid.  vii.  (1874), 
p.  1110,  and  xvi.  (1883)  p.  1457.  Also  Blomstrand,  ibid.  viii.  (1875), 
p.  51. 

t  Ber.  deut.  chem.  Gesell.  x.  (1877),  p.  528, 

i  These  compounds  ^ive  only  monalkyl-derivatives ;  and  the  same 
appears  to  be  the  case  with  diazoamidobenzene,  according  to  Messrs. 
Friswell  and  Green  (Joiirn.  Chem.  Soc,  Trans.  1886,  p.  748),  to  whom  I 
communicated  the  method  of  alkylization  in  the  course  of  conversation, 
and  who  applied  it  to  this  compound  successfully. 


Constitution  of  the  Diazoamido-  Compounds.  517 

diazoamido-compounds  by  acids,  nor  the  production  of  mixed 
products  from  mixed  compounds  (see  the  foregoing  Table). 

Another  symmetrical  formula  has  been  proposed  by  Victor 
Meyer*,  viz.: — 

X— N N— Y 

•— N— ' 

H 

but  this  was  abandoned  by  him  as  having  but  little  probability. 
One  of  the  greatest  objections  to  this  formula  is  that  it  fails  to 
represent  the  N-atom  which  is  attached  to  the  replaceable 
H-atom  as  being  also  directly  attached  to  one  or  the  other  of 
the  aromatic  radicals.  The  decomposition  of  the  ethyl - 
derivatives  of  the  dinitrodiazoamido-compounds  by  acids 
shows  that  this  mode  of  attachment  of  the  NH-group  certainly 
exists  (see  the  foregoing  Table). 

In  the  course  of  the  present  investigations  another  symme- 
trical formula  has  suggested  itself,  which  may  be  here  given:— 

H  ? 

S_N-Y    or    ^-?-Y 


N^\ 


N 


This  formula  does  not,  however,  appear  to  me  to  have  any 
probability,  as  it  fails  to  explain  the  decomposition  of  the 
diazoamido-compounds  by  acids,  or  the  existence  of  isonieric 
alkyl-derivatives.  Moreover,  the  formula  of  diazoamidoben- 
zene  written  on  this  type  : — 

H 

would  indicate  a  close  relationship  between  this  substance  and 
the  remarkably  stable  diphenylamine.  The  latter  is  not 
found,  however,  among  the  reduction-products  of  diazoamido- 
benzene  ;  and  there  is  no  experimental  evidence  of  any  kind 
in  favour  of  such  a  relationship. 

Before  proceeding  to  put  forward  my  own  views  upon  the 
constitution  of  these  compounds  it  will  be  desirable  to  take  a 

*  Ber.  deut.  chem.  Gesell  xiv.  (1881),  p.  2447,  note. 
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genornl  view  of  their  charcacters,  so  as  to  gain  a  clear  notion 
of  all  the  conditions  wliicb  have  to  be  fulfilled  by  any  proposed 
formula.  These  characters  are  summarized  below,  those  com- 
pounds containing  similar  radicals  being  spoken  of  as  "normal" 
compounds,  and  those  containing  dissimilar  radicals  as  "mixed" 
compounds : — 

(1)  Normal  compounds  are  prepared  by  diazotizing  an 
amine,  X  .  NH2,  and  acting  with  the  diazo-salt  upon  another 
molecule  of  the  same  amine,  X  .  NH2,  or,  what  amounts  to  the 
same  thing,  one  molecule  of  nitrous  acid  may  be  made  to  act 
upon  two  molecules  of  X  .  NHj. 

(2)  Mixed  compounds  are  obtained  by  diazotizing  an  amine, 
X .  NH2,  and  acting  with  the  diazo-salt  upon  one  molecule  of 
another  amine,  Y .  NHg.  The  same  compound  results  if  the 
order  of  combination  is  reversed. 

(3)  The  diazoamido-compounds,  both  mixed  and  normal, 
contain  one  atom  of  hydrogen  easily  replaceable  by  metals 
and  alkyl  radicals.  If  the  aromatic  radicals  contain  strongly 
acid  groups  (such  as  NO2),  the  resulting  diazoamido-com- 
pounds may  be  distinct  monobasic  acids. 

(4)  Normal  compounds  are  resolved  by  acids  into  their 
constituents,  the  diazo-salt  and  amine. 

(5)  Mixed  compounds  are  resolved  by  acids  into  a  mixture 
of  the  two  bases  from  which  they  are  derived,  and  a  mixture 
of  the  two  diazo-salts  corresponding  to  these  two  bases. 

(6)  Alkyl  derivatives  of  normal  compounds  may  be  pre- 
pared in  two  ways: — 

a.  By  the  action  of  a  diazotized  amine,  X  .  NHg,  upon 
the  alkylamine  of  the  same  base,  X .  NHR. 

jS.  By  the  direct  alkylization  of  the  normal  diazoamido- 
compound. 

(7)  The  alkyl-derivatives  of  normal  compounds  are  decom- 
posed by  acids  into  their  constituents,  the  diazo-salt  and 
alkylamine. 

(8)  Alkyl-derivatives  of  mixed  diazoamido-compounds  are 
formed  by  the  direct  alkylization  of  these  compounds  (see 
group  2). 

(9)  Another  group  of  mixed  alkyl-derivatives  can  be  pre- 
pared by  the  action  of  a  diazotized  amine,  X .  NHg,  upon  the 
alkyl-derivative  of  a  dissimilar  amine,  Y .  NHR.  These  com- 
pounds are  isomeric  with  those  of  the  preceding  group. 

(10)  Mixed  alkyl-derivatives  of  group  (8)  are  resolved  by 
the  action  of  acids  into  a  mixture  of  the  two  diazo-salts  and 
the  two  alkylamines. 


Constitution  of  the  Diazoamido-  Compounds.  519 

(11)  Mixed  alkyl-derivatives  of  group  (9)  are  resolved  by 
acids  into  their  constituents,  the  diazo-salt  and  the  alkylamine, 
but  not  into  a  mixture  of  diazo-salts  and  alkylamines,  as  is 
the  case  with  the  compounds  of  group  9*. 

(12)  Normal  compounds,  by  the  action  of  weak  reducing 
agents,  are  reduced  to  the  original  amine  X ,  NHg,  and  the 
hydrazine  X .  N2H3.  Mixed  compounds  give,  on  reduction, 
the  base  X  .  NHg  and  the  hydrazine  Y .  NgHg,  or  the  base 
Y .  NH2  and  the  hydrazine  X .  NgHgt- 

(13)  Alkyl-derivatives  of  normal  compounds  reduce  to  the 
hydrazine  X  .  N2H3  and  the  alkylamine  X  .  NHR|.  Alkyl- 
derivatives  of  mixed  compounds  give,  on  reduction,  the 
hydrazine  X-  or  Y .  N2H3,  and  the  alkylamine  Y-  or  X  .  XHR§. 
This  production  of  alkylamines  indicates  that  the  N-atom 
which  is  in  combination  with  the  alkyl-radical  is  also  attached 
to  the  aromatic  nucleus  || . 

From  the  foregoing  summary  it  will  be  seen  that  the  mixed 
diazoamido-compounds  and  their  alkjd-derivatives  display  the 
most  striking  characters,  and  are  of  special  importance  to  the 
present  discussion,  because  it  is  in  the  attempt  to  formulate 
these  compounds  on  Kekule's  plan  that  the  greatest  difficulties 
are  encountered.  In  view  of  the  objections  which  apply  to 
all  the  formulae  hitherto  proposed  it  has  been  no  easy  matter 
to  suggest  any  alternative  formula  ;  but  I  believe  that  the  true 
solution  of  the  problem  will  be  arrived  at  by  regarding  phenyl 
as  a  triatomic  radical,  CeH/',  instead  of  monatomic,  as  has 
always  been  assumed  in  previous  formulae.  This  suggestion 
is  in   accordance  with   Fittig's  theory  of  the  constitution  of 

To  this  class,  in  addition  to  the  ethyl-derivatives  of  m.p.  174°-175°  and 
187°  (Nos.  7  and  S  in  the  Table),  belong  the  two  following  compounds  :— 
(1)  produced  by  the  action  of  diazotized  p-toluidine  upon  ethylauiliue, 
and  (2)  prepared  by  the  action  of  diazotized  aniline  on  ethyl-p-toluidine! 
These  two  compounds  are  isomeric ;  the  first  being  decomposed  bv  acids 
(hot)  mto  p-cresol  and  ethylaniline,  and  the  second  into  phenol  and 
ethyl-p-toluidiue  (Nolting  and  Binder,  Bull.  Soc.  Chim.  vol.  xlii.  p.  341 ; 
Gastigea-,  ibid.  p.  342).  This  pair  of  isomerides  is  completely  anaioo-ous 
to  om-  two  ethyl-derivatives  (Nos.  7  and  8),  which  they  resemble  in  their 
mode  of  decomposition. 

t  Thus  the  compound  produced  by  the  action  of  diazotized  aniline 
upon  p-toluidme  or  the  reverse  gives,  on  reduction,  phenylhydrazine  and 
p-toluidme  (Noltiug  and  Binder,  loc.  cit.  p.  336). 

X  Thus  tlie  compound  obtained  by  the  action  of  diazotized  aniline  on 
methylaniline  reduces  to  phenylhydrazine  and  methylaniliue  (loc.  cit  ) 

§  Thus  the  compound  prepared  by  Gastiger  by  the  action  of  diazotized 
aniline  on  ethyl-p-toluidiue  reduces  to  phenylhydrazine  and  ethyl-p- 
toluidme  {loc.  cit.  p.  342).  ^ 

_  II  The  presence  of  substituents  in  one  or  both  ai-omatic  radicals  may 
interfere  with  the  formation  of  hydi'azines  ;  in  such  cases  the  correspond- 
ing substituted  amines  are  formed,  or,  if  the  substituent  is  NO  the  cor- 
responding diamines.  *' 
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quinone,  this  compound  being  regarded  by  him  as  a  double 
ketone : — 

0 

HO       CH 

II         II 
HO       CH 

\c/ 
6 

Phenylene,  according  to  this  view,  must  be  regarded  as  a 
tetratomic  radical,  and  a  slight  extension  of  the  same  view 
enables  us  to  consider  phenyl  as  triatomic: — 

H 
C=  C— 

Hd^^H  HC^\h 

II        II  II       II 

HC     CH  HC      CH 

\/  \/ 

C=  C= 

If  this  assumption  be  made,  it  then  becomes  possible  to 
construct  formulae  for  the  mixed  diazoamido-compounds  which 
meet  all  the  requirements  of  the  case,  and  which  must,  there- 
fore, commend  themselves  to  the  notice  of  all  chemists  who, 
like  myself,  have  been  puzzled  to  explain  the  behaviour  of 
these  compounds  in  accordance  with  the  existing  theoretical 
notions.  The  formula  now  proposed  may  be  written  .in  two 
ways: — 

N:N  N.N, 

H  H 

I.  II. 

Of  these  two  formulas  I  am  disposed  to  attach  the  greater 
weight  to  the  first  because  it  indicates  the  presence  of  the 
very  stable  azo-group,  — N  :  N —  ;  and  this  is  in  accordance 
with  the  general  character  of  the  compounds,  which  decom- 
pose under  the  influence  of  acids  or  of  reducing  agents  in 
such  a  manner  that  the  N-atoms  of  the  azo-group  always 
remain  in  combination,  either  in  the  form  of  a  diazo-salt  or  a 
hydrazine.  On  the  other  hand,  the  second  formula  indicates 
the  presence  of  the  group  =C^N  .  N^C=;  and  this  might 
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be  expected  to  split  asunder  between  the  N-atoms  more 
readily  on  reduction  or  on  decomposition  by  acids  tban  is 
sLown  to  be  the  case  by  experiment. 

According  to  the  proposed  formula  the  unsymmetrical 
compound  of  m.p.  211°  (No.  1  in  the  table)  and  its  ethyl- 
derivative  of  m.p.  148  (No.  4  in  the  table)  would  be  thus 
written: — 

.N:N, 


(p)N02. 

H 

N02(m), 

(p)  NO2 

C2H5 

^.N02(m 

It  may  now  be  pointed  out  how  far  these  formulae  are  in 
harmony  with  the  known  characters  of  the  mixed  diazoamido- 
compounds.  In  the  first  place  it  is  obvious  that  the  formula 
is  symmetrical,  and  thus  explains  the  identity  of  the  com- 
pounds irrespective  of  the  order  of  combination.  Putting  P 
for  the  p-nitraniline  residueandM  for  the  m-nitraniline residue, 
this  fact  may  be  thus  represented  without  assuming  the  for- 
mation of  any  intermediate  additive  compound: — 

.N  :  N^ 


M    = 


Consider  in  the  next  place  the  decomposition  by  hydro- 
chloric acid  : — 


^N:N 


If  separation  took  place  along  the  line  a />,  the  products  would 
Fhil.  Alag.  S.  5.  Vol.  23.  No.  145.  June  1887.       2  N 
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be  p-nitrodiazobenzene-chlorideancl  m-nitraniline  ;  along  ccl, 
the  products  would  be  m-nitrodiazobenzene-chloride  and  p- 
nitraniline.  As  a  matter  of  fact  all  four  products  are  obtained, 
so  that  decomposition  must  take  place  in  both  directions.  The 
same  explanation  obviously  applies  to  the  mixed  decompo- 
sition-products of  the  ethyl-derivative.  Again,  the  formula 
shows  the  presence  of  the  one  replaceable  H-atom  in  combi- 
nation with  the  N-atom  which  is  attached  to  the  aromatic 
radicals.  The  question  of  the  existence  of  more  than  two 
isomeric  alkyl-derivatives  will  be  considered  subsequently. 

The  formula  which  has  now  been  suggested  for  the  niiixed 
diazoamido-compounds  derived  from  p-  and  m-nitraniline 
can  be  applied  with  equal  success  to  all  other  mixed  com- 
pounds. Thus,  to  take  examples  of  those  compounds  whose 
products  of  decomposition  have  been  studied  : — 


Both  these  compounds  were  discovered  and  their  decompo- 
sition products  studied  by  Griess  :  the  first  is  obtained  by  the 
action  of  diazotized  aniline  upon  p-toluidine,  or  of  diazotized 
p-toluidine  uj)on  aniline ;  the  second  is  similarly  produced 
from  aniline  and  amidobenzoic  acid.  When  heated  with  acids 
the  first  compound  gives  a  mixture  of  aniline,  p-toluidine, 
phenol,  and  p-cresol  (Nolting  and  Binder)  *  ;  and  the  second 
compound  under  similar  circumstances  gives  aniline,  phenol, 
oxy benzoic,  and  amidobenzoic  acid  (Griess).  The  products 
in  these  cases  indicate  separation  along  both  planes  of  decom- 
position a  h  and  c  d. 

The  explanation  of  the  existence  of  more  than  two  isomeric 
alkyl-derivatives  of  mixed  diazoamido-compounds  is  closely 
connected  with  the  question  whether  the  new  formula  can  be 
applied  to  the  normal  diazoamido-compounds.  The  following 
considerations  will  show  that  these  compounds  cannot  be  for- 
mulated on  the  new  type  : — 

As  a  type  of  the  normal  compounds  let  us  consider  that 
derived  from  p-nitranilin^  (No.  2  in  the  table).  If  this  had 
the  new  formula  it  (and  ito  ethyl-derivative)  would  have  to 
be  written: — 

*  This  compound  reduces  to  pheiiyl-liydrazine  and  p-tohiidine,  thus 
indicating  a  preference  of  tlie  N^-  (and  therefore  the  NH-jVH,)  group  to 
remain  attaclied  to  the  more  po&itive  radical.  The  separation  is  in  this 
case  along  a  b  only. 
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N:N 


(p)N02.C6H, 


C6H,.N02(p 


CoH. 


Now  the  ethyl-derivative  (]^o.  5  in  the  table)  is  prepared 
by  the  direct  ethylation  of  the  compound  itself,  and  also  hy 
the  action  of  diazotized  p-nitraniline  upon  p-ethylnitraniline. 
Analogy  would  therefore  lead  us  to  suppose  that  if  the  ethyl- 
derivative  had  the  above  constitution,  the  other  ethyl-deriva- 
tives, prepared  by  the  action  of  diazotized  p-nitrandine  upon 
m-ethylnitraniline  (ni.p.  187°)  and  of  diazotized  m  nitraiiiline 
upon  p-ethylnitraniline  (m.p.  174"-175^),  would  have  a  similar 
constitution: —  ; 


(p)  NO2  .  CeH,^  ^XeH,  .  NO2  (m) , 

N:K 


(m)  NO2 .  CoE 


vCeH,.N02(p), 


But  these  two  formula;  are  identical  with  one  another  and 
with  that  of  the  ethyl-derivative  of  m.p.  148°,  whereas  their 
melting-points  and  mode  of  decomposition  show  most  con- 
clusively that  the  three  comjiounds  are  isomeric  and  not 
identical.  It  must,  therefore,  be  concluded  that  the  formula 
now  proposed  docs  not  ap])ly  to  the  normal  compounds,  and 
the  suggestion  at  once  arises  whether  these  may  not  be  the 

2  N2 
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true  representatives  of  Kekulc's  type.  In  answer  to  this  I 
may  point  out  that,  as  far  as  the  experimental  evidence  at 
present  goes,  the  normal  compounds  and  the  analogous  ethyl- 
derivatives  may  be  written  on  Kekule's  type: — 

(p)  NO2 .  CeH^ .  N2  .|nH  .  CeH, .  NO^  (p), 
m.p.  22.3°, 

(m)  NO2 .  CgH^  .  N2  -iNH  .  CsH^  .  NO2  (m), 
m.p.  194°. 

(p)  NO2 .  CeH, .  N2  .InC^Hs)  .  CsH,  .  NO2  (p), 
m.p.  191°-192°. 

(m)  NO2  .  CgH,  .  N2  .jNCCsHs)  .  CeH,  .  NO2  (m), 
m.p.  119°. 

(p)  NO2  .  CsH,  .  N2  .iNCCsHsJ  .  CeH,  .  NO2  (m), 
m.p.  187°. 


(m)N02.C6H4.N2 


N(C2H0.C6H,.NO2(p). 


m.p.  174°-175°. 

The  modes  of  decomposition  of  these  compounds  are  ex- 
plained by  the  above  formulae  by  supposing  the  planes  of 
separation  to  be  along  the  dotted  lines  ;  and  it  further  appears 
that  the  isomerism  of  the  three  ethyl-derivatives  of  m.p^s  148°, 
174°-175',  and  187°  (Nos.  4,  7  and  8  in  the  table)  may  be 
explained  by  the  different  formulse  ascribed  to  these  com- 
pounds respectively. 

But  although  Kekule^s  formula  may  pass  muster  for  the 
normal  compounds,  we  are  not  necessarily  reduced  to  this  as 
a  final  expression  ;  and  I  am  strongly  inclined  to  the  belief 
that  it  will  have  to  be  abandoned  also  in  the  case  of  these 
compounds.  In  the  first  place,  as  there  is  a  great  resemblance 
in  character  between  the  normal  and  the  mixed  compounds, 
analogy  leads  me  to  suppose  that  their  constitutions  are  not 
so  widely  different,  as  appears  from  the  two  modes  of  formu- 
lation : — 

N:N 
XC  >Y     and     X.N2.NH.Y. 

H 
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In  the  next  place  the  group  — N=N — NH —  assumed  to 
be  present,  according  to  the  prevailing  view,  has  always 
seemed  to  me  to  be  a  most  improbable  arrangement  of  N- 
atoms,  and  without  any  analogy  among  chemical  compounds. 
Those  compounds  in  which  three  combined  N-atoms  are  pre- 
sent are  only  stable  when  the  N-atoms  form  a  closed  chain, 
as  in  Griess's  benzeneimide: — 

or  in  the  azimidobenzene  of  this  same  author*: — 

H 

From  these  considerations  I  am  led  to  conclude  that  an 
open  chain  of  three  nitrogen  atoms  does  not  exist  in  any  of 
the  diazoamido-compounds,  and  the  remarkable  stability  of 
the  dinitrodiazoamido-compounds  in  the  presence  of  alkalis f 
certainly  supports  this  view. 

The  formula  which  I  now  venture  to  suggest  for  the  normal 
compounds  is,  as  far  as  I  can  see,  at  any  rate  as  equally 
capable  as  Kekule's  of  representing  the  characters  of  these 
compounds,  and  at  the  same  time  indicates  the  analogy  of 
these  to  the  normal  compounds.  It  has  moreover  the  advan- 
tage of  doing  away  with  the  assumption  of  the  open  chain  of 
N-atoms  : — 

N:N 


NH.X 


According  to  this  formula  the  preceding  compounds  would 
be  written  : — 

*  I  have  accepted  this  formula  rather  than  the  alternative  one 
CsH^     I     NH,  because,  according  to  Boessneck  (-Ser.  xix.  1886,  p.  1757), 

acetorthotoluylene-diamine  yields  acetazimidotoluene  by  the  action  of 
nitrous  acid.  The  N  .  C.^lI^O-group  must,  therefore,  be  attached  to  the 
aronuitic  nucleus,  and  tliis  acetyl  compound  gives  azimidotoluene  by 
hydrolysis,  so  that  the  jS'll-gruup  must  also  be  attached  to  the  aromatic 
nucleus. 

t  Those  compounds  can  be  boiled  with  strong  potash  solution  for  days 
■without  undergoing  any  alteration  (Jouru.  C'heni.  Soc,  Trans.  1886, 
p.  6:27).  Even  the  simjiler  compounds  like  diazoamidobcnzene  are  much 
more  stable  in  neutral  or  alkaline  solutions  than  is  generally  supposed. 
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N:N  N:N 

(p  or  m)  NO^-CeH, 
^NH.Con^.NO^  (p  or  m) 


^Vo^H^-NO,  (p  or  ui) 


N:N 


N:N 


(p)N0,.C6H, 


(m)  NOj.C.H, 


N\C,H,.NO,  (m) 


.r\  TT 

n<c:h;.no,  (p) 


m.p.  187°.  m.p.  174°-175°. 

[The  planes  of  decomposition  are  represented  Ly  the  dotted 
lines.] 

It  will  readily  be  seen  that  these  formulse  are  in  harmony 
with  the  characters  of  the  compounds  which  they  represent. 
Thus,  taking  the  products  of  decomposition  of  the  last  pair  of 
isomeric  ethyl-derivatives,  the  1(S7°  m.p.  modification  is  re- 
solved into  p-nitrodiazobenzene-chloride  and  m-ethylnitrani- 
line,  while  the  other  modification  yields  m-nitrodiazobenzene- 
chloride  and  p-ethylnitraniline. 

The  corresponding  pair  of  isomeric  ethyl-derivatives  con- 
taining aniline  and  toluidine  residues,  prepared  by  Nolting 
and  Binder  and  by  Gastiger,  may  be  similarly  formulated : — 

N:N  N:N 


C„H, 


(p)  c,n, 


^\0,H,  (p) 


These  compounds,  which  have  already  been  referred  to,  are 
decomposed  by  acids  (hot) ;  the  first  into  phenol  and  p-ethyl- 
toluidine,  and  the  second  into  p-cresol  and  ethylaniline. 

The  mixed  compounds  containing  both  aromatic  and  fatty 
radicals  are  in  all  respects  analogous  to  the  normal  compounds, 
and,  according  to  Wallach*,  behave  like  these  on  decompo- 
sition. Thus  the  typical  compounds  of  this  group,  first  pre- 
pared by  Baeyer  and  Jllgerf  by  the  action  of  diazobenzene 
salts  upon  ethylamine^  dimethylamine,  and  piperidine,  may  be 
written  : — 


N:N 


N 


N:N 


CcHs 


0«H. 


NH.CH, 


C«H 


N(CH3), 


N:0,H, 


*  Lieb,  Ann.  yol.  ccxxxv.  p.  2.3.3. 

t  Ber.  deut.  chem.  Gescll.  viii.  (1875;  pp.  148,  893. 
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A  few  remarks  may  here  be  made  in  connexion  with  the 
transformation  of  diazoamido-  into  amidoazo-compounds.  It 
has  always  been  supposed  hitherto  that  this  transformation  is 
preceded  by  a  resolution  of  the  diazoamido-compound  into  its 
constituents*.  This  may  be  the  case  in  the  presence  of  excess 
of  acid  ;  but  it  is  doubtful  whether  such  a  resolution  occurs 
when  the  diazoamido-compound  (say  diazoamidobenzene)  is 
allowed  to  stand  in  the  presence  of  excess  of  aniline  containing 
only  a  small  quantity  of  aniline  hydrochloride.  It  is  well  known, 
however,  that  such  a  mixture  will  effect  the  complete  conver- 
sion of  diazoamido-  into  amidoazobenzene  in  the  course  of  a 
few  hours,  especially  if  aided  by  heat.  If  the  formula  of 
diazoamidobenzene  is  written  according  to  the  present  view, 
it  will  be  seen  that  a  sliiiht  rcarranoement  of  the  "  bonds  ^^ 
would  convert  it  into  a  symmetrical  com})Ound  of  the  type 
already  proposed  'for  the  mixed  diazoamido-compounds  ; 
thus  : — 

N:N  NiN 


cjr, 


It  seems  not  impi'obable  that  such  a  symmetrical  compound 
may  precede  the  formation  of  amidoazobenzene,  the  separation 
(accompanied  by  the  migration  of  the  H-atom  to  the  NH- 
group)t  occurrino;  along  one  of  the  dotted  lines. 

Although  the  formulne  now  |)roposed  for  the  normal  diazo- 
amido-compounds appear  ca])al)le  of  meeting  all  the  require- 
ments of  the  case,  it  will  be  of  interest  to  point  out  that  other 
molecular  arrangements  in  which  phenyl  functions  as  a  tri- 
atomic  radical  are  possible  : — 

I.  II.  III. 

*  See  the  last  contribution  to  this  question  hy  T\'allach  {Lieh.  ylnn. 
vol.  ccxxxv.  p.  2.'^8).  I  am  bound  to  express  the  opinidU,  however,  that 
the  sug-p-estion  there  thrown  out  does  not  materially  add  to  the  solution 
of  the  pnibleni  (I'roc.  Chem.  Soc.  1887,  p.  27). 

t  Such  a  transference  of  hydrogen  is  analo.rous  to  that  which  takes 
place  when  hydrazobcnzene.  C,  IIj  .  Nil .  Nil .  C,,I1-,  is  converted  into  ben- 
zidine, Nil, .  C,I1.,  .0,11., .  NIl^,  by  the  action  of  acids.  No  previous 
resolution  into  constituents  has  ever  been  supposed  in  tliis  case.  The 
trausf(U-nuition  ajipears  rather  to  bo  of  the  nature  of  a  rotation  .'f  the  ben- 
zene rings,  and  there  is  reason  for  bi-lieving  that  a  similar  rotation  takes 
place  in  the  decomposition  of  mixed  diazoamido-compounds  bv  acids, 
riiia  point  cannot  be  discussed,  however,  until  the  evidence  is  more 
complete. 
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All  these  formulas  are,  however,  more  or  less  open  to  objec- 
tion, and  need  not  be  further  discussed  at  present.  It  will 
sutiice  to  mention  that  No.  III.,  which  at  tirst  sight  might 
appear  the  most  probable  of  the  three,  is  incapable  of  repre- 
senting such  compounds  as  diazobenzenedimethylamide. 

The  views  now  advanced  concerning  the  constitution  of  this 
interesting  group  of  compounds  open  up  suggestis^e  lines  of 
investigation  in  the  direction  of  isomerism  as  connected  with 
position.  In  the  formula  representing  phenyl  as  a  triad 
radical  previously  given,  the  free  bonds  have  been  represented 
in  the  para-position,  because  the  ortho-quinone  of  the  benzene 
series  does  not  appear  to  be  capable  of  existence.  But  the 
formula  obviously  allows  the  possibility  of  such  an  ortho- 
arrangement  : — 

H 

C=  C— 

/\  /\ 

HC     C=  HO     C= 

li       I  II       I 

HC     CH  HCJ     CH 


C  0 

H  H 

The  para-position  of  the  substituents  is,  however,  in  har- 
mony with  the  known  behaviour  of  diazoamidobenzene,  the 
isomeric  amidoazobenzene  having  its  substituents  in  the  para- 
position.  It  seems  probable,  therefore,  if  there  is  anything 
in  the  previously  expressed  view  concerning  this  isomeric 
transformation,  that  at  least  in  this  diazoamido-compound 
the  substituents  — N  :  N —  and  ^NH=  are  in  the  para- 
position. 

Summing  up  the  general  results  of  the  present  discussion, 
it  appears  to  me  that  the  formula  now  proposed  for  the  mixed 
diazoamido-compounds  is  the  only  one  that  has  hitherto  been 
in  harmony  with  all  the  known  characters  of  these  compounds, 
and  as  such  it  is  at  any  rate  worthy  of  serious  consideration 
by  chemists.  Analogy  leads  to  the  belief  that  the  normal 
compounds  have  a  similar,  or  at  least  a  partly  similar  con- 
stitution ;  but  the  evidence  is  not  so  satisfictory  in  these 
cases,  owing  to  the  similarity  of  the  two  halves  of  the  mole- 
cule, which  renders  it  impossible  to  follow  the  course  of 
decomposition  with  the  same  certainty  as  in  the  mixed  com- 
pounds. Before,  however,  the  whole  question  of  the  consti- 
tution of  the  diazoamido-compounds  can  be  completely  worked 
out  on  the  lines  here  suggested,  it  will  be  necessary  to  have  a 
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much  larger  body  of  experimental  evidence.  Further  inves- 
tigations in  the  required  direction  are  now  in  progress  in  the 
laboratory  of  the  Finsbury  Technical  College. 

Postscript. — Since  writing  the  foregoing  paper,  the  detailed 
evidence  which  has  led  to  the  conclusion  that  the  ethyl- 
derivative  of  m.p.  187°  is  a  diazo-conipound  has  appeared  in 
a  communication  to  the  Chemical  Society  ( Journ.  Chem.  Soc, 
Trans,  1887,  p.  434).  Additional  evidence  of  the  production  of 
mixed  compounds  on  the  decomposition  of  mixed  diazoamido- 
derivatives  is  given  in  a  recent  paper  by  Heumann  and  Oeco- 
nomides  {Ber.  1887,  p.  904).  These  authors  find  that  the 
mixed  compound  CgHj .  N3H  .  C7H7,  on  being  heated  with 
phenol,  gives  a  mixture  of  aniline  and  p-toluidine  together 
with  oxyazobenzene  and  p-tolueneazophenol. 


LXI.  On  the  Stability  of  Steady  and  of  Periodic  Fluid  Motion 
(continued  from  May  number). — Maximum  and  Minimum, 
Energy  in  Vortex  Motion*.     By  Sir  William  Thomson, 

f.r'.s. 

10.  r  j^HE  condition  for  steady  motion  of  an  incompressible 
JL  inviscid  fluid  filling  a  finite  fixed  portion  of  space 
(that  is  to  say,  motion  in  which  the  velocity  and  direction  of 
motion  continue  unchanged  at  every  point  of  the  space  within 
which  the  fluid  is  placed)  is  that,  with  given  vorticity,  the 
energy  is  a  thorough  maximum,  or  a  thorough  minimum,  or 
a  minimax.  The  further  condition  of  stahility  is  secured,  by 
the  consideration  of  energy  alone,  for  any  case  of  steady 
motion  for  which  the  energy  is  a  thorough  maximum  or  a 
thorough  minimum  ;  because  when  the  boundary  is  held  fixed 
the  energy  is  of  necessity  constant.  But  the  mere  consi- 
deration of  energy  does  not  decide  the  question  of  stability 
for  any  case  of  steady  motion  in  which  the  energy  is  a 
minimax. 

11.  It  is  clear  t  tliat,  commencing  with  any  given  motion, 
the  energy  may  be  increased  indefinitely  by  properly-designed 
operation  on  the  boundary  (understood  that  the  primitive 
boundary  is  returned  to).  Hence,  with  given  vorticity,  but 
with  no  other  condition,  there  is  no  thorough  maximum 
of  energy  in  any  case.  There  may  also,  except  in  the  case 
of  irrotat'onal  circulation  in  a  multiplexly  continuous  vessel 

*  Being  a  comnuniication  read  befdre  tlie  r?ritish  Assoeiatioii,  Section  A, 
at  the  Swansea  Meeting,  Saturday,  August  1^8,  18S0,  and  published  in  tliu 
lieport  for  that  year,  p.  47."> ;  and  in  '  Nature,' Oct.  28,  1880,  Reprinted 
now  witii  corrections,  auienduiouts,  and  additions, 

t  See  also  §§  U  to  0  above. 
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referred  to  in  §  3  III.  above,  be  complete  annulment  of  the 
energy  by  operation  on  the  boundary  (with  return  to  the  pri- 
mitive boundary),  as  we  see  by  the  following  illustrations  : — 

(a)  Two  equal,  parallel,  and  oppositely  rotating,  vortex 
columns  terminated  perpendicularly  by  two  fixed  parallel 
planes.  B}^  pro})er  operation  on  the  cylindric  boundary,  they 
may,  in  purely  two-dimensional  motion,  be  thoroughly  and 
equabl}^  mixed  in  two  infinitely  thin  sheets.  In  this  condition 
the  energy  is  infinitely  small. 

{b)  A  single  Helmholtz  ring,  reduced  by  diminution  of  its 
aperture  to  an  infinitely  long  tube  coiled  within  the  enclosure. 
In  this  condition  the  energy  is  infinitely  small. 

{c)  A  single  vortex  column^  with  two  ends  on  the  boundary, 
bent  till  its  middle  infinitely  nearly  meets  the  boundarj';  and 
further  bent  and  extended  till  it  is  broken  into  two  equal  and 
opposite  vortex  columns,  connected,  one  end  of  one  to  one  end 
of  the  other,  by  a  vanishing  vortex  ligament  infinitely  near 
the  boundary  ;  and  then  further  dealt  with  till  these  two 
columns  are  mixed  together  to  virtual  annihilation. 

12.  To  avoid,  for  the  present,  the  extremely  difficult  general 
question  illustrated  (or  suggested)  by  the  consideration  of  such 
cases,  confine  ourselves  now  to  two-dimensional  motions  in  a 
space  bounded  by  two  fixed  parallel  planes  and  a  closed 
cylindric,  not  generally  circular  cylindric,  surface  perpen- 
dicular to  them,  subjected  to  changes  of  figure  (but  always 
truly  cylindric  and  perpendicular  to  the  planes).  Also,  for 
simplicity,  confine  ourselves  for  the  present  to  vorticity  either 
positive  or  zero,  in  every  part  of  the  fluid.  It  is  obvious  that, 
with  the  limitation  to  two-dimensional  motion,  the  energy 
cannot  be  either  infinitely  small  or  infinitely  great  with  any 
given  vorticity  and  given  cylindric  figure.  Hence,  under 
the  given  conditions,  there  certainly  are  at  least  two  stable 
steady  motions — those  of  absolute  maximum  and  absolute 
minimum  energy.  The  configuration  of  absolute  maximum 
energy  clearly  consists  of  least  vorticity  (or  zero  vorticity,  if 
there  be  fluid  of  zero  vorticity)  next  the  boundary  and  greater 
and  greater  vorticity  inwards.  The  configuration  of  absolute 
minimum  energy  clearly  consists  of  greatest  vorticity  next 
the  boundary,  and  less  and  less  vorticity  inwards.  If  there 
be  any  fluid  of  zero  vorticity,  all  such  fluid  will  be  at  rest 
either  in  one  continuous  mass,  or  in  isolated  portions  sur- 
rounded by  rotationally  moving  fluid.  For  illustration,  see 
figs.  4  and  5,  where  it  is  seen  how,  even  in  so  simple  a  case  as 
that  of  the  containing  vessel  represented  in  the  diagram,  there 
can  be  an  infinite  number  of  stable  steady  motions,  each  with 
maxinmm  (though  not  greatest  maximum)  energy  ;  and  also 
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an    infinite   number  of  stable  steady  motions  of  minimum 
(though  not  least  minimum)  energy. 

13.  That  there  can  be  an  infinite  number  of  configurations  of 
stable  motions,  each  of  them  having  the  energy  of  a  thorough 
minimum  (as  said  in  §  12),  we  see,  by  considering  the  case 
in  which  the  cylindric  boundary  of  the  containing  canister 
consists  of  two  wide  portions  communicating  by  a  narrow 
passage,  as  shown  in  the  drawings.  If  such  a  canister  be 
completely  filled  with  irrotationally  moving  fluid  of  uniform 
vorticity,  the  stream-lines  must  be  something  lil^e  those  indi- 
cated in  fig.  4. 

Ym.  4. 


Hence,  if  a  not  too  great  portion  of  the  whole  fluid  is  irro- 
tational,  it  is  clear  that  there  may  be  a  minimum  energy,  and 
therefore  a  stable  configuration  of  motion,  with  the  whole  of 
this  in  one  of  the  wide  parts  of  the  canister  ;  or  the  whole  in 
the  other  ;  or  any  proportion  in  one  and  the  rest  in  the  other. 

Fi-.  5. 


Single  intersection  of  stream-lines  in  rotational  motion 
may  be  at  any  angle,  as  shown  in  fig.  4.  It  is  essentially 
at  riijht  anffles  in  irrotational  motion,  as  shown  in  ficr.  5, 
representing  the  stream-lines  of  the  configuration  of  maxi- 
mum energy,  for  which  the  rofational  part  of  the  liquid  is 
in  two  equal  parts,  in  the  middles  of  two  wide  parts  of  the 
enclosure.     There  is  an  infinite  number  of  confio-urations  of 
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maximum  energy  in  wliieh  the  rotational  part  of  the  fluid  is 
unequally  distributed  between  the  two  wide  parts  of  the 
enclosure.  vii^ji 

14.  In  every  steady  motion,  when  the  boundary  is  cir- 
cular, the  stream-lines  are  concentric  circles  and  the  fluid  is 
distributed  in  co-axial  cylindric  layers  of  equal  vorticity.  In 
the  stable  motion  of  maximum  eneroy,  the  vorticity  is  greatest 
at  the  axis  of  the  cylinder,  and  is  less  and  less  outwards  to  the 
circumference.  In  the  stable  motion  of  minimum  energ}'  the 
vorticity  is  smallest  at  the  axis,  and  greater  and  greater  out- 
wards to  the  circumference.  To  express  the  conditions  sym- 
bolically, let  T  be  the  velocity  of  the  fluid  at  distance  r  from 
the  axis  (understood  that  the  direction  of  the  motion  is  per- 
])endicular  to  the  direction  of  ?■),  and  let  a  be  the  radius  of  the 
boundary.     The  vorticity  at  distance  r  is 


Hr  +    dr)' 


If  the  value  of  this  expression  diminishes  from  7^  =  0  to  r  =  a, 
the  motion  is  stable,  and  of  maximum  energy.  If  it  increases 
from  r  =  0  to  r  =  a,  the  motion  is  stable  and  of  minimum 
energy.  If  it  increases  and  diminishes,  or  diminishes  and 
increases,  as  r  increases  continuously,  the  motion  is  unstable*. 
15.  As  a  simplest  subcase,  let  the  vorticity  be  uniform 
through  a  given  portion  of  the  whole  fluid,  and  zero  through 
the  remainder.  In  the  stable  motion  of  greatest  energy,  the 
portion  of  fluid  having  vorticity  will  be  in  the  shape  of  a  cir- 
cular cylinder  rotating  like  a  solid  round  its  own  axis,  coin- 
ciding with  the  axis  of  the  enclosure  ;  and  the  remainder  of 
the  fluid  will  revolve  irrotationally  around  it,  so  as  to  fulfil  the 
condition  of  no  finite  slip  at  the  cylindric  interface  between 
the  rotational  and  irrotational  portions  of  the  fluid.  The 
expression  for  this  motion  in  symbols  is 

T  =  ^r     from  r  =  0  tor  =  &, 

Yl  ~ 

and  T  =  --     from  r  =  h  to  r  —  a. 

r 

*  This  conclusion  I  Lad  nearly  readied  in  the  year  1875  by  rigid  raathe- 
matical  investigation  of  the  vibrations  of  approximately  circular  cylindric 
Tcrtices  ;  but  1  -was  anticipated  iu  the  pubhcation  of  it  by  Lord  Itayleigh, 
who  concludes  his  paper  "  On  the  Stability,  or  lustabihty,  of  certain  Fluid 
Motions"  ('Proceedings  of  the  London  "Mathematical  Society,'  Feb.  12, 
1880)  with  the  following  statement :— "  It  may  be  proved  that,  if  the  fluid 
move  between  two  rigid  concentric  walls,  the  motion  is  stable,  provided 
that  in  the  steady  motion  the  rotation  either  continually  increases  or 
continually  decrea'ses  in  passing  outwards  from  the  axis,"' — which  was 
unknown 'to  me  at  the  time  (August  28,  1880)  when  I  made  the  com- 
munication to  Section  A  of  the  British  Association  at  Swansea. 
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Ifi.  In  the  stable  motion  of  minimum  energy  the  rotational 
portion  of  the  fluid  is  in  the  shape  of  a  cyjindric  shell,  en- 
closing the  irrotational  remainder,  which  in  this  case  is  at  rest. 
The  symbolical  expression  for  this  motion  is 

T  =  0,  when  r<  s/{a^-h''), 


and 


T  =  qr-^--^j,  whenr>  ^{a'-h'') 


17.  Let  now  the  liquid  be  given  in  the  configuration  (14) 
of  greatest  energy,  and  let  the  cylindric  boundary  be  a  sheet 
of  a  real  elastic  solid,  such  as  sheet-hietal  with  the  kind  of 
dereliction  from  perfectness  of  elasticity  which  real  elastic 
solids  present ;  that  is  to  say,  let  its  shape  when  at  rest  be  a 
function  of  the  stress  applied  to  it,  but  let  there  be  a  resist- 
ance to  change  of  shape  depending  on  the  velocity  of  the 
change.  Let  the  unstressed  shape  be  truly  circular,  and  let 
it  be  capable  of  slight  deformations  from  the  circular  figure 
in  cross  section,  but  let  it  always  remain  truly  cylindrical. 
Let  now  the  cylindric  boundary  be  slightly  deformed  and  left 
to  itself,  but  held  so  as  to  prevent  it  from  being  carried  round 
by  the  fluid.  The  central  vortex  column  is  set  into  vibration 
in  such  a  manner  that  longer  and  shorter  waves  travel  round 
it  with  less  and  greater  angular  velocitj^*.  These  waves  cause 
corresponding  waves  of  corrugation  to  travel  round  the  cylin- 
dric bounding  sheet,  by  which  energy  is  consumed,  and 
moment  of  momentum  taken  out  of  the  fluid.  Let  this  pro- 
cess go  on  until  a  certain  quantity  M  of  jnoment  of  momentum 
has  been  stopped  from  the  fluid,  and  now  let  the  canister  run 
round  freely  in  space,  and,  for  simplicity,  suppose  its  material 
to  be  devoid  of  inertia.  The  whole  moment  of  momentum 
was  initially — 

it  is  now 

and  continues  constantly  of  this  amount  as  long  as  the 
boundary  is  left  free  in  space.  The  consumption  of  energy 
still  goes  on,  and  the  way  in  which  it  goes  on  is  this  :  the 
waves  of  shorter  length  are  indefinitely  multiplied  and  exalted 
till  their  crests  run  out  into  fine  laminae  of  liquid,  and  those 
of  greater  length  are  abated.  Thus  a  certain  portion  of  the 
irrotationally  revolving  water  becomes  mingled  with  the 
central  vortex  column.     The  process  goes  on  until  what  may 

*  See  'Proceedings  of  the  Royal  Society  of  Edinburgh'  for  1880, 
or  'Philosophical  Magazine'  for  1880,  vol.  x.  p.  155:  "Vibrations  of  a 
Columnar  Vortex  :  "  ^Vm.  Thomson. 


534  Sir  W.  Thomson  on  ]\[axiinum  and 

be  called  a  vortex  sponge  is  formed;  a  mixture  homogeneous* 
on  a  large  scale,  but  consisting  of  portions  of  rotational  and 
irrotational  fluid,  more  and  more  finely  mixed  together  as 
time  advances.  The  mixture  is  altogether  analogous  to  the 
mixture  of  the  white  and  yellow  of  an  egg  whipped  together 
in  the  well-known  cuHnary  operation.  Let  l>'  be  the  radius 
of  the  cylindric  vortex  sponge,  and  ^'  its  mean  molecular 
rotation,  which  is  the  same  in  all  sensibly  large  parts. 
Then,  h  being  as  before  the  radius  of  the  original  vortex 
column,  we  have 

T  =  CV,  from  r  =  0  to  r  =  h', 
and 

T  =  ^'b'-lr,  from  rz=l'  to  r  =  a  ; 
where 

and  ^j 


^h'-'=ib'  + 


18,  Once  more,  hold  the  cylindric  case  from  going  round 
in  space,  and  continue  holding  it  until  some  more  moment  of 
momentum  is  stopped  from  the  fluid.  Then  leave  it  to  itself 
again.     The  vortex  sponge  will  swell  by  the  mingling  with  it 

*  Kote  added  May  13, 1887. — 1  have  had  some  difficulty  in  now  proving 
these  assertions  (§§  17  and  18)  of  1880.  Here  is  proof.  Denoting-  for 
brevity  l/^rr  of  the  moment  of  momentum  by  /^,  and  l/27r  of  the  energy 
by  e,  we  have 

r  dv,     and  e  =  i  f^T-.  ?*<?;•. 


i=f"T;-.;-f7r,     and  e  =  |rT- 
•^0  Jo 


The  problem  is  to  make  e  least  possible,  subject  to  the  conditions :  (1)  that 
/I  has  a  given  value ;  (2)  that 

'"^   '  ^'^^=C,    and>0; 


Hhl^- 


and (3)  that  when  r  =  a,T  =  CIj",  a  ;  this  last  condition  being  the  resultant  of 

which  expresses  that  the  total  vorticity  is  equal  to  that  of  ^  uniform  within 
the  radius  b.  The  configuration  described  in  the  last  three  sentences  of 
§  17  and  the  first  three  of  §  18  clearly  solve  the  problem  when 

M  <  I  nCb\a-  -  b^) ;     or  /.  >  1 0-'a-. 
The  fourth  sentence  of  §  18  solves  it  when 

M  =  >C6-(«^  -b'-) ;    or  ju  =  i  Cb'a\ 
The  second  paragraph  of  §  18  solves  it  when 

U>^7T(b\a-- b-) ;     or  /^  < i (bV. 
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of  an  additional  portion  or  irrotational  liquid.  Continue  this 
process  until  the  sponge  occupies  the  whole  enclosure. 

After  that  continue  the  process  further,  and  the  result  will 
be  that  each  time  the  containing  canister  is  allowed  to  go 
round  freely  in  space,  the  fluid  will  tend  to  a  condition  in 
which  a  certain  portion  of  the  original  vortex  core  gets  filtered 
into  a  position  next  to  the  boundary,  (within  a  distance  from 
the  axis  which  we  shall  denote  by  c),  and  the  fluid  in  this  space 
tends  to  a  more  and  more  nearly  uniform  mixture  of  vortex 
with  irrotational  fluid.  This  central  vortex  sponge,  on  repe- 
tition of  the  process  of  preventing  the  canister  from  going 
round,  and  again  leaving  it  free  to  go  round,  becomes  more 
and  more  nearly  irrotational  fluid,  and  the  outer  belt  of  pure 
vortex  becomes  thicker  and  thicker.  The  resultant  motion  is 
now 

m'     J>^  +  C^  —  a^  n 

i  =  ^ ^ r,  tor  r  <  c, 

T=^r-^'^—^\    for  r>c; 
and  the  moment  of  momentum  is 

The  final  condition  towards  which  the  whole  tends  is  a  belt 
constituted  of  the  original  vortex  core  now  next  the  boundary; 
and  the  fluid  which  originally  revolved  irrotationally  round  it 
now  placed  at  rest  within  it,  being  the  condition  (16  above) 
of  absolute  minimum  energy.  Begin  once  more  with  the  con- 
dition (15  above)  of  absolute  maximum  energy,  and  leave  the 
fluid  to  itself,  whether  with  the  canister  free  to  go  round  some- 
times, or  always  held  fixed,  provided  only  it  is  ultimately  held 
from  going  round  in  space  ;  the  ultimate  condition  is  always 
the  same,  viz.  the  condition  (16)  of  absolute  minimum  energy. 
The  enclosing  rotational  belt,  being  the  actual  substance  of  the 
original  vortex,  is  equal  in  its  sectional  area  to  7rb'';  and 
therefore  c^=^<r—\r.  The  moment  of  momentum  is  now 
■^OT^^*,  being  equal  to  the  moment  of  momentum  of  the 
portion  of  the  original  configuration  consisting  of  the  then 
central  vortex. 

19.  It  is  diflflcult  to  follow,  even  in  imagination,  the  very 
fine — infinitely  fine — corrugation  and  drawing-out  of  the 
rotational  fluid  ;  and  its  intermingling  with  the  irrotational 
fluid  ;  and  its  ultimate  re-separation  from  the  irrotational 
fluid,  which  the  dynainics  of  §§  17,  18  have  forced  on  our 
consideration.     This  dilHculty  is  obviated,  and  we  substitute 
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for  the  "vortex  sponge"  <a  much  easier  (and  in  some  respects 
more  interesting)  conception,  vortex  spindrift,  if  (quite  arbi- 
trarily, and  merely  to  help  us  to  understand  the  rainimum- 
energy-transformation  of  vortex  column  into  vortex  shell)  we 
attribute  to  the  rotational  portion  of  the  fluid  a  Laplacian"^ 
mutual  attraction  between  its  parts  "  insensible  at  sensible 
distances  '"'  and  between  it  and  the  plane  ends  of  the  con- 
taining vessel  of  such  relative  amounts  as  to  cause  the  inter- 
face between  rotational  and  irrotational  fluid  to  meet  the  end 
planes  at  right  angles.  Let  the  amount  of  this  Laplacian 
attraction  be  exceedingly  small — so  small,  for  example,  that 
the  work  required  to  stretch  the  surface  of  the  primitive 
vortex  column  to  a  million  million  times  its  area  is  small  in 
comparison  with  the  energy  of  the  given  fluid  motion. 
Everything  will  go  on  as  described  in  §§  11 ,  18  if,  instead  of 
"  run  out  into  fine  laminse  ot  liquid  '■*  (§  17,  line  31)  we  sub- 
stitute break  off  into  millions  of  detached  fine  vortex  columns  ; 
and  instead  of  "  sponge  '^  {passim)  we  substitute  "  spin- 
drift." 

20.  The  solution  of  minimum  energy  for  given  vorticitj 
and  given  moment  of  momentum  (though  clearly  not  unique, 
but  infinitely  multiplex,  because  magnitudes  and  orders  of 
breaking- off  of  the  millions  of  constituent  columns  of  the 
spindrift  may  be  infinitely  varied)  is  fully  determinate  as  to 
the  exact  position  of  each  column  relatively  to  the  others  ;  and 
the  cloud  of  spindrift  revolves  as  if  its  constituent  columns 
were  rigidly  connected.  The  viscously  elastic  containing 
vessel,  each  time  it  is  left  to  itself,  as  described  in  §§  17,  18, 
flies  round  with  the  same  angular  velocity  as  the  spindrift 
cloud  within ;  and  so  the  Avhole  motion  goes  on  stably,  without 
loss  of  energy,  until  the  containing  vessel  is  again  stopped  or 
otherwise  tampered  with. 

21.  It  might  be  imagined  that  the  Laplacian  attraction 
would  cause  our  slender  vortex  columns  to  break  into  detached 
drops  (as  it  does  in  the  well-known  case  of  a  fine  circular  jet 
of  water  shooting  vertically  downwards  from  a  circular  tube, 
and  would  do  for  a  circular  column  of  water  given  at  rest  in 
a  region  undisturbed  by  gravity),  but  it  could  not,  because  the 
energy  of  the  irrotational  circulation  of  the  fluid  round  the 
vortex  column  must  be  infinite  before  the  colunm  could 
break  in  any  place.  The  Laplacian  attraction  might,  how- 
ever, make  the  cylindric  form  unstable ;  but  we  are  excluded 

*  So  called  to  distinguish  it  from  the  "  Xewtouiau  "  attraction,  because, 
I  IjelieTe,  it  was  Laplace  who  first  thoroughly  formulated  "  attraction  in- 
sensible at  sensible  distances,"  and  founded  on  it  a  perfect  mathematical 
theory  of  capillary  attraction. 
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from  all  such  considerations  at  present  by  our  limitation  (§  12) 
to  two-dimensional  motion. 

22.  Annul  now  the  Laplacian  attraction  and  return  to  our 
purely  adynamic  system  of  incompressible  fluid  acted  on  only 
by  pressure  at  its  bounding  surface,  and  by  mutual  pressure 
between  its  parts,  but  by  no  "applied  force"  through  its 
interior.  For  any  given  momentum  between  the  extreme 
possible  values  Tr^h^ia^—^lP)  and  ^-rr^b^,  there  is  clearly, 
besides  the  §§  17,  18  solution  (minimum  energy),  another 
determinate  circular  solution,  viz.  the  configuration  of  circular 
motion,  of  which  the  energy  is  greater  than  that  of  any  other 
circular  motion  of  same  vorticity  and  same  moment  of 
momentum.  This  solution  clearly  is  found  by  dividing  the 
vortex  into  two  parts — one  a  circular  central  column^  and  the 
other  a  circular  cylindric  shell  lining  the  containing  vessel ; 
the  ratio  of  one  part  to  the  other  being  determined  by  the  con- 
dition that  the  total  moment  of  momentum  have  the  prescribed 
value.  But  this  solution  (as  said  above,  §  14  and  footnote) 
may  be  proved  to  be  unstable. 

I  hope  to  return  to  this  case,  among  other  illustrations  of 
instability  of  fluid  motion — a  subject  demanding  serious  con- 
sideration and  investigation,  not  only  by  purely  scientific 
coercion,  but  because  of  its  large  practical  importance. 

23.  For  the  present  I  conclude  with  the  complete  solution, 
or  practical  realization  of  the  solution  (only  found  within  the 
last  few  days,  and  after  §§  10-18  of  the  present  article  were 
already  in  type)  of  a  problem  on  which  I  first  commenced  trials 
in  1868  :  to  make  the  energy  an  absolute  maximum  in  two- 
dimensional  motion  with  given  moment  of  momentum  and  given 
vorticity  in  a  cylindric  canister  of  given  shape.  The  solution  is, 
in  its  terms,  essentially  unique  ;  "  absolute  maximum  '^  mean- 
ing the  greatest  of  maximums.  But  the  same  investigation 
includes  the  more  extensive  problem  :  To  find,  of  the  sets  of 
solutions  indicated  in  §  12,  different  configurations  of  the 
motion  having  the  same  moment  of  momentum.  For  each 
of  these  the  energy  is  a  maximum,  but  not  the  greatest 
maximum,  for  the  given  moment  of  momentum.  The  most 
interesting  feature  of  the  practical  realization  to  which  I  have 
now  attained  is  the  continuous  transition  from  any  one  steady 
or  periodic  solution,  through  a  series  of  steady  or  periodic 
solutions,  to  any  other  steady  or  periodic  solution,  produced  by 
a  simple  mode  of  operation  easily  understood,  and  always  under 
perfect  control.  The  operating  instrument  is  merely  a  stirrer, 
a  thin  round  column,  or  rod,  fitted  perpendicularly  between 
the  two  end  plates,  and  movable  at  pleasure  to  any  position 
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parallel  to  itself  within  the  enclosure.     It  is  shown,  marked  S, 
in  figs.  6,  7, 8,  9  :  representing  the  solution  of  our  problem 


Fig.  6. 


Fig.  7. 


■er 


Fig.  6.^  Dot  ted  circle  with  arrowheads  refers  to  the  velocity  of  the  stm- 
and  of  the  dimple,  not  to  the  velocity  of  the  fluid. 
Arrowheads  in  the  vortex  refer  to  velocity  of  fluid.     Ai-rowheads 
in  the  irrotational  fluid  refer  to  the  stirrer  and  dimple.     Arrow- 
heads in  aic  refer  to  motion  of  irrotational  fluid  relatively  to  the 
dimple. 


Fio-. 


Fig.  8. 


Fig.  9. 


Fig.  8.  Arrowheads  refer  to  motion  of  the  stirrer,  and  of  the  vortex  as  a 

whole. 
Fig.  9.  AiTowheads  on  dotted  circle  refer  to  orbital  motion  of    c,  the 

centre  of  the  vortex.     Arrowheads  on  full  fine  curves  refer  to 

absolute  velocity  of  fluid. 
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for  the  case  of  a  circular  enclosure  and  a  small  part  of  its 
whole  volume  occupied  by  vortex,  to  which  exigency  of  time 
limits  the  present  communication. 

24.  Commence  with  the  vortex  lining  uniformly  the  en- 
closing cylinder,  and  the  stiirer  in  the  centre  of  the  still 
water  within  the  vortex.  The  velocity  of  the  water  in  the 
vortex  increases  from  zero  at  the  inside  to  ^h'^/a  at  the  out- 
side, in  contact  with  the  boundary ;  according  to  the  notation 
of  §§  14  and  15.  Now  move  the  stirrer  very  slowly  from  its 
central  position  and  carry  it  round  with  any  uniform  angular 
velocity  <^b/a  and  >^^bla.  A  dimple,  as  shown  in  fig.  6, 
will  be  produced,  running  round  a  little  in  advance  of  the 
stirrer,  but  ultimately  falling  back  to  be  more  and  more  nearly 
abreast  of  it  if  the  stirrer  is  carried  uniformly.  If  now  the 
stirrer  is  gradually  slowed  till  the  dimple  gets  again  in  advance 
of  it  as  in  fig.  6,  and  is  then  carried  round  in  a  similar  relative 
station,  or  always  a  little  behind  the  radius  through  the  middle 
of  the  dimple,  the  angular  velocity  of  the  dimple  will  decrease 
gradually  and  its  depth  and  its  concave  curvature  will  increase; 
till,  when  the  angular  velocity  is  ^  ^b/a,  the  dimple  reaches  the 
bottom  (that  is,  the  enclosing  wall)  with  its  concavity  a  right 
angle,  as  shown  in  fig.  7,  and  the  angular  velocity  of  propa- 
gation becomes  ^^b/a. 

25.  The  primitively  endless  vortex  belt  now  becomes  divided 
at  the  right  angle,  and  the  two  acquired  ends  become  rounded  ; 
provided  the  stirrer  be  carried  round  always  a  little  rearward, 
or  considerably  rearward,  of  abreast  the  middle  of  the  gap. 
Figs.  8  and  9  show  the  result  of  continuing  the  process  till 
ultimately  the  vortex  becomes  central  and  circular  (with  only 
the  infinitesimal  disturbance  due  to  the  presence  of  the  stirrer, 
with  which  we  need  not  trouble  ourselves  at  present). 

26.  Suppose,  now,  at  any  stage  of  the  process,  after  the  for- 
mation of  the  gap,  the  stirrer  to  be  carried  forward  to  a  station 
somewhat  in  advance  of  abreast  of  the  middle  of  the  gap  ;  or 
somewhat  rearward  of  the  rear  of  the  vortex  (instead  of  some- 
what in  advance  of  the  front  as  shown  in  fig.  8).  The  velocity 
of  propagation  will  be  augmented  (iy  rearward  pulll),  the 
moment  of  momentum  will  be  diminished  :  the  vortex  train 
will  be  elongated  till  its  front  reaches  round  to  its  rear,  each 
then  sharpened  to  45°  and  brought  into  absolute  contact  with 
the  enclosing  wall :  the  front  and  rear  unite  in  a  dimple 
gradually  becoming  less  ;  and  the  process  may  be  continued 
till  we  end  as  we  began,  with  the  vortex  lining  the  inside  of 
the  wall  uniformly,  and  the  stirrer  at  rest  in  the  middle  of 
the  central  still-water. 

[To  be  continued.] 
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LXII.  On  the  Variations  in  the  Electrical  Resistance  of  Anti- 
mony and  Cobalt  in  a  Magnetic  Field.  By  Dr.  G.  Fae, 
Assistant  in  the  Physical  Institute  of  the  Royal  University  of 
Padua*. 

IN  a  series  of  researches,  still  in  progress,  on  the  variations 
in  the  electrical  resistance  of  different  bodies  when 
brought  into  a  magnetic  field,  I  arrived  at  some  results  with 
antimony  and  cobalt  which  I  believe  to  be  new  and  interesting. 
Reserving  for  a  future  occasion  a  fuller  account  of  my  inves- 
tigations and  also  of  the  methods  and  instruments  employed, 
I  think  it  may  not  be  useless  to  publish  a  preliminary  notice. 

It  is  well  known,  particularly  from  the  experiments  of  Sir 
W.  Thomson  and  M,  A.  Righi,  that  magnetism  has  a  distinct 
influence  on  the  electrical  resistance  of  iron  and  nickel,  and 
much  more  upon  that  of  bismuth  f.  Looking  at  the  coeffi- 
cients of  rotation  found  by  Hall,  Righi,  and  others,  and  at  the 
explanations  given,  the  idea  suggests  itself  that  a  connexion 
may  exist  between  these  coefficients  and  the  variation  of  the 
electrical  resistance  in  a  magnetic  field.  On  the  other  hand, 
the  difference  in  the  behaviour  of  iron  and  bismuth  in  a  mag- 
netic field  seems  to  be  connected  with  the  fact  that  the  first  of 
these  two  metals  is  paramagnetic  and  the  second  diamagnetic. 
From  these  considerations  and  from  others,  which  I  shall  not 
now  enter  upon,  I  have  undertaken  to  examine  various  sub- 
stances. The  results  of  my  experiments  agree  with  my 
previsions. 

First  of  all  I  thought  that  cobalt  and  antimony  would  in  par- 
ticular be  worthy  of  investigation  J.  Cobalt,  as  is  well  known, 
occupies  the  third  place  in  the  list  of  paramagnetic  metals, 
whilst  antimony  is  found  immediately  after  bismuth  in  the 
list  of  diamagnetic  metals. 

I  have  examined  antimony  in  the  form  of  very  small  cylin- 
ders, which  I  prepared  by  melting  the  metal  in  a  crucible 
and  drawing  it  into  thin  glass  tubes.  The  glass  was  after- 
wards broken  and  taken  away  by  alternately  cooling  and 
heating.  Two  thick  wires  of  copper  were  soldered  in  the 
ends  of  the  cylinders  in  order  to  connect  them  up  in  the  elec- 
trical circuit.     As  I  shall  describe  on  another  occasion  the 

*  Communicated  by  the  Author. 

t  From  experiments  repeated  by  myself,  I  have  obtained  results  agree- 
ing with  those  of  Sir  W.  Thomson  for  nickel  and  with  those  of  M.  Righi 
for  bismuth. 

\  And  manganese  also ;  but  I  have  not  yet  been  able  to  get  it  pure  and 
in  a  convenient  form. 
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method  of  measurement  employed  by  me,  I  will  only  observe 
that  it  was  like  that  of  Matthiessen  and  Hockin,  with  the 
exception  of  some  modifications  suggested  by  the  special  cir- 
cumstances and  object  of  my  investigation.  The  magnetic 
field  was  formed  by  a  large  RuhmkorfF  electromagnet,  ex- 
cited by  a  number  of  Bunsen's  elements  or  by  a  dynamo 
machine. 

My  experiments  on  antimony  showed  that,  when  brought 
into  a  magnetic  field,  there  was  an  increase  in  its  electrical 
resistance,  both  across  and  along  the  lines  of  force.  It  ap- 
peared to  me  moreover  that,  with  the  same  intensity  of  the 
magnetic  field,  the  increase  across  was  greater  than  that  along 
the  lines  of  force. 

Cobalt  I  investigated  in  the  form  of  a  small  thin  plate,  pre- 
pared by  electrolysis  of  the  chloride,  or  by  depositing  the  metal 
on  a  plate  consisting  of  a  mixture  of  graphite  and  stearine,  as 
indicated  by  M.  Righi*.  I  soldered  two  thick  copper  wires 
at  the  two  ends  of  this  small  plate  of  cobalt,  before  detaching 
it  from  the  plate  of  graphite  and  stearine.  These  wires  were 
rigidly  connected  by  means  of  a  piece  of  ebonite,  and  served 
to  make  the  connexions  in  the  circuit.  By  a  movable  support 
I  could  very  easily  adjust  the  small  plate  in  any  position  in 
respect  to  the  lines  of  force.  By  a  long  series  of  observations 
I  found  that : — 

(a)  When  the  plate  of  cobalt  was  arranged  in  the  magnetic 
field  with  its  plane  perpendicular  to  the  lines  of  force,  a  dimi- 
nution of  its  electrical  resistance  was  observed. 

(6)  When  the  plate  was  arranged  parallel  to  the  lines  offeree, 
and  the  current  also  had  the  same  direction,  an  increase  in  its 
electrical  resistance  was  observed. 

Judging  therefore  from  the  intensity  of  the  effects,  the 
behaviour  of  antimony  is  the  same  as  that  found  by  M. 
Righi  for  bismuth  ;  and  the  behaviour  of  cobalt  the  same  as 
that  found  by  Sir  W.  Thomson  for  iron  and  nickel. 

I  will  not  dwell  on  similar  experiments  on  other  substances, 
because  the  results  are  not  yet  definitive. 

In  the  meantime  I  must  express  my  obligations  to  Prof. 
Righi  for  his  encouragement  in  these  experiments,  and  for 
also  giving  mo  the  means  of  making  them  in  the  Physical 
Institute  under  his  direction. 

Padua,  December  12, 188G. 

*  Me7n.  delV  Ace.  di  Bologna,  (4)  v.  1883,  p.  122 ;  N.  Cimento,  (3) 
XV.  1884,  p.  140. 
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LXIII.   The  Differential  Equation  of  the  most  general  Substi- 
tution of  one  Variable.     By  Captain  P.  A,  MacMahon,  li.A.* 

IN  the   Philosophical  Magazine  for  February  1886,  Dr.  T. 
Muir  considers  the  differential  equations  of  the  general 
conic  and  cubic  curves  by  a  perfectly  general  method. 
The  general  linear  substitution 

{a,b){.v,l) 
y      {p!,b')[x,\) 

leads,  as  is  well  known,  to  the  differential  equation 

dx    dx^        \dxy        ' 

wherein  the  expression  on  the  left  has  been  called  the 
Schwarzian  derivative  :  this  is  a  reciprocant ;  but  it  is  also  an 
invariant,  as  may  be  seen  by  writing 

'^=l\t,     P,=2\a,     P,=^\b, 
dx  '     dx*  ^     dx^  ' 

when  it  assumes  the  form 

U{tb-a''). 

In  the  case  of  the  general  substitution  of  order  n,  the 
resulting  expression  is  no  longer  a  reciprocant,  but  it  is  an 
invariant  (catalecticant)  of  a  certain  binary  quanticf. 

For,  writing 

{a,b,c,...){x,ir    ^U„ 

•^      {a^,b',c',...\x,lT      V„' 
we  have 

Differentiating  this  equation  w  +  1,  w  +  2,  w  +  3, . . .  2?i  + 1  times 
successively  by  Leibnitz^s  theorem,  and  putting 

*Ly. — ,/     ^^^»  _  v(p) 

dxP  ~"^^'        dx    ~     "  ' 
there  results  the  set  of  equations  : — 

*  Communicated  by  the  Author. 

t  The  formation  of  the  differential  equation  was  recently  set  as  a  ques- 
tion iu  an  examination  for  Fellowship  at  Trinity  College,  Dublin ;  but 
I  am  not  aware  that  its  connexion  with  the  theory  of  Invariants  has  been 
before  noticed. 
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y.+3V.+  («  +  3)y.«VL"  +  2^^i|fy  ^.+,v«  + . . .  +  ^'  y,V?>=0, 


n!  3! 


y.,.+,V,  +  (2«+  l)y,.Vi'>+  2i  (2^.!i)i^^.-Y"'  +  ■  •  ■  +  l^f^fjl  J-.h-.V'."'  =0, 

or  writing 

7/^  =  11 1,    t/2  =  2\ao,    ?/3  =  3!ai,  ...    yp=p\  a^^^, 
these  are 


(w_l)!'«       ■ -^     (^_2) 

1     -rTr«1  1 


V(w)     1 


Eliminating  the  w  + 1  quantities, 

between  these  n  +  1  equations,  we  find  that  the  desired  differ- 
ential equation  is 


t  Uq         «i 

a^        a -I      c?2 
ttj         a<i      as 


a-n,—  1         On 


<3tn-l       ^n         <^n+l    •••      <^2n-2       f'sn- 1 


=  0. 


This  determinant  is  the  catalecticant  of  the  binary  quantic 

{t,  ao,  ai,  ...  a2„_i)(X,  Y)'^"; 

and  by  counting  the  constants,  we  see  that  the  general  substi- 
tution is  the  complete  primitive  of  the  differential  equation. 

Royal  Military  Academy,  Woolwich, 
May  21st,  1887. 
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CURIOUS  CONSEQUENCES  OF  A  WELL-KNOWN  DYNAMICAL 
THEOREM.    BY  G.  JOHNSTONE  STONEY,  M.A.,  D.SC,  F.R.S.* 

THERE  is  a  well-known  theorem  in  the  science  of  Dynamics,  re- 
lating to  a  system  of  bodies  in  motion,  which  may  act  on  each 
other,  but  are  not  acted  on  by  any  external  force.  The  theorem 
in  question  is,  that  if  at  any  instant  the  velocities  of  the  several 
bodies  of  the  system  be  reversed,  without  any  other  change  being 
made  (i.  e.  without  altering  either  their  masses  or  the  laws  accord- 
ing to  which  they  attract  or  otherwise  act  on  one  another),  then 
will  all  the  bodies  of  the  system  retrace  their  steps,  traversing  in 
the  reverse  direction  the  same  paths  which  they  had  previously 
described,  and  in  such  manner  that  any  position  through  which 
any  one  of  these  bodies  had  passed  in  its  onward  progress,  at  a 
certain  time  before  the  reversal,  will  be  repassed  with  the  same 
velocity,  but  in  the  opposite  direction,  at  the  same  interval  of  time 
after  the  reversal. 

Now,  if  we  regard  the  universe  as  a  dynamical  system,  it  is 
exactly  such  a  dynamical  system  as  this  theorem  presupposes. 
Its  several  parts  act  on  one  another,  but  are  not  subjected  to  any 
other  forces.  And  it  is  of  interest  to  study  what  would  be  the 
result  if  such  a  reversal  as  the  theorem  supposes  were  to  take  place 
throughout  the  whole  universe.  We  must,  of  course,  suppose  that 
the  reversal  affects  all  the  motions  of  the  universe,  not  only  its 
molar  motions,  but  its  molecular  motions  also ;  and  not  only  the 
motions  of  its  ponderable  matter,  but  also  the  motions  of  the  aether. 

In  order  to  be  in  a  position  to  study  the  effects,  let  us  first 
suppose  that  we  are  spectators  of  this  far-reaching  change,  without 
being  ourselves  affected  by  it — that  we  are,  from  an  intellectual 
standpoint,  as  it  were  outside  the  great  system  whose  future 
history  we  want  to  trace,  simply  observing  everything  that  takes 
place,  and  not  in  any  way  interfering  with  it,  nor  ourselves  in  any 
way  transformed  by  the  change. 

To  such  a  spectator  the  past  history  of  the  universe  would 
repeat  itself  in  reverse  order,  and  many  of  the  conditions  under 
which  it  would  do  so  would  appear  to  him  very  strange.  The 
bird  which  was  shot  to-day  by  the  sportsman,  and  which  is  now 
lying  in  his  kitchen,  will,  if  the  reversal  of  the  universe  were  to 
take  place  at  this  instant,  be  restored  by  the  keeper  to  the  game- 
bag,  will  be  carried  by  him,  walking  backwards,  to  the  place 
where  the  pointer  had  fetched  it  in,  where  he  will  take  it  out,  and 
lay  it  on  the  ground.  Thence  the  dog  will  lift  it  in  his  mouth, 
and,  trotting  backwards,  will  reach  the  spot  where  the  bird  fell, 
where,  however,  it  will  now  rise  to  the  height  at  which  it  was  shot, 
from  which  it  will  fly  away  backwards  unharmed.  Meanwhile, 
the  vapours  into  which  the  powder  had  been  dissipated  will  stream 
back  into  the  barrel  of  the  fowling-piece,  and  condense  themselves 
'  *  Reprinted,  by  permission,  from  the  "  Scientific  Proceedings  "  of  the 
Royal  Dublin  Society  of  the  19th  January,  1887. 
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again  into  gunpowder,  ^/hile  the  grains  of  shot  will  rush  towards 
the  muzzle  of  the  gun,  and  crowd  into  its  breach. 

It  is  of  importance  to  observe  that,  under  the  new  conditions 
of  the  universe,  all  true  dynamical  laws  will  remain  the  same  as  at 
present,  but  many  quasi-dynamical  laws  will  be  reversed.  Thus, 
the  first  law  ol:  thermodynamics — the  law  of  the  equivalence  of 
energy^ — will  remain  unaltered,  but  the  second  law  will  become  its 
converse.  Instead  of  a  warmer  body  tending  to  impart  heat  to  a 
cooler  body,  as  at  present,  the  new  condition  of  things  will  tend  to 
make  their  temperatures  more  divergent.  Heat  will  become 
mechanical  energy  directly,  and  without  requiring  the  accom- 
panying degradation  of  energy  which  now  takes  place.  Friction, 
instead  of  retarding  the  progress  of  bodies,  will  beip  them  forward. 
The  air,  instead  of  impeding  a  missile  passing  through  it,  will 
urge  it  on.  And,  when  reviewing  a  system  so  divergent  from 
what  w^e  find  in  the  actual  universe  about  us,  it  is  very  instructive 
to  bear  in  mind  that  the  universe,  under  the  neiv  conditions  that  ive 
suppose,  ivoidd  be  as  perfect  a  dynamical  system  as  the  actual  universe 
is.  This  places  before  the  mind  in  a  very  strong  light  the  grave 
error  which  is  too  often  made  when  such  laws  as  I  have  referred 
to — the  second  law  of  thermodynamics,  &c. — are  supposed  to  be 
true  dynamical  laws. 

This  naturally  leads  up  to  the  consideration  whether  the  laws 
of  causation  would  be  affected.  Those  relating  to  true  causes 
would  not  be  affected  :  those  relating  to  quasi-causes  would  all  be 
inverted.  True  causes  never  precede  their  effects  ;  they  are  always 
strictly  simultaneous  with  them.  The  science  of  Dynamics  recog- 
nizes true  causes  only.  All  change  of  the  motion  of  a  body  is  in 
that  science  attributed  to  forces  acting  vjhile  the  change  is  taking 
place  ;  and  the  persistence  of  a  body  in  motion  while  no  forces  are 
acting  on  it  is  due  to  the  inertia  of  the  body,  i.  e.  the  body  itself  is 
the  cause  of  it.  It  is  because  the  inei'tia  of  a  body  is  a  sulticient 
cause  for  its  continuing  in  motion  that  time  can  elapse  between 
events  in  nature.  Whether  the  motion  changes  or  does  not 
change,  the  effect  and  its  true  cause  are  accurately  simultaneous. 
The  dispute  as  to  whether  action  takes  place  at  a  distance  does  not 
disturb  this  statement.  Every  one  who  does  not  suppose  that  the 
sun  attracts  the  earth  from  a  distance  and  without  lapse  of  time, 
supposes  that  some  medium  pervading  the  intervening  space  com- 
municates the  action ;  and  it  is  not  the  distant  body,  but  the  sur- 
face of  this  medium  where  it  touches  the  body  acted  on,  that  upon 
this  view  can  alone  be  recognized  in  the  science  of  Dynamics  as  the 
true  immediate  cause  of  the  changes  of  motion  of  the  second  body. 
Thus,  in  all  cases,  dynamical  effects  arise  along  with,  and  not 
after,  their  causes.  15ut  in  popular  language,  and  indeed  in  all 
but  very  carefully  strict  language,  many  events  are  spoken  of  as 
caused  by  events  that  have  preceded  theui.  Thus,  in  the  usual 
loose  way  of  talking,  we  may  speak  of  a  ball's  having  been  re- 
acted on  by  the  ground  as  the  cause  why  it  is  now  ascending, 
although  a  moment's  reflection  would  show  that,  iu  strict  lan- 
guage, the  reaction  of  the  ground  has  caused  only  those  changes 
Phil.  May.  S.  5.  Vol.  23.  No.  145.  June  1887.       2  P 
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of  motion  that  occurred  while  the  ground  was  pressing  against  the 
ball,  and  that  the  ball's  afterwards  continuing  to  ascend  is  due  to 
its  inertia.  Sometimes  the  two  classes  of  causes  are  distinguished 
as  immediate  and  remote.  Xow  the  change  w  hich  we  have  sup- 
posed the  universe  to  undergo  would  in  no  way  affect  immediate, 
that  is  true,  causes  ;  but  all  that  we  now  recognise  as  an  antecedent 
or  quasi-cause  would,  to  the  spectator  looking  on  at  the  universe 
from  without,  be  changed  into  the  effect,  and  that  which  is  now 
the  effect  would  to  his  apprehension  occur  first  and  become  the 
cause. 

These  seem  the  first  lessons  which  the  study  we  have  entered 
upon  impresses  upon  us.  But  it  is  capable  of  giving  further  in- 
struction. Hitherto  we  have  supposed  the  altered  universe  looked 
at  by  a  spectator  who  was  himself  unaffected  by  the  change.  But 
we  are  all  ourselves  parts  of  this  universe,  and  the  series  of 
thoughts  that  occur  in  our  minds  are  quite  as  much  events  that 
happen  in  the  universe  as  the  motions  we  see  around  us.  Such  a 
reversal  of  all  the  velocities  of  the  universe  as  I  have  supposed,  if 
it  really  took  place,  would  affect  us  and  the  motions  in  our  brains 
as  well  as  everything  else  in  the  universe;  and  we  have  now  to 
consider  what  the  effect  of  this  would  be,  and  how  it  would  modify 
our  obserA'ation  of  what  is  going  on  around  us.  From  the  instant 
of  the  supposed  reversal,  the  thoughts  which  had  occupied  our 
minds  previous  to  it  will  recur,  repeating  themselves  back\^■ards, 
just  like  every  other  event  in  the  universe.  The  memory  of 
haviug  eaten  our  breakfast  will  present  itself  first ;  the  sensation 
that  we  are  eating  it  will  come  on  afterwards  :  at  least  this  is  the 
order  in  which  we  must  as  yet  describe  these  thoughts  in  our  mind 
as  occurring  ;  it  is  the  order  in  which  they  would  appear  to  that 
outsider  whom  we  before  supposed  to  be  surveying  the  universe. 
But  the  relation  of  the  one  thought  to  the  other  in  our  own  mind 
— of  the  memory  to  the  sensations  remembered — will  be  after  the  re- 
versal exactly  the  same*  as  it  was  when  these  same  thoughts  occurred 
before  in  their  right  order.  Kow,  time  is  only  ajst  absteact  teem 
REFERRING  TO  ALL  SUCH  RELATIONS,  just  as  mankind  is  an  abstract 
term  referring  to  the  individuals  that  are  men.  And  just  as  it  is 
individual  men  who  have  a  real  existence,  and  not  mankind  in  the 
abstract,  so  is  it  the  individual  time-relations  occurring  between 
real  thoughts  or  real  events  that  have  a  real  existence,  and  not 
time  itself,  which  is  a  mere  word.  But  as  we  have  found  that  the 
time-relations  between  our  thoughts  after  the  supposed  reversal 
are  absolutely  the  same  as  the  time-relations  between  these  same 
thoughts  when  they  occurred  before  the  reversal,  then  to  us,  if  we 
share  iu  the  reversal,  our  thoughts  and  the  events  in  the  world 
about  us  will  seem  to  occur  in  the  same  order  of  time  as  they  did 
before  the  reversal,  and  the  moment  of  reversal  will  in  both  cases 
appear  to  us  to  occur  last  in  point  of  time.     In  other  words,  our  sup- 

*  In  fact,  the  time-relation  between  the  two  states  of  luind  amounts  to 
this,  that  a  part  of  the  one  state  of  mind  is  a  memoiy  of  the  whole,  or  of 
a  part,  of  the  other  state  of  mind  ;  and  this  is  equally  the  case  after  as 
before  the  reversal. 
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position  of  the  reversal  of  all  the  motions  of  the  universe,  when  it 
embraces  the  whole  universe,  ourselves  included,  does  not  really 
involve  a  repetition  of  the  events  in  reverse  order,  but  only  a 
second  way  of  reviewing  the  past  history  of  the  world. 

These  considerations  do  not  seem  altogether  unfruitful.  They 
emphasize  the  distinction  between  true  and  quasi-dynamical  laws, 
they  clear  our  thoughts  with  reference  to  the  relation  of  cause  and 
effect,  and,  above  all,  they  help  to  dispel  from  our  minds  the 
prevalent  error  that  time  has  an  existence  in  itself  independently 
of  the  particular  time-relations  that  prevail  between  the  thoughts 
that  really  occupy  our  mind,  or  between  events*  that  actually  occur 
in  the  universe  about  us,  or  between  those  events  and  our  thoughts. 
In  reality  the  aggregate  of  these  individual  time-relations  is  the 
ivhoh  of  \^-hat  exists  in  natu.re  as  a  background  for  our  conceptions 
about  time.  _^____ 

ON  THE  GASEOUS  AND  LIQUID  STATES  OF  MATTEK. 
To  the  Editors  of  the  Philosophical  Magazine  and  Journal. 

G-ENTLEMEIN", 

As  a  paper  recently  published  by  Wroblewski  (  Wiener  Monatsheft 
fur  Chemie,  1886,  p.  383)  is  at  present  being  abstracted  into  other 
Journals,  and  as  we  dissent  from  every  one  of  his  conclusions  on 
the  ground  that  they  have  no  foundation  on  facts,  we  beg  for  per- 
mission to  point  out  the  difference  between  our  \'iews  and  those 
expressed  in  his  paper. 

1.  "Wroblewski  states  that  lines  of  equal  density  (isopyknics) 
ought  never  to  cut  one  another.  On  the  contrary,  they  have  been 
frequently  proved  experimentally  to  cut  one  another  during  the 
phenomena  of  superheated  liquid,  or  "  boiling  with  bumping,"  and 
"  supersaturated  vapour." 

2.  The  data  have  been  calculated  by  means  of  Sarrau's  equation, 
which,  although  approximately  expressing  the  results,  is  certainly 
not  true ;  for  the  isopyknics  should  be  straight,  and  not  curved. 
This  has  been  pointed  out  by  Amagat  and  by  ourselves  for  the 
gaseous  state,  and  by  ourselves  for  the  liquid  state. 

3.  The  vapour-pressure  curve  is  not  continuous  with  the  curve 
expressing  the  lowest  values  of  p.i/,  and  can  hardly  be  said  to  be 
identical  with  it  below  the  critical  point,  as  the  vapour-pressure 
curve  is  independent  of  volume.  We  have  shown  that  the  mini- 
mum values  of  jj.w  lie  on  the  nearly  vertical  portions  of  the  serpen- 
tine isothermal  lines  denoting  continuous  change  from  the  liquid  to 
the  gaseous  state. 

4.  Sarrau's  equation,  rigorously  applied,  involves  intersection  of 
the  isopyknic  lines ;  and  the  author  discards  it  on  that  account 
where  it  no  longer  bears  out  his  conclusions.  We  accept  8arrau's 
equation  as  a  close  approximation  to  the  truth,  althougli  not  rigo- 
rouslv  true,  and,  as  such,  believe  that  it  correctly  represents  at  any 
rate  the  general  form  of  the  isothermal  curves. 

*  Thoughts  in  other  people's  minds  are  some  of  the  events  that  occur 
in  tho  universe  about  us ;  that  is,  in  the  rest  of  the  universe,  excluding 
ourselves. 
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5.  Wroblewski  states  that  the  isopyknics,  on  approaching  the 
vapour-pressure  curve,  form  a  bundle  of  curves  parallel  to  the 
A'apour-pressure  curve.  We  have  already  pointed  out  that  facts 
contradict  this  view. 

6.  Wroblewski  restates  a  view,  propounded  by  one  of  us  in 
the  Proc.  Roy.  Soc.  xxx.  p.  323.  This  view  must,  in  consequence 
of  our  more  accurate  and  recent  researches,  be  abandoned.  The 
distinction  between  liquid  and  gas  above  the  critical  point  is  wholly 
illusory  ;  and  we  believe  that  such  distinction  would  also  disappear 
below  the  critical  point,  were  it  possible  to  follow  experimentally 
the  continuous  change  from  liquid  to  gas. 

7.  Wroblewski  also  asserts  that  heat  is  required  to  convert  liquid 
into  gas  at  the  critical  temperature.  We  have  only  to  refer  to  our 
published  papers  on  the  thermal  properties  of  alcohol  and  ether 
(Trans.  Eoy.  Soc.  1886,  part  i.  plate  5,  and  1887,  part  i.  plate  5) 
to  disprove  this  assertion.  Moreover  all  our  experimental  obser- 
vations tend  to  show  that  no  abrupt  change  of  state  occurs  at  any 
point  on  the  isothermal ;  in  fact  that  heat  of  vaporization  vanishes, 
its  place  being  taken  by  heat  due  to  compression  or  expansion. 

8.  Andrews  does  not  make  the  statement  attributed  to  him  by 
Wroblewski,  but  gives  a  qualified  definition  of  the  words  "  liquid  " 
and  "gas." 

It  will  thus  be  seen  that  our  results  contradict  Wroblewski's 
views  in  every  particular ;  and  that  there  is  no  reason  to  reject  the 
views  of  Dr.  Andrews  as  regards  the  liquid  and  gaseous  states. 
We  are.  Gentlemen, 

Tour  obedient  servants, 

William  Ramsay, 
Stdistet  Young. 


LECTUKE  EXPEKIMENTS  ON  THE  CONDUCTIVITY  OF  SOUND. 
BY  M.  HESEHUS. 

Rods  of  the  size  of  an  ordinary  pencil  are  prepared  of  steel, 
glass,  wood,  guttapercha,  cork,  and  caoutchouc.  They  are  con- 
nected in  threes  by  means  of  a  caoutchouc  rod,  tubes  of  the  same 
material  being  interposed  between  them.  The  rods  are  held  in 
one  hand,  with  theii"  lower  ends  on  a  sounding-box,  and  the  free 
ends  are  successively  touched  by  the  stem  of  a  vibrating  tuning- 
fork,  which  is  held  in  the  other  hand.  The  sound  is  not  perceptible 
when  the  caoutchouc  rod  is  touched,  but  it  becomes  more  so  as  the 
other  rods  are  successively  touched.  It  can  thus  be  shown  that  the 
intensity  remains  constant,  if  one  rod  is  replaced  by  another  of  the 
same  material,  but  the  dimensions  of  which  vary  in  the  same  pro- 
portion. By  varying  the  length  alone  the  intensity  is  changed  ;  in 
like  manner  it  is  changed  also  by  varying  the  section  while  the 
length  is  constant.  The  method  is  sufficiently  sensitive  to  show 
the  diiference  between  the  conductivity  of  wood  parallel  and  per- 
pendicular to  the  fibres,  and  even  to  determine  the  numerical  ratio 
of  these  conductivities. — Journal  de  Physique^  April  1887. 
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